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Background
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1. statistical physics of disordered systems
[Mezard, Parisi, and Virasoro 1987]

+ decomposition of energy, thermodynamic limit, random
ensembles

mean-field and cavity method
minimization of free energy, variational inference
[Wainwright and Jordan 20071

[Pearl 1988]

[Aji and McEliece 2000]
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1. statistical physics of disordered systems
[Mezard, Parisi, and Virasoro 1987]
+ decomposition of energy, thermodynamic limit, random
ensembles
- mean-field and cavity method
- minimization of free energy, variational inference
[Wainwright and Jordan 20071

2. knowledge representation and reasoning [Pearl 1988]

« individual and finite instance
- belief propagation: exact on trees
- approximability and complexity
- algebraic structures that allow local computation
[Aji and McEliece 2000]
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- algebraic structures that allow local computation
[Aji and McEliece 2000]

(4) CS Department University of Alberta @ @ @ ®



Information theory:

+ reasoning under uncertainty using maximum entropy principle
[Jaynes 2003].

+ entropy in physics and information theory
- free energy and KL-divergence have the same minimizer
+ belief propagation is minimizing Bethe free energy

[Yedidia and Freeman 2001]
[Fu and Anderson 1986; Mitchell, Selman, and Levesque 1992]

[Mezard, Parisi, and Zecchina 2002]
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Information theory:

+ reasoning under uncertainty using maximum entropy principle
[Jaynes 2003].

+ entropy in physics and information theory
- free energy and KL-divergence have the same minimizer

+ belief propagation is minimizing Bethe free energy
[Yedidia and Freeman 2001]

Random combinatorial problems:

« study of their phase transitions at thermodynamic limit
[Fu and Anderson 1986; Mitchell, Selman, and Levesque 1992]

- discovery of survey propagation
[Mezard, Parisi, and Zecchina 2002]
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Representation, reducibility and complexity
The inference hierarchy
Efficient inference
Reductions
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(7)

We use commutative semigroups + factor-graphs

+ Markov networks
- Bayesian networks

[Clifford 1990]
[Pearl 1985]

+ hybrid models [Dechter and Larkin 2001]

+ influence diagrams [Howard and Matheson 2005]

« valuation networks

[Shenoy 1992]

 quantified and stochastic SAT  [Littrman, Majercik, and Pitassi 2001]

- plausibility, feasibility and utility framework  [Pralet, Verfaillie, and

Schiex 2007]

CS Department University of Alberta
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Atuple ¢ = (V*, ®), where
+ Y*isaset
+ ®:Y* x Y* — Y*is abinary operation
1. associative: a®@ (b®c)=(a®@b)®c
2. commutative: a®@ b=b®aforalla,b,c € Yy*
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Atuple ¢ = (V*, ®), where
+ Y*isaset
+ ®:Y* x Y* — Y*is abinary operation
1. associative: a® (b®c) = (a®@b)®cC
2. commutative: a®@ b=b®aforalla,b,c € Yy*
abelian group: every a € Y* has aninverse a~lst. a®@a1 = Q%
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Atuple ¢ = (Y*,®), where
+ Y*isaset
+ ®:Y* x Y* — Y*is abinary operation
1. associative: a® (b®c) = (a®@b)®cC
2. commutative: a@ b =b®aforalla,b,ce y*
®
=

abelian group: every a € Y* has aninverse a—1st. a®@ a1
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* X = (Xg,...,Xn) Is tuple of N discrete variables
« domains: x, e A, xe X =X x...x Xy
+ sub-tuple: x; where | C {1,2,...,N}
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* X = (Xg,...,Xn) Is tuple of N discrete variables
+ domains: x, € X, x € X =X X ... x Xy
+ sub-tuple: x; where | C {1,2,...,N}
« fi: A — ) is a factor
range of f| is )
« f| is often represented using a |l|-dimensional array
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A pair (F,¥) such that
+ F = {fi} is a collection of factors with ) = |,
« Y*isthe closure of Y wrt. ®
- ¢ = (Y*,®) Is a commutative semigroup

F| = Poly(N) and || = Poly(N)vfy € F
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A pair (F,¥) such that
+ F = {fi} is a collection of factors with ) = |,
« Y*isthe closure of Y wrt. ®
© ¢ = (Y*,®) Is a commutative semigroup
| F| = Poly(N) and |Xj| = Poly(N)vf, € F

It compactly represents the expanded (joint) form
(a high-dimensional array):

a(x) = ®ﬂ(ﬁ|)
|
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Given a function g : X) — Y, and a commutative semigroup
¢ = (V*,®). where Y* is the closure of Y w.r.t. @, the marginal of
gforlclJis

ay) E Dak)
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is a sequence of marginalizations over the expanded form

Mo M-l 1
q(x5,) @XJ @XJ --.@&1 @fl(&)

————
expandedform

© a(xy,) has a polynomial representation in N

1 M
Y*is the closure of Y w.rt. @,...,® and ®
* Jo, ..., Ju partition the set of variable indices {1, ..., N}
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Max-sum-min-min inference: g(x, ) = max,, Z&Q min,, min, fi(x)

semantics
+ fi(x)) payoff for |
* Xy, adversarial vars
* Xy, chance vars
* Xy, controlled vars
* Xy, Query vars

maximize the expected minimum payoff of agents while adversary
observes both chance and controlled vars.
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- 4. = (R29, x) gives unnormalized joint probability
a(x) = [, fi(x)
© 4, = (R2° +) gives marginal probabilities & partition function
« 4., = (R0, max) gives MAP inference
+ both marg. semigroups gives marginal MAP

A(xy,) = maxg, Zgjl ITfitx)

Alternative

© 4. = (R,+) sives energy q(x) = >, — log(fi(x)))
* ¢, = (R, min) gives ground state

* %,=(R,®)whereasb def log(e™ + e—b) gives log-partition
function
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Representation, reducibility and complexity
The inference hierarchy
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?
Decision version: q()) > q

(16)  CS Department University of Alberta @ @ @ ®



?
Decision version: g(f)) > q
e Known complexity classes:

+ max-sum (max-product) is NIP-complete.
[Shimony 1994]

-+ sum-product is PPP-complete.
[Roth 1993]

+ marginal-MAP is NPPP-complete.
[Park and Darwiche 2004]

e What is the complexity of an arbitrary inference problem?
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e define an inference hierarchy
+ inference problems using +, x, min, max on Q=0
+ same inference class — same complexity class
« recursive definition of exhaustive classes
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e define an inference hierarchy

« inference problems using +, x, min, max on Q=9

+ same inference class — same complexity class

« recursive definition of exhaustive classes

e Example (classes with one marginalization)

(7)

CS Department

{min — min, max — max, sum — sum} P
{max — min, max —sum, max —prod} NP — complete
{min — max, min —sum, min —prod} CONP — complete

{sum — prod, sum — min,sum — max} PP — complete

University of Alberta



Representation, reducibility and complexity

Efficient inference

(18)  CS Department University of Alberta @ @ @ ®



& = (Y*,®,®) is the combination of two commutative semigroups
4. = (®,Y*) and 4, = (@, Y*) with

o ®
+ identity elements: 1 and 1
+ distributive property: a® (b@®c) = (a ®@b) & (a ® b)
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The inference problem q(x;) = @Z\J ) fi(x)
allows polynomial time inference if:
[Aji and McEliece 2000; Lauritzen and Jensen 1997]

© = (Y, e, ®) Is a commutative semiring
- the factor-graph has no loops

(20) CS Department University of Alberta @ @ @ ®



The inference problem q(x;) = @K\J ) fi(x)
allows polynomial time inference if:
[Aji and McEliece 2000; Lauritzen and Jensen 1997]

© = (Y, e, ®) Is a commutative semiring
- the factor-graph has no loops

can we use distributive law for efficient inference with more than one
marginalization operation?
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If ¢. is an abelian group -~ i.e., ® is invertible:

Pi) = EPrX)

A\

where p(x) def ﬁ@(@fl(ﬁl))

®
Then we always have @& p(x)) =1
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Representation, reducibility and complexity

Reductions
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Many problems over commutative semirings reduce to each other:

+ integration reduces to (normalized) marginalization

+ (normalized) marginalization reduces to integration

* integration in . = (Y*, min, max) reduces integration in
< = ({0,1}, +, x) = ({true, false}, v, A)

+ sampling reduces to marginalization for . = (R, +, x)

+ approximate sampling reduces to integration in
= (R, max, x) [Papandreou and Yuille 2011]

+ approximate integration in . = (R, 4, x) reduces to
integration in . = (R, max, x) [Ermon et al. 2013]
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Approximate inference
Inference as optimization
Loop corrections
Semirings on semirings
Hybrid methods
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Saving computation by distributive law (a @ b) @ (a@c) = a@ (b@q)
When applied to inference over semirings:

= ® Qy—si (X)) @
Jea\l ®

A (<) = EPfix) & (%) ‘i{/ F@‘k
Ay JedN —-lf(

© if9. = (V*, ®) is abelian use normalized messages

+ BP gives approximations for loopy factor-graphs
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- scheduling of message updates affects:
- time complexity
* convergence [Elidan and McGraw 2006; Kolmogorov 2006]

[Potetz and Lee 2008; Tarlow, Givoni, and Zemel 2010]
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- scheduling of message updates affects:
- time complexity
convergence [Elidan and McGraw 2006; Kolmogorov 2006]

- damping can improve convergence

+ sparse high-order factors allow efficient message passing
[Potetz and Lee 2008; Tarlow, Givoni, and Zemel 2010]

- for large number of constraint factors . we can use
cutting-plane-like methods
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- scheduling of message updates affects:

- time complexity
convergence [Elidan and McGraw 2006; Kolmogorov 2006]

- damping can improve convergence

+ sparse high-order factors allow efficient message passing
[Potetz and Lee 2008; Tarlow, Givoni, and Zemel 2010]

- for large number of constraint factors . we can use
cutting-plane-like methods

e can we use distributive law for efficient inference with more than
one marginalization operation?
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Approximate inference
Inference as optimization
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is only concerned with probabilities and
sum-product inferenceis P = argsmin  D(P | p¥)

+ s inverse temperature
* p(x) =T, fi(x) is the true distribution
 Pis formulated in terms of desired marginals

©O®O®
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is only concerned with probabilities and
sum-product inferenceis p = argsmin  D(p | p?)
+ s inverse temperature
* p(x) =T, fi(x) is the true distribution
 Pis formulated in terms of desired marginals
+ equivalent to minimization of the variational free energy

p = argsmin Z (x) log(p( Z (Z Iog(f|(§|))>

X
N /
e N~

/

expected energy —entropy

©O®O®
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+ stable fixed points of sum-product BP are local optima of
Bethe free energy [Heskes 2003]

inspired many convex and convergent methods

[Liu and Ihler 2013]
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+ stable fixed points of sum-product BP are local optima of
Bethe free energy [Heskes 2003]

inspired many convex and convergent methods

+ B — oo gives max-product

also its linear program (LP) relaxation
» LP solution upper-bounds the optima

+ using conditional entropy gives marginal-MAP [Liu and Ihler 2013]
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+ stable fixed points of sum-product BP are local optima of
Bethe free energy [Heskes 2003]

* inspired many convex and convergent methods
+ B — oo gives max-product

+ also its linear program (LP) relaxation

» LP solution upper-bounds the optima
+ using conditional entropy gives marginal-MAP [Liu and Ihler 2013]
« We show using a second temperature parameter gives min-max

+ also LP relaxation which resembles sum-product-reduction of min-max
* LP solution lower-bounds the optima
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Approximate inference

Loop corrections
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Short Loops are contained within regions
the complexity grows exponentially in the size of region

+ junction-tree [Lauritzen and Spiegelhalter 1988]
+ junction-graph [Koller and Friedman 2009]
+ Generalized BP [Yedidia, Freeman, and Weiss 2001]

+ minimizing Kikuchi approximation to free energy  [Kikuchi 1951]

[Chertkov and Chernyak 2006]
[Montanari and Rizzo 2005]
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Short Loops are contained within regions
the complexity grows exponentially in the size of region

+ junction-tree [Lauritzen and Spiegelhalter 1988]
+ junction-graph [Koller and Friedman 2009]
- Generalized BP [Yedidia, Freeman, and Weiss 2001]
+ minimizing Kikuchi approximation to free energy  [Kikuchi 1951]
Long Loops
there are exponentially many loops
+ loop calculus [Chertkov and Chernyak 2006]
+ loop-corrected BP [Montanari and Rizzo 2005]

Short + Long Loops:

- generalized loop-corrected BP: a message passing method
overlapping regions + message dependencies
performs better than region-based and
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Approximate inference

Semirings on semirings
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« SPis a message passing procedure
- state-of-the-art in difficult random satisfiability problems
[Braunstein, Mezard, and Zecchina 2002]
* BPover & = (Y*,®,®) may have many fixed points p .
Q is the set of all such fixed points
- each g _, approximates the integral g(@) by Q(a._, )(0)

+ SP takes all such fixed points into account using @
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Belief Propagation I Survey Propagation
domain:
x | a_,. (a BP fixed point)
X | 9 (all BP fixed points)
operations and evaluations:
o|eade
9(9) | Q@)
a(<) | Q@)(x) or Q(ai)(@)
marginalization:
at) = By at0 | ame) =@, @)

integration:

a®) = ®.a | 20©) =@, _a@_,)0)

University of Alberta @ @ @ ®
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Approximate inference

Hybrid methods
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Deterministic inference: Message passing / variational methods
Stochastic inference: Markov Chain Monte Carlo

Markov chain is a stochastic process:
p(é(t) ’ é(t—U, . ,5(1)) — k(z(t)7z(t_1))

- marginal estimates by Monte Carlo:

1 &
[2:: (x[n]i = x)

- cycling of local kernels gives Gibbs sampling:
t t—1 t t 1
k(P = p® 1Y)

« Al Markov blanket of node |
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+ smoothly interpolates between BP and Gibbs sampling

- BP as an functional acting on messages P_,|(Paia1)
+ Gibbs sampling as stochastic message passing
+ Gibbs sampling functional G'—H@A._@)
- perturbed BP: v G _, (D, ;) + (1 —7)P_i(Pa—a)
+ qisincreased from O to 1
+ as a general sampling method perturbed BP outperforms Gibbs
sampling
- A powerful procedure for solving CSPs

+ similar idea extends to survey propagation giving perturbed SP
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« (CSPs: different semirings

integral q(@) in sum-product: # satisfying assignments
integral in max-sum: max. # satisfied constraints

- constrained optimization: min-sum semiring
+ bottleneck problems: min-max semiring
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Constraint Satisfaction
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Many semirings can be used to represent a CSP:

+ or-and/min-max/min-sum semirings give warning propagation
* sum-product semiring: p(x) = q_(l(o”) IT,fi(x)
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Many semirings can be used to represent a CSP:

+ or-and/min-max/min-sum semirings give warning propagation
* sum-product semiring: p(x) = q_(l(o”) IT,fi(x)
| belief propagation-guided-decimation (the standard approach)

i calculate the marginals p(xi)
i pick a most biased subset of variables x|
i clamp to x, to x, their most biased value

Il perturbation of BP performs much better in practice (Why?)

- same ideas extend to survey propagation
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1. K-satisfiability O(K\M)
2. K-coloring and K-clique-cover O(K|&))

- K-coloring of G is equivalent to K-clique-cover of G©
perturbed BP/SP outperform state-of-the-art on K-SAT and
K-COL
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1. K-satisfiability O(KM)
2. K-coloring and K-clique-cover O(K|&l)
- K-coloring of G is equivalent to K-clique-cover of G©
perturbed BP/SP outperform state-of-the-art on K-SAT and
K-COL
3. K-dominating set and K-set-cover O(KN + |€])
4. K-cligue problem, K-independent set and K-vertex-cover

K-independent-set of G is equivalent to K-clique of G°
- K-clique is equivalent to sub-graph isomorphism to a Ky
if D is an independent-set, V \ D is a vertex-cover

(41)  CS Department University of Alberta @ @ @ ®



1. K-satisfiability O(KM)
2. K-coloring and K-clique-cover O(K|&))

- K-coloring of G is equivalent to K-clique-cover of G©
perturbed BP/SP outperform state-of-the-art on K-SAT and
K-COL

3. K-dominating set and K-set-cover O(KN +1&])
4. K-cligue problem, K-independent set and K-vertex-cover
K-independent-set of G is equivalent to K-clique of G°
- K-clique is equivalent to sub-graph isomorphism to a Ky
if D is an independent-set, V \ D is a vertex-cover
- two different factor-graphs:

| binary-variable model O(KN + |&])
Il categorical-variable model O(K*N?)
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+ max-weighted SAT O(KM)
+ minimum weighted set-cover O(l€))
+ minimum weighted vertex-cover using SP [Zhou 2003]
- maximum weighted independent-set o(l€))

[Sanghavi, Shah, and Willsky 2007]
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+ max-weighted SAT O(KM)

- minimum weighted set-cover O(|€])
+ minimum weighted vertex-cover using SP [Zhou 2003]
- maximum weighted independent-set O(|€])

[Sanghavi, Shah, and Willsky 2007]
+ using binary-search on K: O(|€] Nlog(N))

chromatic number and minimum clique-cover, min-dominating-set,
min-set-cover, max-clique, max-independent-set, min-vertex-cover
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+ max-weighted SAT O(KM)
* minimum weighted set-cover O(|€])
+ minimum weighted vertex-cover using SP [Zhou 2003]
+ maximum weighted independent-set O(|€])

[Sanghavi, Shah, and Willsky 2007]
+ using binary-search on K: O(|€] Nlog(N))

chromatic number and minimum clique-cover, min-dominating-set,
min-set-cover, max-clique, max-independent-set, min-vertex-cover

- min-max optimization version:
K-packing reduces to K-independent-set
K-clustering reduces to K-clique-cover
K-center problem reduces to K-set-cover
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+ max-weighted SAT O(KM)
* minimum weighted set-cover O(|€])
+ minimum weighted vertex-cover using SP [Zhou 2003]
+ maximum weighted independent-set O(|€])

[Sanghavi, Shah, and Willsky 2007]
+ using binary-search on K: O(|€] Nlog(N))

chromatic number and minimum clique-cover, min-dominating-set,
min-set-cover, max-clique, max-independent-set, min-vertex-cover

*  min-max optimization version:
K-packing reduces ) K-independent-set
K-clustering reduces to K-clique-cover
K-center problem reduces to K-set-cover
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Binary-variable Factor-graph
+ N binary variables, x, € {0,1}

+ pairwise factors encode the distance
X
(0] 1

0] —© | —o0
Xi

1] —oo | —A)

+ K-of-N factor ensures exactly K code-words are selected

+ min-max inference gives the K-packing solution
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Sum-product reduction for min ;A ;| <y < max A

+ reduced pairwise factors encode connectivity ¥(i,J) € €
X

(0] J1

Ofl1]1

11110

1

« K-of-N factor remains a constraint

« sum-product reduction for y gives uniform dist. over
K-independent-sets of G,
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Clustering
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- affinity propagation O(|&]) [Frey and Dueck 2007]

+ binary-variable model [Givoni and Frey 2009]
+ (capacitated) facility location problem [Lazic, Frey, and Aarabi
2010]

distance from client-to-client is infinity

[Givoni 2012]
[Bailly-Bechet, Bradde, et al. 2009]

[Ba\\lnyechet, Borgs, et al. 2011; Biazzo, Braunstein, and Zecchina 2012]

[Bayati, Braunstein, and Zecchina 2008]
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- affinity propagation O(|&]) [Frey and Dueck 2007]

+ binary-variable model [Givoni and Frey 2009]
+ (capacitated) facility location problem [Lazic, Frey, and Aarabi
2010]

distance from client-to-client is infinity

+ hierarchical clustering

1. nested application of affinity propagation [Givoni 2012]
2. shallow trees [Bailly-Bechet, Bradde, et al. 2009]

* adummy root node
» cluster centers can follow other nodes
* prevent formation of loops using depth variable € {1, ...,d}

[Ba\\lnyechet, Borgs, et al. 2011; Biazzo, Braunstein, and Zecchina 2012]

[Bayati, Braunstein, and Zecchina 2008]
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- affinity propagation O(|&]) [Frey and Dueck 2007]

+ binary-variable model [Givoni and Frey 2009]
+ (capacitated) facility location problem [Lazic, Frey, and Aarabi
2010]

distance from client-to-client is infinity

+ hierarchical clustering

1. nested application of affinity propagation [Givoni 2012]
2. shallow trees [Bailly-Bechet, Bradde, et al. 2009]

* adummy root node
» cluster centers can follow other nodes
* prevent formation of loops using depth variable € {1, ...,d}
+ prize-collecting Steiner tree O(d|€])
[Bailly-Bechet, Borgs, et al. 2011; Biazzo, Braunstein, and Zecchina 2012]
+ depth-limited spanning tree O(d|£])
[Bayati, Braunstein, and Zecchina 2008]
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* K-clustering a.k.a. min-max clustering O(KN2log(N))

sum-product reduction is K-cligue-cover
use perturbed BP to solve the resulting K-clique-cover
- 2-approximation for metric distances [Gonzalez 1985]

[Dyer and Frieze

1985]
[Chuzhoy et al. 2005]
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* K-clustering a.k.a. min-max clustering O(KN2log(N))
sum-product reduction is K-cligue-cover
use perturbed BP to solve the resulting K-clique-cover
2-approximation for metric distances [Gonzalez 1985]

+ K-center problem O(log(N)(KN + [&]))
+ sum-product reduction is the K-set-cover
use perturbed BP to solve the resulting K-clique-cover
2-approximation for weighted metric distances  [Dyer and Frieze
1985]
* (log(N))-approximation for general case [Chuzhoy et al. 2005]
min-max facility location is a special case

+ message passing outperforms 2-approximations even for metric
distances
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- BP for stochastic block models (SBM) [Decelle et al. 2011]
+ ML block assignments + connectivities (@) given a graph
- BP finds a block assignment given @

Modularity [Newman and Girvan 2004]

me) €3 ST (A - Ay Aeg)

CeC el

- Potts model:

- one variable per node + pairwise interaction

+ use max-product or sum-product semiring

[Reichardt and Bornholdt 2004; Zhang and Moore 2014]

+ Clique model

* abinary variable x, ; per i,j € V

- local factors encode modularity cost

» constraints enforce cliques (O(N3) constraints)

+ Use augmentation
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Permutations
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Different semirings for the same graphical model formulate

- bipartite matching max,c: YL A
[Bayati, Shah, and Sharma 2005]

using max-sum semiring

optimality guarantee O(NQ’TY*)
maximum weighted b-matching [Huang and Jebara 2007]
- arbitrary graphs [zdeborova and Mezard 2006]
- b-matching for arbitrary graphs [Sanghavi 2007]

[Huang and Jebara 2009]

[Vontobel 2013]

(50) CS Department University of Alberta @ @ @ ®



Different semirings for the same graphical model formulate

- bipartite matching max,c: YL A
[Bayati, Shah, and Sharma 2005]

using max-sum semiring

optimality guarantee (N3 *)

maximum weighted b-matching [Huang and Jebara 2007]

- arbitrary graphs [zdeborova and Mezard 2006]

- b-matching for arbitrary graphs [Sanghavi 2007]

- permanent ZKESN H|N=1 Ay [Huang and Jebara 2009]
using sum-product semiring

BP integral lower bounds the permanent [Vontobel 2013]

- bottleneck assignment min,.s max'; A ,
* USiNg Min-max semiring
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+ using a binary-variable model [Held and Karp 1970]
+ one variable per edge: x(;y = 1 means (i,]) in the tour
+ local factors encode the cost
- sparse degree and subtour constraints enstre a tour
-+ exponentially many subtour constraints
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+ using a binary-variable model [Held and Karp 1970]

one variable per edge: x(;y = 1 means (i,j) in the tour
local factors encode the cost
sparse degree and subtour constraints ensure a tour
exponentially many subtour constraints
use augmentation:
1. start with no subtour constraints (minimum cycle cover)
2. add a constrain if its violated in the current solution
3. repeat
(sub) linear number of constrains are used
~ N2 empirical complexity for random distance matrices
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+ using a binary-variable model [Held and Karp 1970]

one variable per edge: x(;y = 1 means (i,j) in the tour
local factors encode the cost
sparse degree and subtour constraints ensure a tour
exponentially many subtour constraints
use augmentation:
1. start with no subtour constraints (minimum cycle cover)
2. add a constrain if its violated in the current solution
3. repeat
(sub) linear number of constrains are used
~ N2 empirical complexity for random distance matrices

- categorical variable model O(N?)

min-max inference solves bottleneck TSP
sum-product reduction is Hamiltonian cycle problem
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Mapping 7 of nodes G — G’
- sub-graph isomorphism o([V21€'))
injective mapping (i,)) € € = (n(),n()) € & Vi, €V
- adjacency matrix of G’ as pairwise factor on edges of G
adjacency matrix of G’ as pairwise factor on non-edges of G
K-cligue and Hamiltonian cycle as special case

[Bradde 2010]
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Mapping 7 of nodes G — G’
- sub-graph isomorphism o([V21€'))
injective mapping (i,)) € € = (n(),n()) € & Vi, €V
- adjacency matrix of G’ as pairwise factor on edges of G
- adjacency matrix of G’ as pairwise factor on non-edges of G
K-clique and Hamiltonian cycle as special case
- sub-graph monomorphism OV V| + ElIE)
injective mapping (i,)) € € = (n(i),7())) € &' Vi,jeV
[Bradde 2010]
non-edge factors are different
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Mapping 7 of nodes G — G’
- sub-graph isomorphism o([V21€'))
injective mapping (i,)) € £ = (n(i),7())) € &' Vi,jeV
- adjacency matrix of G’ as pairwise factor on edges of G
- adjacency matrix of G’ as pairwise factor on non-edges of G
K-cliqgue and Hamiltonian cycle as special case
- sub-graph monomorphism OV V| + ElIE)
injective mapping (i,)) € £ = (n(i),n())) € &' Vi,jeV
[Bradde 2010]
non-edge factors are different
- sub-graph supermorphism  O(|V]2|V'| + (|V|?> — |€]|€))
injective mapping (i,]) € £ < (n(i),7())) € &' Vi, eV
- alternative formulation of Hamiltonian cycle as special case

(52) CS Department University of Alberta @ @ @ ®



Mapping 7 of nodes G — G’
- sub-graph isomorphism O(|VI?1E)
injective mapping (i,)) € € = (n(),n()) € & Vi, €V
- adjacency matrix of G’ as pairwise factor on edges of G
- adjacency matrix of G’ as pairwise factor on non-edges of G
K-cliqgue and Hamiltonian cycle as special case
+ sub-graph monomorphism OV V| + ElIE)
injective mapping (i,)) € € = (n(i),7())) € &' Vi,jeV
[Bradde 2010]
non-edge factors are different
- sub-graph supermorphism  O(|V]2|V'| + (|V|?> — |€]|€))
injective mapping (i,)) € £ <= (n()),7(J)) € &' Vi,jeV
- alternative formulation of Hamiltonian cycle as special case
- graph homomorphism O(I€] |€))
any mapping (i,)) € € = (n(i),n()) € & Vi, eV
« graph coloring and independent-set as special case
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+ binary-variable model for sparse graph alignment
[Bayati et al. 2013]

based on the factor-graph for bipartite matching

[Bradde et al. 2010]
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+ binary-variable model for sparse graph alignment
[Bayati et al. 2013]

based on the factor-graph for bipartite matching

« min-sum with sub-graph isomorphism factor-graph

O(|V|?|V'| log([V']))

alignment using sub-graph *  monomorphism" factor-graph
[Bradde et al. 2010]

if graphs are sparse and each node has few candidates,
factor-graph simplifies
can account for various costs e node matching e edge
matching ¢ node merging e node deletion e edge deletion e
edge insertion
special cases

1. max. common sub-graph
2. quadratic assignment problem
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