
CS536E: Graph Drawing Spring 2018

Lecture 8 & 9 — Jan 30 & Feb 1, 2018

Prof. Will Evans Scribe: Carl Kwan

These lectures are meant to be an introduction to force directed graphs but some of it can be
considered to be more about spectral graph theory. We begin with a characterization of 3-connected
planar graphs and then investigate the connection to force-directed graph drawing via the rubber
band method.

1 Characterization of 3-connected planar graphs

Here are a couple useful definitions and propositions. The proofs for most of these propositions are
ommited but may be found in the sources.

Definition 1.1. A cycle C in a graph G is separating if G− V (C) has ≥ 2 connected components
(a chord of C is counted as a component)

Example 1.2. The following graph have the separating cycles {a, b, c, d}, {a, b, d}, {b, c, d}.
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Proposition 1.3. In a 3-connected planar graph, a cycle bounds a face iff it is non-seperating.

Corollary 1.4. The set of cycles that bound faces is determined in a 3-connected planar graph.

Theorem 1.5 (Tutte’s Characterization). Let G be a 3-connected graph. Note every edge of G
is contained in at least two non-separating cycles. Then G is planar iff every edge is contained in
exactly two non-separating cycles.

Example 1.6. Here is a non-example. Consider the Petersen graph which we already know is
non-planar. The edge fj is contained in 3 non-separating cycles (colored in red, blue, green with
overlapping cycles in black).
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Theorem 1.7 (Steinitz). A simple graph is isomorphic to the skeleton of a 3 polytope iff it is
3-connected and planar.

2 The Connection to Drawing

In this section we introduce rubber band representations. Intuitively, we simply “nail down” certain
nodes in a graph and think of edges as rubber bands. The remain nodes will “oscilate” till reaching
equilibrium.
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Definition 2.1. A rubber band representation of G in Rd given a nailed (ie. vertex positions are
defined (fixed) by a function u0 : S → Rd) set S ⊆ V is a function u : V → Rd that agrees with u0
on S and minimizes the energy function

E(u) =
∑
ij∈E
|ui − uj |2 =

∑
ij∈E

d∑
k=1

(uik − ujk)2.

Note that E is convex and the minimizing u is unique provided S 6= ∅ and for the minimizing
u, we have for all i ∈ V ∑

j:ij∈E
(ui − uj) = 0 ⇐⇒ ui =

1

d(i)

∑
ij∈E

uj .

(The function u is “harmonic” at i 6∈ S.)

Theorem 2.2. If G is a simple 3-connected planar graph, then every rubber band representation
of G in R2 with the set S being the boundary of a face nailed to the vertices of a convex polygon
P0 gives a planar drawing of G with each face convex.

Proof. Let u be a rubber band representation. Let ` be a line intersecting the interior of P0. Let
U0 be nodes on ` and let U− and U+ be on the two open half-planes bounded by `.
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The proof of the theorem requires 6 lemmas.

Lemma 1. The vertices in U− (and U+) induce a connected subgraph of G.

Proof. Since P0 is convex, the nodes on P0 in U− (call them Q− form a non-empty path. We show
a ∈ U− −Q− has a path in U− to Q−.

Since ua is the average of its neighbours, there must be a neighbour a1 of a that is at least as
far from ` as ua.

We have two cases. The first is d(ua, `) > d(ua, `) in which case we’re done. If d(ub, `) ≤ d(ua, `)
for all neighbours b of a, then d(ub, `) = d(ua, `) for all b.

If we have the latter, let H be the connected component of a with vertices b such that d(ub, `) =
d(ua, `). If H contains a vertex in Q−, we’re done. Otherwise, there is a vertex b ∈ H with edge to
a node outside H (since G is connected). Since ub is the average of its neighbours, there must be
a1 such that d(ua1 , `) ≥ d(ub, `) = d(ua, `). Either a1 is in Q− or we repeat the argument.

Lemma 2. Every u ∈ U0 has neighbours in both U− and U+.
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Proof. This is trivial if u ∈ P0. Accordingly, suppose u is a free (ie. non-nailed) vertex. If u has
a neighbour in U−, then, since u is the average of its neighbours, u has a neighbour in U+. So we
only need to show that

T = “the set of nodes u with N (u) ⊂ U0

is empty (here N (u) is the neighbourhood of u). Visually, we can’t have the following picture:
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ie. all the neighbours of u are on `.
Let H be the connected component of T . Let S be the neighbours of H outside of H.

H

S
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Now S is a cut set and by 3-connectedness, |S| ≥ 3. Say s1, s2, s3 ∈ S. Then we have to
following picture

s1 s2 s3

H
U+ U−

which is K3,3. This contradicts the planarity of G.

Lemma 3. Only two vertices on a face can be in U0.

Proof. Suppose only a, b, c ∈ U0 are on a common face f . Now f is not in P0 since P0 is convex.
Create a node d and connect it to a, b, c to obtain

a b c

d

U+ U−

which is K3,3.

Lemma 4. For any two faces p and q sharing edge ab (where a, b ∈ U0), then p ⊂ U+ and q ⊂ U−
(or vice versa).

Proof. Suppose p has c 6= a, b and q has d 6= a, b. We first claim there is a path Pcd in U− connecting
c, d. We also claim a, b have neighbours in U+ connected in U+ (by lemma 1) by a path Pab. We
then get one of the following two pictures:
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But ab ∪ Pab is a closed curve that separates c and d.

Lemma 5. The boundary of every face is mapped to a convex polygon.

Proof. By lemma 4, no edge of a face extended to a line can intersect the interior of the face.

Lemma 6. Interiors of face polygons (except P0) are disjoint.

Proof. Let x be a point in P0 interior to a face polygon. Draw a line ` through x that does not
contain a node. Walk on ` from outside P0 to x. When we enter P0 coverage of ` by polygons is 1.
Lemma 4 implies when ` crosses an edge (shared by two interior faces), the coverage remains 1.
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Finally, suppose two edges cross. Then two of the faces incident to them share a common point
contradicting lemma 6.

This completes the proof of the theorem.
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