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to machine learning practice in 20267
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A Great Loss for Numerical Optimization Theory

e Last month we lost Dimitri Bertsekas.
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* Wrote influential books in several different fields.
* Pioneer in numerical optimization (memories here).
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Bertsekas’ Two Cultures of Numerical Optimization

e Bertsekas contrasted two views on optimization theory:

— Theoretical: “convergence analysis is considered primarily a mathematical
subject ... General and broadly applicable statements, and simple and
elegant proofs are at premium here.”

— Practical “properties of an algorithm for a given class of problems must be
verified through practical experimentation, so if an algorithm looks
promising on intuitive grounds, why bother with a convergence analysis?”

[Bertsekas, 2016]



My Previous Lifetimes

e | started on practical view:
— ICML 2006 paper: “Maybe we should use SGD to train language models?”.

* Trained ~10-million parameters on ~30k sentences (“large” model at time).
— 2006: minFunc code: tuned to solve ML problems at time.

e But later worked on theoretical view:
— NeurlPS 2011: “Accelerated gradient methods with inexact gradients”.
— NeurlPS 2012: “SGD method with exponential convergence rate”.

 And in 2015 | thought these views were coming together!
— SGD methods with nice theory that were achieving state of the art results.
— Gave ICML 2015 tutorial mainly focusing theory-motivated fast algorithms.



e |In 2015 | also wrote a review that started like this:

This work proposes a new stochastic gradient method, in the spirit of AdaGrad
and natural-gradient methods, that uses a per-wvariable scaling in the update
which is based on the ratio of an estimate of the mean and the wvariance of the
gradients.

The approach is well-motivated, and I like the connection established to RPROP.
It would be good to allow state the connection to the Le Roux and Fitzgibbon's
NIPS 2816 paper A fast natural Newton method® (which also considers variance of
hte gradients).

Unfortunately the proofs of the regret bounds are missing. Further, they don't
seem to actually be related to the stated Algorithm 1. In particular, ‘gamma._t

seems to be a decreasing step-size in the analysis but there is \gamma_t and a
constant step-size is used in Algorithm 1 and the subsequent analysis.

e “Adam” method worked dramatically better for neural networks.
— As they were taking over the ML world.

Adam: A method for stochastic optimization
DP Kingma, J Ba - arXiv preprint arXiv:1412.6980, 2014 - amxiv.org

... functions with stochastic regularization. We compare the effectiveness of Adam to other
stochastic first ... Figure 2 shows our results; Adam shows better convergence than other methods. ...

77 Save UY Cite Cited by 246918 Related articles  All 14 versions &%

* Since then gap between two cultures has become enormous!



* Have seen amazing results in “convergence analysis”:
— Optimal multi-step algorithms via PEP.
— Parameter-free SGD via coin-betting.
— Non-asymptotic analysis of BFGS.

But these ideas have had little effect on practice.

* While the “proof is missing” works are changing the world:
— Adam optimizer (course project at University of Toronto).
— AdamW (bug) and cosine annealing (circumnutations in plant roots).
— Muon (NanoGPT speedrunning and Twitter crowdsourcing).

 Though huge literature where it “works in my paper”.

[Drori & Teboulle, 2014, King & Ba, 2014, Loschilov & Hutter, 2017, Orabona & Tommasi, 2017, Loschilov & Hutter, 2019, Jordan et al., 2024, Qin et al., 2025]



Mess of Attempts to Improve Adam (Mostly Failed)

i

A. List of optimizers and schedules considered

Table 2: List of opti

d for our benchmark. This is only a subset of all existing methods for deep learning.

Name Ref. Name Ref.
AcceleGrad HyperAdam (Wang et al, 2019%)
ACClip K-BFGS/K-BFGS(L) (Goldfarb et al., 2020)
AdaAlter KF-QN-CNN (Ren & Goldfarb, 2021)
AdaBatch KFAC (Martens & Grosse, 2015)
AdaBayey/AdaBayes-SS KFLR/KFRA (Botev ctal, 2017)
AdaBelief LAAdam/L4AMomentum (Rolinck & Martius, 2018)
AdaBlock LAMB (You et al., 2020)
AdaBound (Luo etal., 2019) LaProp (Ziyin et al., 2020)
AdaComp (Chen et al., 2018) LARS (You etal., 2017)
Adadelta (Zeiler, 2 LHOPT (Almeida et al., 2021)
Adafactor (Shazeer & Stern, LookAhead (Zhang et al., 2019)
AdaFix (Bac et al., 2019) M-SVAG (Balles & Hennig, 201%)
AdaFom (Chen et al, 2019%) MADGRAD (Defazio & Jelassi, 2021)
AdaFTRL (Orabona & Pdl, MAS (Landro et al., 2020)
Adagrad (Duchi etal MEKA (Chen et al, 20200)
ADAHESSIAN (Yaoetal MTAdam (Malkiel & Wolf, 2020)
Adai (Xie et al. MVRC-I/MVRC-2 (Chen & Zhou, 2020)
AdaLoss (Teixeira et al, 2019) Nadam (Dozat. 2016)
Adam (Kingma & Ba, 2015) NAMSB/NAMSG (Chen et al, 2019%)
Adam* (Liu etal, 2020b) ND-Adam (Zhang et al., 2017a)
AdamAL (Tao et al, 2019) (Liu et al,, 2021b)
AdaMax (Kingma & Ba, 2015) (Nesterov, 1983)
AdamBS (Liu et al., 2020c) (Zhang et al., 2018)
AdamNC (Reddi et al., 2018) (Huang et al., 2019)
AdaMod (Ding ctal. (Ginsburg et al., 2019)
(Heo et
AdamT (Zhou et al., 2020)

AdamW (Loshchilov & Hutier, 2019) (L et al., 20200)
AdamX (Tran & Phoag, 2019) AL (Mutschler & Zell, 2020)
ADAS (Eliyahu, 2020) PolyAdam (Orvicto et al., 2019)
AdaS Polyak (Polyak, 1964)
AdaScale PowerSGD/Power SGDM (Vogels et al., 2019)
AdaSGD Probabilistc Polyak (de Roos et al., 2021)
AdaShift ProblLS (Mahsereci & Hennig, 2017)
AdaSqrt PStorm (Xu, 2020)

Adathm QHAdanVQHM
AdaX/AdaX-W (Li et al, 20200) RAdam (Liu ct al., 20200)
AE (Lin & Tian, Ranger (Wright, 20206)
ALLG (Berrada et al Rangerlars (Grankin, 2020)
AMSBound (Luo etal., 2019) RMSProp (Tieleman & Hinton, 2012)
AMSGrad (Reddi et al, 2018) RMSterov (Choi et al., 2019)
(Roy etal s (Sung et al., 2020)
(Vaswani et al SAdam (Wang et al., 20200)
(Chen et al., 2019b) Sadam/SAMSGrad (Tong et al., 2019)
SALR (Yue et al., 2020)
SAM (Foret et al., 2021)

DeepMemory
DGNOpt
DiffGrad

Adam
EKFAC

Eve
Expectigrad
FastAdaBehef
FRSGD
G-AdaGrad
GADAM
Gadam
GOALS
GOLS-1
Grad-Avg
GRAPES
Gravilon
Gravity
HAdam

(Salas et al, 2018)
(Bai & Zhang, 2019)
(Zhang et al., 2017b)

(Chen et al
(Borysenko & Byshkin, 2
(Precchakul & Kijsirikul, 2019)

(Wright, 20208)
(Liu ctal, 20212)

(Daley & Amato,
(Zhou et al, 2021s)
(Wang & Ye, 2020)

SC-Adagrad/SC-RMSProp
SDProp

SRSGD
Step-Tuned SGD
SWATS

SWNTS

TAdam

TEKFAC

VAdam

VR-SGD
VSGD-bYSGD-gSGD-1
vSGD-fd

‘WNGrad

YellowFia

Yogi

(Mukkamala & Hein, 2¢
(ida etal., 2017)

(Robbins & Moaro, 1951)
(Tan et al., 2016)

(Ayadi & Turinici, 2020)
(Ramezani-Kebrya et al, 2021)
(Tran & Cutkosky, 2021)

(Liu & Luo, 2020)
(Loshchilov & Hutter, 2017)
(Huang et al., 2020)

(Anil et al., 2020; Gupta et al., 2018)
(Wang ct ., 2019a)
(Bemstcin et al., 2018)
(Yang et al., 2020)
(Anil et al., 2019)
(Tran et al., 2020)

(Zhao et al., 2020)
(Fetterman et al., 2019)
(Wang et al., 20200)
(Castera et al, 2021)
(Keskar & Socher, 2017)
(Chen et al., 2019)
(1boudo et al., 2020)
(Gao et al., 2020)
(Khan et al., 2018)
(Shang et al., 2020)
(Schaul et a. 2013)
(Schaul & LeCun, 2013)
(Wu etal., 2018)
(Zhang & Mitliagkas, 2019)
aheer et al., 2015)

[Schmidt et al., 2021]

Ada lnm

Eve
AAdam
BAdam
CAdam
DAdam
EAdam
FAdam
GAdam
HAdam
TAdam
KAdam
LAdam
MAdam
NAdam
OAdam
PAdam

g vos

Konstantin Mishchenko &
@konstmish

There are hundreds of papers claiming they propose optimizers better than
AdamW, where the improvement comes from undertuned baseline. All |
want is for this not to be the case here.

“The AdamW paper was rejected 3 times,
until we found the theoretical motivation”



Empirical Progress Seems Slow/Stalled

2020 “Benchmarking Deep Learning Optimizers” [2020].

— Newer methods fail significantly and consistently in outperforming Adam.
202x Major LLM release delayed because over trying new method.

2025 Algoperf self-tuning track:

— Only 1 method beat “AdamW” baseline method.

* It was AdamW with different step sizes (ScheduleFree).
— Shampoo variant won other track (but heavy task-specific hyper-parameter tuning).

2025 “Fantastic Pretraining Optimizers and Where to Find Them”.
— Speedup over baselines is lower than claimed, decreases with model size.

2025 “Smol Training Playbook”:

— Tried newer methods but went back to AdamW.



Q Yaroslav Bulatov & @yaroslavvb - Dec 11, 2025 (A o

20 years of reading and implementing optimization papers, yet after this
year's NeurlPS, I’m still questioning the utility of the field. The few methods
that work seem to do so by accident.

QO 18 122 Q 322 il 63K d &



|s optimization theory useless for practitioners?

 Ben Recht:
— “I'm skeptical that optimization theory helps us do anything”

e Marta Skreta:

— “I'have so many other things to worry about from datasets, augmentation, architecture,
hyperparameters before | think about the optimizer”

* Jason Lee:
— “encourage people to understand algorithms and optimization in DL, rather than proposing new
optimizers”
* James Martens:

— “I think optimization theory is still a bit relevant, but not overly so. IMO, the most important
thing is the ‘gradient-dominated vs. noise-dominated regime’ distinction”

e Tasos Kyrillidis:

— “I like the gradient-dominated vs. noise-dominated axis ... almost every modern trick ...
sits naturally there”

* Martin Jaggi:

— “this year is kind of a pleasant surprise at least for me that many 'classic' optimization questions
have moved front and center again”



My Goals

* Show that optimization theory helps understand common questions.

— “How do | set the step size?”
* Gradient-dominated vs. noise-dominated phases.

— “How do | pick the batch size?”

— “Why does Adam work?”

— “Why isn’t second-order information helping?”
— “Why does [weird neural network trick] work?”

* For practitioners:
— Show you simple concepts that explain a lot of what we see in practice.
— Hopefully let you skip some generations of grad-student descent.

* For theoreticians:
— Highlight where we are focusing on the wrong things.
— Give ideas on how we can become more useful in practice.



Disclaimer Page #1

 Answer to these questions are complicated:
— Depend on many factors and dynamics that are not fully understood.
— But theory at least highlights important trade-offs.

* Field is huge and changing and noisy.
— | will inevitably miss big/important topics.
— | will necessarily need to skip over a lot of precise details.
— And long term | will be wrong about some things.

* Topics | will not cover to reduce scope:

— Private, fair, federated, constrained, parallel, distributed, low-precision,
continual, PEFT, RL, tuning hyper-parameters, scaling laws, DE and SE models.

* Though fundamentals still give insights here.



Disclaimer Page #2

* | am going to focus on smooth optimization.
— Assume the function is differentiable everywhere (no RelLUs).

e Why?
— Many conclusions are similar.
° EspeCI a”y for Stocha StIC Optiml Zation. We show that learning-rate schedules for large model training behave surprisingly similar to a performance bound from

non-smooth convex optimization theory. We provide a bound for the constant schedule with linear cooldown; in particular,
. the practical benefit of cooldown is reflected in the bound due to the absence of logarithmic terms. Further, we show that
—_— M a ny a n a Iys e S a re S I m p I e r. this surprisingly close match between optimization theory and practice can be exploited for leaming-rate tuning: we
achieve noticeable improvements for training 124M and 210M Liama-type models by (i) extending the schedule for
continued training with optimal leaming-rate, and (i) transferring the optimal learning-rate across schedules.

The Surprising Agreement Between Convex Optimization Theory and
Learning-Rate Scheduling for Large Model Training

Fabian Schaipp, Alexander Hagele, Adrien Taylor, Umut Simsekli, Francis Bach

* Especially for non-convex optimization.
— There is more to gain performance-wise with smoothness.
— Smooth case is already quite complicated.

— There is some trend towards smooth functions.
e LLMs have moved form RelLUs to GelLUs or SwiGLUs.
* We train non-smooth mixture of experts via smooth objectives.



Question: How do | set the GD Step Size?

(We are going to spend a lot of time on this)
(But often the most sensitive hyper-parameter!)



Introduction: Optimization and Gradient Descent

* We usually “train” models by solving an optimization problem.

min,f (w) = %2 f(w)

— We have ‘d’ parameters ‘w’ that we can modify the fit the data better.

* For a deep neural network, this would contain the parameters of the various layers.

— We have a function ‘' that measures how well we fit the data.

 Usually this function is the average over a set of ‘n’ functions f..

— Each f, measures how well we fit training example ‘i’ (squared error, cross entropy, and so on).

* Most popular DL algorithm is stochastic gradient descent (SGD).
— And its descendants like Adam, AdamW, and so on.



Deterministic Optimization with Fixed Features

e But we will first focus on deterministic gradient descent (GD).
— We can compute the function f(x) and gradient Vf(w) exactly.

e “Full-batch” training (expensive for large datasets).

— To make some things simpler we will assume f is twice-differentiable.

e We will also first focus on the case of fixed features.

— Cannonical examples are linear least squares and logistic regression:
1 n n

Fw) =2 W —y)"2.  fw)= ) log(1+exp(—yw ;)
i=1 i=1

— Or training the last layer of a neural network with other layers fixed.



Why talk about deterministic/fixed setting at all?

ldeas form most ingredients for stochastic/neural optimization.

Many concepts are already surprisingly complicated.
— Such as choosing the step size.

Many “stochastic/neural” challenges already appear in simpler setting.
— Such as WarmUp/clipping, and oscillations that may or may not be good.

We will see that deterministic tricks often help at the start of training.
— In gradient-dominated phase, or with large batch sizes.

Deterministic optimizers are robust.
— Have hyper-parameters, but often work well with no hyper-parameter tuning.



Gradient Descent (GD)

e Classic gradient descent (GD) algorithm repeats the iteration:

Wit+1 = Wi — ai Vf(wy)

— For a step size ay.

* Since f(w) is an average over ‘n’ training examples, takes the form
n
1 )
Wik+1 = Wi — g Ez Vfi(Wk). o Lq/pl\.-
i=1

* First paper by Cauchy [1847], who gave two step size suggestions:

— Choose a small step size.

— Find the minimum along the direction (greedy).



Deterministic Gradient Descent in 1 Dimension

* Deterministic gradient descent is based on a simple observation:

— Give parameters ‘W’, the direction of largest decrease is —V f(w).

F)
$(w,)

[
— y ’*

Wy w

( minimizer 7



Deterministic Gradient Descent in 1 Dimension

 Deterministic gradient descent is based on a simple observation:

— Give parameters ‘W’, the direction of largest decrease is —V f(w).
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Deterministic Gradient Descent in 1 Dimension

 Deterministic gradient descent is based on a simple observation:

— Give parameters ‘W’, the direction of largest decrease is —V f(w).

F)

( minimizer 7

S'ofe s o'c)‘din Qgggiy_e ?_/ L,’ne \,V'lﬂ\ S'O{Jé VWC(WJ

SO maKe IW ™More ‘)05‘””9-



Deterministic Gradient Descent in 1 Dimension

 Deterministic gradient descent is based on a simple observation:

— Give parameters ‘W’, the direction of largest decrease is —V f(w).

F)
$(w,)




Deterministic Gradient Descent in 1 Dimension

 Deterministic gradient descent is based on a simple observation:

— Give parameters ‘W’, the direction of largest decrease is —V f(w).

F)

w

Nows the slore Vflw,) o osillve

e

SO we move in ﬂe i’\e&q’/ivc e('»recfﬁm.



Gradient Descent

Digression: Contour Maps

* To visualize gradient descent when d=2, we often use contour lines:

— Figure where each curve has same function value.

— Like a hiking elevation map: =~~~ ..



Gradient Descent

Gradient Descent in 2D

5{74' i y~—

szv\\c 9 //w‘)“




How do | set the GD step size?

* For gradient descent, there is a trade-off between:

P
X v | “Lipechit ot of 7"
"Step size" L Lipschit wonhuat of yrpdion

* The number L is how fast the gradient can change.
— The “Lipschitz constant”: [|Vf(w) — Vf(v)|| < L||lw — v||

R\vc{iw\ oith o small L

— Need smaller steps for bigger ‘L.



How do | set the GD step size?

For gradient descent, there is a trade-off between:

X i V5, —2—

0 " L /IL/f“I‘ié orshat of ’/a{lfmf“
Step size

If a;, < 2/L, GD is guaranteed to decrease the function ‘f’.
If a;, is much smaller than 2/L, GD will converge more slowly.

— Step size is too small.

If a;, is bigger than 2/L, you might increase the function.
— Step could be too big and “overshoot” region where function decreases.
— But you might get lucky and decrease the function a lot.



Comparison of Fixed Step Sizes for GD

» 25 steps of deterministic gradient descent o, < 2/L:

50 ¢ //

,Z
0k

50 r//%/

7

N

* Progress is very slow if aj, is too small.

50 p //

/Z
0k

1/10L




Comparison of Fixed Step Sizes for GD

» 25 steps of deterministic gradient descent «, close to 2/L:

1.9/L

Decreases f on every
step. Dampening
oscillations.

2/L

Decreases f on every step.

Oscillations stay constant (no

convergence).

2.1/L

Increases f on later
steps. Increasing
oscillations.



GD and the Descent Lemma

* The ayj, vs. 2/L trade-off comes from the descent lemma:
L
F@) < fFW) + VW)@ = w) + llv = wlP?

— Which uses that HVZf(W)H < L in second-order term of Taylor expansion.
* Setw = wy, and set v to GD update to give:

fWis1) < fwg) — ay, <1 — a%L> IVF (wi)|?

— Guarantees [ (Wy 1) < f(wy) if second term is negative.
* Which happens if a;, < 2/L.

: : . : 1
— The optimal step size a;, according to the bound is a; = T



Convergence and “Optimal” 1/L Step Size.

. . . . 2
* Consider using a fixed step size, a;, = a, where a < -

— Guaranteed to decrease [ at every step.

* Descent lemma progress guarantees standard convergence results.
— If f is convex (or invex) f (wy) converges to f, (if exists).
— If f is strongly-convex (or PL), f (w;) converges “fast” to f..
— If f is non-convex but bounded below, ||V (w;)|| still converges to 0.

* So “small constant step size works in many settings.”

[Polyak, 1963, Lojasiewicz, 1963, Nesterov 1998]



Convergence of Gradient Descent in Pictures

f (wy,) converges to f,

f (wy) converges “fast” to f,

Convex

Invex

Strongly Convex PL Inequality

IVf (wy)|| converges to O

Bounded Below

[Karimi et al., 2016, Lee et al., 2016]

These are sufficient f(wy) converges to f.

but not necessary:

Bounded Below, no spurious
minima, strict saddles.




“Safe” Parameter-Free Algorithms

* We typically do not know L.
— Many step sizes guarantee similar to progress to fixed o, = a < %

* Classic is AdaGrad-Norm: o
ay =
8+ Bl

— For any «, eventually gets similar progress to a; = %for somey < 2.

* But still pretty sensitive to choice of «.

* Recent variant is Prodigy:
— Adapts numerator based on estimating distance to solution.
* Practical variant that reduces effect of early gradients.

— Among best “completely parameter free” method for neural networks.

[Ward et al., 2020, Mischenko & Defazio, 2023]
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Smooth-Until-Guilty Backtracking

* Also exist step sizes that are competitive with optimal ¢, = 1/L.

* Smooth-until-guilty (SUG) backtracking algorithm:
— At each iteration initialize guess L;, to previous guess L _.
— Check whether descent lemma inequality is satisfied with a;, = 1/L;,.

* If yes, accept the step (makes similar progress to optimal step size).

e If not, double L and test again (until it is satisfied).

. 1
* SUG guarantees same progress bound as using a;, = -

— For any small enough L,.

[Beck & Teboulle, 2009]



Comparing

e 25 gradient evals with a; = %or smooth-until-guilty (SUG) algorithm:
Loy =0.1

Smooth Until Guilty (Ly = 1)

50

40 F

30

20

10

0

-10 I 1
-10 0 10

* Often works better than a;, = 1/L.
e Total number of rejects is at most logarithmic.




Question: How do | really set the GD step size?




Beyond 2/L and 1/L

* Reality is more complicated than the “safe” 2/L and “optimal” 1/L.

— Using a® = 1/L or SUG work terribly in practice.
— And for neural networks L=0co but GD so we need ¢, < 0?

* To understand better, let’s review how we got to 2/L and 1/L:

1. Define L as global maximum of sharpness (||\72f(w)||, max singular value).

2. Bounded 2M-order term in Taylor expansion (d V2 f(w)d < L||d||?).
3. Looked at the effect of taking 1 step of GD.

* This makes “apply descent lemma repeatedly” a very loose bound.

— Let’s relax each of the 3 bounds...



Beyond 2/L and 1/L

Local sharpness bound L(wy;) may be much smaller than global L.
— “Not always in sharpest region”.

600 A K {qur.
. Don’t need small ain “flat”
area just because a “sharp”
o0 area exists!
. 300 -
200 4 ‘r\m"-
100 A J
O- T T



Beyond 2/L and 1/L

* Local sharpness bound L(w;,) may be much smaller than global L.
— “Not always in sharpest region”.

— Our safe step size limitis now 2/L(wy,) and our optimal step size is 1/L(wy,).

e “Can take bigger steps in flatter regions”.
— For neural networks we have finite L(w;,) so a; > 0.

* Quadratic form vTV2f(w*)v may not be maximized by gradient.
— “Gradient may not point in sharpest direction”.

3500
~3000

—2500

2000 1— ‘H"ig oj‘,,'l \)Ou V\cec/
{ A J) / “
9*'%‘ Side ’/k 0(/( = ’/L-

1000
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Beyond 2/L and 1/L

* Local sharpness bound L(w;,) may be much smaller than global L.
— “Not always in sharpest region”.

— Our safe step size limitis now 2/L(wy) and our optimal step size is 1/L(wy,).

e “Can take bigger steps in flatter regions”.
— For neural networks we have finite L(w;,) so a; > 0.

* Quadratic form vTV2f(w*)v may not be maximized by gradient.
— “Gradient may not point in sharpest direction”.

— Bounding second-order Taylor expansion by L(wy,) can be too conservative.
* For least squares, optimal step size is [|Vf (W) 12/Vf (W) T V2 f (W) VE(wy).

— And the safe step limit can be as large as 2/(smallest non-zero eigenvalue of Hessian).
* If negative curvature, can take a huge step to escape a saddle point.

* Consider that you take more than 1 step of GD.
— May want to take an “unsafe” step if it leads to more progress overall later.



Beyond 2/L and 1/L

2.1/L for 24 steps, 1/L for 1 step

50

1/L for 25 steps

50 7,
//
40
40 |

30
30

20
20

10 10

o]

=10 ] 1 I i i
-10 0 10 20 30 40 50

“diverged” for 24
steps then got

* Consider that you take more than 1 step of GD. closer to solution!
— May want to take an “unsafe” step if it leads to more progress overall later.

_10 1 1 Il 1
-10 0 10 20 30 40 50



Simple Model of L(w): Glocal Smoothness

* Consider a function that satisfies glocal smoothness:
— Globally L-smooth.
— Locally L,-smooth near solution, where f(w) — f, < .

® “sharp region”

Wo
e,
“flat region”

* Under this assumption, need to increase step size in flat region.

— Using aj, = %or SUG can perform arbitrarily bad.

[Fox et al., 2026]



Can we really have L, < L?

e Consider logistic regression with separable data:

® “sharp region”

Wo
QW*
“flat region”

. . 1
» For data matrix X, usual estimate of L is - 11X ]2

* Once we havep(y;) > 099, L = Flo | X" 2.

— GD can steps that are 25-times larger.

* Glocal Lipshitz constant given ¢ is L, = 0| X||"2.
— GD can eventually take arbitrarily-larger steps.

[Bohning, 1992]



Simple Model of L(w): Glocal Smoothness

* Optimal sequence of step sizes under glocal smoothness:

1. .
— Use a,, = —in “sharp” region
k™

. 1 M o 14 .
— Switch to a;, = —in flat” region.

*

® “sharp region”
Wo

1
Small steps: aj, = 7

* Problem: do not know L, L,, or when we switch regions.



Simple Model of L(w): Glocal Smoothness

* But practical algorithms achieve rate of optimal sequence:

— SUG with resets of L to large value.
» Often relaxing decrease to allow larger step sizes (Armijo condition).

— Greedy step size of minimizing function along gradient direction.
 Efficient numerically for linear models and SO-friendly neural networks.

* Approximate using line searches based on Wolfe conditions.
— Annoying to implement but only small cost increase if implemented carefully.

— Polyak step size for convex functions. Fw) — f.
* No extra f(w) evals but requires f.. e = IVF (w2

— AdGd step sizes for convex functions.
 Safeguarded approximation of L(w; ) along most-recent algorithm step.

* Bonus for these practical methods:
— Exploit that Vf (w} ) may not be in sharpest directions to some extent.

[Polyak, 1987, Malitsky & Mischenko, 2019, Shea & Schmidt, 2024]
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Non-Uniform Smoothness (L = o)

* For neural networks global L = oo,

— So globally there is no safe constant step size.

* One model of this is non-uniform smoothness (NUS):

[V2f W)|| < Lo + Ly IV (W)

— “Sharpness decreases as gradient decreases.”
— Allows L = oo but finite L(wy,).

* Always exists safe step sizes, with larger step sizes allowed as gradient shrinks.

* NUS has been used to justify constant step with gradient clipping:
vif|lv|| <t
Wgkt1 = W — @ clip(Vf(Wk)) clip(v) = {( T

—) vif|lv|| >t
|l



Non-Uniform Smoothness (L = o0)

e GD in descent lemma under NUS:

2
F W) < FO) — a7 Qw2+ ST T

2

IVf (Wil

— Needs to be tiny to make up for cubic red term.

* Clipped(GD) shrinks effective a;, by t/||Vf(wy)|| when clipped.
— Descent lemma when clipping is active with max_grad norm = 1.0:

2
fWii1) < f(wy) — ag (1 -

L4
2

ioscuon+ 5

— This is similar to usual GD progress even if ||Vf(wy)|| and ay, are large.

* But without squared norm and limit on progress (goes away as gradient shrinks).

[Bauschke et al., 2017, Lu et al., 2018, Zhang et al., 2020, Kunstner et al., 2021, Zhang et al., 2025, Alimisis et al. 2025, Vaswani et al., ICML 2026]



Non-Uniform Smoothness (L = o0)

e Another common variant of non-uniform smoothness:
|V2fW)|| < Lo + Ly (fF (W) — £.)

— Under this assumption we need step size warm-up:

* Need small but increasing step sizes at start to deal with large initial sharpness.

— For separable logistic, adaptive a, goes from “sub-linear” to “linear” rates.

* Optimization community has explored relative smoothness:

[vef )l < Ljjvegw)]

— Smooth compared to a reference function g.

* Leads to global progress bounds for functions like |[w*|, and tight EM analysis.

[Bauschke et al., 2017, Lu et al., 2018, Zhang et al., 2020, Kunstner et al., 2021, Zhang et al., 2025, Alimisis et al. 2025, Vaswani et al., ICML 2026]



Multi-Step Analyses?

2.1/L for 24 steps, 1/L for 1 step

50 p .

~ Yaroslav Bulatov & X.com
‘ @yaroslavvb

40

30

Talking with @HessianFree at Al council
yesterday, one thought that came up was we 2
have a lot of optimizer theory tell us what
happens after 1 step, but not much about 1M
steps. It's kind of trial and error for that part
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Quadratic Functions

* For multi-step analyses, let’s first look at quadratic functions:

1
fw) = EWTAW + bTw

— Includes linear least squares.
— Can compute exact dynamics of GD (because gradient is linear).

o
40 ;////
s

o

* With 2 variables visualizing quadratics is easy.
— But d=2 is “easy” (special properties).

* Visualizing higher-dimensional quadratics is annoying.

— But we can use that GD is translation and rotation invariant.
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eigenvectors
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axes

Translate so 4y
solution is at
0.
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* We now have a diagonal quadratic:
— Can plot variables to see what happens along eigenvectors.

e Classic valleys and ravines perspective:

— X-axis eigenvector is a valley (steep).
* Need small step sizes to avoid going up other side.

— Y-axis eigenvector is a ravine (flat).
* Need big step sizes to move along here.

— Qi = -~ progress along ravine, oscillates along valley.




GD Dynamics on Quadratics — Fixed Step Sizes

* |llustrate multi-step progress using 4-dimensional quadratic:
— Two valleys with steepness 100 and 90 (“steepest valley” has L = 100).
— Two ravines with steepens 10 and 1 (“flattest valley” has u = 1).

dg = 1/L

g = Z/L

M

Il ‘W'l




GD Dynamics on Quadratics — Fixed Step Sizes

* At each step, update of variable j is given by:

i

g = Z/L

i

1

1

(orvoe 1 ’('r<-’2)_j

ij+1 — (1 — (Xkllj)W]k

pi(/wﬂ i+ o 7—%

J

* The optimal fixed ay, for A; € [u, L] is:

2
a = —
. L+u

— Converge at same speed along steepest valley and flattest ravine.
* Slows down progress along valley to speed up progress along ravine.

— For practical problems, really close to safe limit of a;, = 2/L.



GD Dynamics on Quadratics — Fixed Step Sizes
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In this case o, = 1.9/L
is better over 100 steps
because of initialization

(starts close to bottom
of flattest ravine)
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Digression: “WarmUp Stable Decay”

* Arecently-trendy strategy: “warmup stable decay”.

®
Stable @

peak et -.._..n:

minf_ ' + *

(a) River Valley Landscape

— Start with warm-up (small but increasing step sizes for initial sharpness).
— Switch to using large constant step size.
— Occasionally record “checkpoint” and explore smaller step sizes.

* Then return to “checkpoint” and keep going.

[Hu et al., 2024, Wen et al., 2024]



WarmUp-Stable-Decay Stable Decrease

* For quadratics we do not need warmup (constant L(w)).
— For deterministic optimization we do not need decay to 0.

* Let’s compare optimal step size to “Stable Decrease”:
— Use big step size for a long time, then switch to a small step size.

_ Stable_Decrease
g = 2/(L + ,U) s | (2/L then 1/L at 80%)

1.0 b L ) I L
0 25 50 75 100

* Moved quickly down ravine with large step size.

— Moved quickly down valley with small step size.
* Function value was barely changing during first phase (looks like “slow progress”).



Multi-Step Analyses — Convex Functions

* Multi-Step analyses for convex functions:
— PEP framework can give optimal step size if running for T iterations.

Silver Stepsize Schedule (N=128, L=1)

* If only doing 2 iterations, use ay = 2/3L then a; = 4/3L.

* For large k, starts with ay = 1/2L and increasesto o), =~ 2.2/L.
— Altschuler’s silver step size and Grimmer’s long-steps:
 Chain together cycles of step sizes that provably improve speed.  *_ N
— 2-cycle: 1.5/L then almost 3/L then repeat. N
— 3-cycle: 1.5/L then 4.9/L then 1.5/L then repeat. N
— 7-cycle: 1.5/L then 2.2/L then 1.5/L then then then 1.5/L then 2.2/L then 1.5/L then repeat.

* Impressive theory, don’t work great in practice.
— Do not account for local L(wy,) or specific directions Vf (wy,).

* Recent work: use small constant with occasional Polyak step.
— Fast under weaker conditions.



Multi-Step Analyses - Convex Functions

2/(L + ) / PEP_Approx

50
40 F

30

_ i 1 I
-10 0 10 20 30 40 50

LongStep_7

Caveat: L(wy) is
constant and 2d
guadratics are special.
(“best case”)




Multi-Step Analyses - Convex Functions
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Multi-Step Analyses — Quadratic Functions

Multi-Step analyses for quadratic functions:

— Chebyshev step sizes if you know L, u, and fixed horizon T':
2

ap =
(L +m) — (1 — ) cos(Zi )

* Accelerated convergence rate (depends on /L /u instead of L/u).
* Goes from~ 1/uto =1/L.

— Numerically unstable, need to re-order steps to keep under control.

Chebyshev Step Sizes (Without Permutation) Chebyshev Step Sizes (With Bit Permutation)

1.0+
0.8 4

0.6 1
g

- &mmm&mﬂu

0.0 1

0 20 40 60 80 100 0 20 40 60 80 100
i [teration Index



Multi-Step Analyses — Quadratic Functions

* Multi-Step analyses for quadratic functions:
— Barzilai-Borwein (BB) step sizes:

Wi — wi_1]|
(W — Wi )T (Vf(wg) — Vf(Wg-1))

* Approximates second derivative along last step.

— Superlinear convergence rate (instead of linear).

adp =

— “Spectral” step sizes if you know eigenvalues 4;.

* Set a;, = 1/, where A, is the kth largest unique eigenvalue.

— Solves problem after at most d steps (fully optimizes along one river/valley at each step).



Chebyshev

Multi-Step Analyses — Quadratic Functions

fixed 50
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Multi-Step Analyses — Quadratic Functions
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Multi-Step Practical Algorithms

e Step sizes for quadratics seem very specific to quadratics!
* But we have practical algorithms with related properties.

— We will see that momentum is related to Chebyshev and Spectral sizes.
— BB often works surprisingly well for non-quadratic functions.

e Typically with non-monotonic line search (allows increases).

— Original cosine annealing schedules have similarity to Silver/Chebyshev.

* Though motivated from algorithms from discrete optimization.

* But some practical approaches look very different:
— “Try out every hyper-parameter and choose the one that works the best”



Multi-Step Practical Algorithms

* Another practical multi-step algorithm is cyclic steepest descent:
— Take [approximate] greedy step, then use it for ¢ subsequent steps.

— Often works surprisingly well and we do not know why.
* Greedy adapts to local L(wy,) and Vf(wy,), cyclic part gives multi-step progress?

Cyclic_Steepest
Cyclic_Steepest 15
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Level 1 Step sizes:

Most theory lives Need a;, < <.
On Level 1' Optlmal is ap = %

Level 2 Step sizes:
Optimal sequence is

Some theory on o = 1
-
Level 2. Optimal sequence is
1
k= Lwoy
Need more Level 3 Level 3 Step sizes:
and A4 theory! Optimal sequlence is

e = LV W2 Wi

Practice lives on Level 4 Step sizes:
Level 4 Optimal sequence

optimizes f(wr).

AdaGrad-Norm
SUG

Silver step sizes
WarmUp

Greedy
AdGd

WarmUp Stable Decay
Cyclic Steepest Descent
“Try out all hyper-parameters”



Before we get to SGD...



Hrishi Shah ms
Tmo
S > P — s
My fieural network was stuck at ~20% accuracy, and one line of code fixed it. — Engineer. Builder. Learner.
| built 3 neura L 4 rop. Everything

looked correct: math, gradients, shapes, and learning rate. But no matter what | tried (more The most pOWEI'fUl Optimizer isn't Adam, it's jUSt l 255.0.
epochs, different LR, random restarts), the model stayed stuck around random guessing.

Like - € 5 | Reply - 1reply

| fed the produced extremely large

activations, and by the time they reached softmax, the logits were so big that the model @ 5d
collapsed into always predicting the same class. Softmax saturated. gradients vanished, and ' _ m

CS @ University of Alberta
T Iy one line:

X_train = X_train / 255, _ The most underrated optimizer in Deep Learning

After normalizing, my accuracy jumped instantly from ~20% to 90%+ /Before that, the softmax Like - o 1 Reply
layer was compretehrrrrsratedusry 53 [ rediction, and gradients

were effectively zero.

the model became mathematically incapable of learning.

* |ssues that have a huge influence but not viewed as “optimization”:
— Initialization.
— Regularization.
— Normalization.
* Especially important for neural networks.
— Let’s briefly discuss their influence in fixed feature case.



Non-Algorithm Trick #1: Initialization

* Ideal initialization is wy = w,.

— Simple view: “if f(w,) is smaller, we have less far to go.”

e But other factors to consider:
— For quadratics, ideally initialize in span of large eigenvectors.

e “Start and then stay at the exact bottom of the valleys.”

— In general, more important to be further down ravines than valleys.

* Not sure how to do this, but worth thinking about.

— For non-convex, want to initialize near “good” solutions.

* Example: k-means++ for initializing clustering algorithms.



Non-Algorithm Trick #2: Regularization

* Consider optimizing with L2-regularization:
A 2
Fw) + [wll?.
* Adds weight decay to the GD update:
Wiy1 = Wi — a V(W) — adwy

 GD converges faster as we increase A
— More similar relative steepness between valleys and ravines (“all directions become good directions”).

rrrrr
000000
ooooo
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— Can also decrease distance to solution and prevent overfitting.
* For separable logistic regression, regularized solution is finite.

— If f is convex then regularized version is PL (GD converges fast).



Non-Algorithm Trick #3: Normalization

* Consider orthogonalizing feature matrix X in a linear model.
— Compute QR decomposition, X=QR.
— Use the orthogonal matrix Q as your features.
— Generates identical predictions.

 Can dramatically improve optimization performance.

— For least squares, GD with ay = 1 solves problem in 1 step from any wy,.

—————
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Non-Algorithm Trick #3: Normalization

Consider orthogonalizing feature matrix X in a linear model.
— Compute QR decomposition, X=QR.

— Use the orthogonal matrix Q as your features.

— Generates identical predictions.

Can dramatically improve optimization performance.

— For least squares, converges in 1 step.

Other cheaper normalizations can improve optimization:

— “Standardize features”: subtract mean and divide by standard deviation.
— Scaling raw pixel values from [0,255] down to [0,1].

Alternately, non-linear feature transforms or kernels decrease f .
— May make optimization problem harder, but solution better.



Question: How do | set the SGD Step Size?



Deterministic and Stochastic Gradient Descent

* For minimizing functions of the form:

1 n
minfw) = > f,(w)
i=1

wWER

 Deterministic gradient descent repeats the iteration:
e == e - Y ) @
=
e Stochastic gradient descent (SGD) repeats the iteration:

— For arandom training example i, (or average gradient on a batch of examples)

» Key advantage is cost per iteration: 1 billion times faster for 1 billion examples.
— If you budget is 2 billion tokens, would you rather do 2 GD steps or 2 billion SGD steps?



Back to Level 1...

 We can analyze SGD progress using the (global) descent lemma:

F) < Fm) + VF )0 = w) + 5 1o = wyl

— Plug in SGD update for v.
— Take expectation with respect to i, and assume «;, does not depend on i, (for now).

— Use that SGD is unbiased: [E[Vfl-k (Wk)] = Vf(wy).
— Define the “variance” of the gradients at w as:

a?(w) = E[lIVfi(w) = Vf(W)II*]

 We get that expected function value satisfies:
aj. L azlL
E[f Wier1)] < fFWi0) — @ (1= ) IVF i) 112 + = 0 (wye)?

— Decrease of gradient descent, but slowed down by variance of gradients.



How do | set the SGD step size?

e SGD still guarantees decrease in expectation if:

1

2
M1 (1 + U(Wk)z/llvf(wk)IP)

— We have our usual 2/L upper bound (red factor is < 1).

e Cannot go faster than GD and expect decrease.

— But we now have a(wy,)? measuring variation in gradients at wy.

 Need smaller step size if o(w,)? is large.
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How do | set the SGD step size?

e SGD still guarantees decrease in expectation if:

2 1
M1 (1 + U(Wk)z/llvf(wk)IF)

— We have our usual 2/L upper bound (red factor is < 1).

e Cannot go faster than GD and expect decrease.

— But we now have a(wy,)? measuring variation in gradients at wy.
 Need smaller step size if o(w,)? is large.

— We now also have overall gradient size ||V (wy)||? at wy,.

* Big gradient reduces the effect of noise.



How do | set the SGD step size?

e SGD still guarantees decrease in expectation if:

2 1
% < Z(l + U(Wk)z/”Vf(Wk)”z)
o(wg)*

IVf(widll>

* How much we need to decrease a; depends on ratio:

— If IVF (w12 > o (wy)?, sufficient to have aj, < 1/L.

* If gradient is bigger than noise, acts like deterministic GD.

— If a(wy)?2 >> ||Vf (W) |I%, we roughly need o, < 2||Vf (W) ||?/Lo(wy)?.

* If noise is huge compared to gradient, need to use much smaller step sizes.



Gradient-Dominated vs. Noise-Dominated Phase
* For small a;, we roughly make progress while:
L
IVf (wi)ll* > akU(Wk)2§

* Consider sequence wy where f(w;) approaches f,:
— We have that ||Vf (w;,)|| decreases to 0.
— But 0“(wy) may not decrease to O.

* Often leads to two “phases” when we use a fixed step-size:
1. Gradient dominated: consistent progress when ||Vf(w,)|| dominates.
2. Noise dominated: erratic behaviour when a; a4 (w;)dominates.



Behaviour of SGD with Constant Step Size
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Behaviour of SGD with Constant Step Size

{:as‘t (()m\/erjewcé ( J, 7"'\ '
j,ﬁ—g\ /-é/) CI@M/I’M]((J
o e 0’

- We ( an Ji\/')t‘@_ ‘n\e rowliu) b‘f
= lsq“ n 2 IO\ JJ'V}c/in D(t l) Z
: \/ (lyu’)‘/ia/f(s lowjzn/'to j{f{’{u//)

!

| WA \
A\(\o(\*\l\m \‘St\e /'/ ' ‘: \A]U;on) \F QA bq ’l V\/l-’h FQ([HA)
@\((0\)( C\aw\is/ ‘ M/ J) /\ FIO(JOI‘ ‘,--(,an’ ’I‘o Kt
)(\(\% Al -

(f\oiS(,“ (LO’V\s”\qHJ/ N~ « . __ " d
- rﬂ\ﬂ)(,



Behaviour of SGD with Constant Step Size

* 10,000 SGD steps with constant step size:
a, =1/2L = 1/10L

50 p

— With smaller aj: smaller erratic region but takes longer to get there.



How do | set the SGD step size?

* In practice, SGD algorithm does not have access to L, Vf(wy) or oy.

— But we can use thj trade-offs to guide practical choice of step size.
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How do | set the SGD step size?

* In practice, SGD algorithm does not have access to L, Vf (wy) or oy.

— But we can use thi

A functs.., Ualne

trade-offs to guide practical choice of step size.
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Textbook Step Sizes

e Classic analyses of SGD assume strictly decreasing step sizes:

ak:% ak:ﬁ

— But this usually works terribly: ignores gradient-dominated phase.

* Better step strategy:

— Use constant aj, while in gradient-dominated phase.

e Example: can use o, = %while IVF (w )|l > a(wy)?.

— Then switch to your decreasing ay,.

* Or alternately switch to a smaller constant.

* Challenge: don’t know when to switch.



Back to Warmup Stable Decay

* WarmUp Stable Decay (without warmup): e . WD

— Use constant aj while in gradient-dominated phase. [ |

— Occasionally try to switch to your decreasing ay,.
* But go back to constant step size Checkpoint.

* Simple solution to complex problem:
— Don’t know when to stop going up valleys.
— Don’t know when to start reducing effect of noise.

— Treat switching time as a hyper-parameter.
e But don’t re-run from scratch with different “switch” times.

* WSD new but it’'s my favourite SGD step size idea! (@ River Valey Landscape
— Practically-motivated but elegantly deals with unknown theoretical dynamics.



Question: how do we speed up SGD?




How to Speed Up SGD?

* Need different tricks in the two phases:
— Speed up gradient-dominated phase by exploiting curvature:

 Example: use a greedy step size.

— Speed up noise-dominated phase by reducing effect of noise:

 Example: using decreasing step sizes.

* Tricks that help in one setting may hurt the other!
— Decreasing step sizes in gradient-dominated setting slows you down.
— Greedy step sizes in noise-dominated can amplify noise.



Behaviour of SGD with Constant Step Size
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Map of Speeding up SGD (Outline of Next Parts).

* Gradient-dominated: * Noise-dominated:
— Large step sizes. — Decreasing step sizes.
— Momentum. — Interpolation.
— Adam and friends. — Averaging.

— Preconditioning. — Mini-batching.



Map of Speeding up SGD (Outline of Next Parts).

* Gradient-dominated:
— Large step sizes.
— Momentum.
— Adam and friends.
— Preconditioning.

* Noise-dominated:
— Decreasing step sizes.
— Interpolation.
— Averaging.
— Mini-batching.

— Importance sampling.

Finite datasets tricks:
— Random reshuffling.

— Variance reduction.




Step Size Schedules

* Textbook step sizes: a;, = a/k.

— Optimal on PL functions (if you know u).

Step Size

e Terrible for harder problem:s.

— Terrible in practice (except binary SVMs).




Step Size Schedules

* Textbook step sizes: a;, = a/k.

* Robust step sizes: a, = a/Vk.
— Same speed across many settings.

Step Size

— But that speed is not fast (worst case).




Step Size Schedules

* Textbook step sizes: a;, = a/k.

* Robust step sizes: a, = a/Vk.

» Cosine annealing: a, =-a (1 + cos (5))

— Years of empirical success.

— Needs horizon T (cannot “run longer”).

Step Size

-10

50 p

40 £/

30

20

10

-10

1
10

1
20

30

40

]
50



Step Size Schedules

Textbook step sizes: a;, = a/k.

Robust step sizes: a;, = a/Vk.

Step Size

Cosine annealing: a, = a (1 + cos (5))

Linear decay: a, = a (1 - %)
— Similar to cosine annealing.
— Last iterate gets rate of robust step size.




Step Size Schedules

Textbook step sizes: a;, = a/k.

Robust step sizes: a;, = a/Vk.
Cosine annealing: a, = a (1 + cos (g))

Linear decay: a, = a (1 - g)

Constant step sizes: a;, = «.
— Fast GD speed at start.
— Erratic when noise-dominated.

— Using a@ = a, /T gets robust rate.

Step Size

10

0.002




Digression: do we need “convergence”?

* Optimization: we want Vf (wy,) to converge to 0 as k grows.

— So we need to use decreasing step sizes to guarantee continued progress.

* But as we decrease the step size SGD will converge slower.

* Machine learning: we only need Vf (w,,) to close to 0.
— We expect test error to be similar for all w, “good enough”.
* If measuring test error to 2 decimals, may not need 10 decimal places of accuracy.

— For any “good enough”, there is a small-enough constant step size o, = «.

* Guarantees progress unti Wy ) is “close enou O zero.
G t til Vf (wy) is “cl h” t



Step Size Schedules |

Textbook step sizes: a;, = a/k.

Robust step sizes: a;, = a/Vk.

k

Cosine annealing: a; = -« (1 + cos (;))

. ] _ . E
Linear decay: a;, = « (1 T).
Constant step sizes: a;, = «.
Piecewise-constant.

— Constant with occasional decreases.
— Repeatedly gets back to GD speed.
— More hyper-parameters.

=10

Step Size

500
Iteration (k)

ay = 2/L (divide by 2 every 25)

50 ¢
40 E
30
20
10
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Step Size Schedules

Textbook step sizes: a;, = a/k.

Robust step sizes: a;, = a/Vk.

Cosine annealing: a, = a (1 + cos (g))

. ] _ . E
Linear decay: a;, = « (1 T).
Constant step sizes: a;, = «.
Piecewise-constant.

Constant then decrease
— Fast GD speed at start, hyper-parameters.

— Converges (slow “schedule” speed at end).

Step Siz

500
Iteration (k)

ag = min{2/L,1/uk}




Step Size Schedules

Textbook step sizes: a;, = a/k.

Robust step sizes: a;, = a/Vk.

Cosine annealing: a, = a (1 + cos (g))
Linear decay: a, = a (1 - %)

Thope, /

Constant step sizes: a;, = «.

Piecewise-constant.
quc'lf’(f

Constant then decrease.
None of these work in practice. /\/C\

— What works? Pick one of the above and tune hyper-parameter(s).



Level 2 Step Sizes?

* | would describe previous schedules as “Level 1”.

— Take a single iteration progress bound, recurse/sum over T iterations.
* Do not use bound on progress across multiple iterations.
* Do not take into account we could have “flat” local L(w},) or “less noisy” a(wy)?.
* Tuning hyper-parameters makes “Level 1” step sizes act like “Level 2+” (expensive).

* Are there “Level 2+” step sizes for SGD?
— Yes, almost 70 years of attempts!

* Kesten [1958] for one-variable problems:
— Check sign(Vi(wy)):

* If it stayed the same, keep the step size.
* If it changed, decrease the step size.



Question: How do | adjust the SGD Step Size?




How do | adjust the SGD step size?

* Lots of methods have proposed to adjust the SGD step size as we go.
— “Update step size based on some simple statistics”.
— “Do a line-search based on the mini-batch”.
— “Do gradient descent on the step size”.
— Mark being provocative: these methods usually work badly in practice.

* Most of these methods have at least one of these problems:
— Introduce a new hyper-parameter that is just as hard to tune.
— Do not converge theoretically (can catastrophically fail).
— Converges theoretically but works badly in practice.
— Need to assume that a(w},)? goes to 0.

* | have not had good luck getting anything working well across problems.
— And | have tried a lot of things over the years.



How do | adjust the SGD step size?

* Practice: “Tune a bunch of hyper-parameters”.

Schedules & Schedule-Free Learning (Aaron Defazio, 12.06.2024 at UCLA)

m r w
+II I I I

| |
1989 - 1998 2012 2017 2024

Neural Networks

— Piecewise-constant step size, with tuned drops and interval lengths.
« Common ImageNet strategy is 60 passes through data, with drops at 20 and 40.

— WarmUp and cosine annealing tuning a and parameters of schedule.
 Or WarmUp Stable Decay with different & and annealing schedules.



How do | adjust the SGD step size?

* Theoretical:
— Multi-Step progress bounds:

* Exist analyses based on PEP, but tend to focus on verifying rates of existing methods.
— Allowing L = co: gradient clipping and WarmUp.
— Adapting to local L(wy):

* First SGD method adapting to L(w,,) was coin betting.

— Increase/decrease step size based on (Vfik (W), Wk) (descendent of Kesten’s method).

» Normalized by AdaGrad-Norm denominator.

e Recent example is Prodigy.
— Practical variant is one of the best “completely parameter free” ways to train neural networks.

* These methods tend to work worse than “tune hyper-parameters”.

— Optimizing over schedules allows adaptivity to complex hidden dynamics.



Adapting to Noise Level?

* What about adapting to a(w;,)??

E[f (wiern)] < Fwi) — i (1= “E) 19 w2 + L o (wy)?

— If gradient has heavy-tails, then a(w,,)? = oo.

* May be no safe step size (potential for arbitrarily-large catastrophic jumps).

— Gradient clipping can also help here.
* Clipped(GD) in E[descent lemma] (max_ grad norm = t)when clipped:

E[f Wis1)] < fwy) — oV (W) TE|clip[Vf (wy)]| + ==

— Deterministically bounds the effect of noise, but introduces bias.

“kL 72

» Only converges to region around solution, can increase 7 to decrease bias/region.



Adapting to Noise Level?

* What about adapting to a(w;,)??

Elf (Wk+1)] < fwg) — ay ( akL) IVF(wi)llI* + akL o(Wg)? .

— At the other extreme, converge o(wy)? converging to O.

* In this setting SGD with constant a, can converge almost as fast as GD!

— This type of noise arises that interpolate data.
* We can achieve a training loss of O (fit every training example so o(w,)? = 0).

— Found to be true in some computer vision models.

* First studied in 1990s to justify use of constant «;, for training neural networks.



Setting the SGD Step Size under Interpolation

No interpolation Interpolation
102
— GD
1 SGD (decreasing)
S 10 —— sGD (constant) \
g _
S 1073
.'d -
C -
-}
- 1071 -
10_2 1 1 I 10_2 1 | I
0 100 200 300 400 0 100 200 300 400
Gradient evaluations Gradient evaluations

— Under interpolation, no need to decrease step sizes.
* No noise-dominated phase.

— Still expect good performance if you are close to interpolating data.
* Will not converge but will get close to solution, since a(w,)? will be small.



How do | adjust the SGD step size?

 Many ways to characterize interpolation:
— Strong growth condition, weak growth condition, expected smoothness.

e But if just assume g(w,)? = 0, get convergence with @, = 1/L .y

— Where L4« is smoothness of sharpest function.
* “SGD converges like GD on worst training example.”

* Under interpolation, can also use many Level 2+ GD step sizes:

— Stochastic line search (SLS): SUG on mini-batch.

* Use Armijo condition and increase step size between iterations.
— With careful implementation, cost is less in practice than trying out 2 fixed step sizes.

— Stochastic Polyak step-size (SPS): Polyak step size on mini-batch.



SGD with Armijo Line-Search with Interpolation

* SGD + Armijo outperforms other methods on many benchmarks.

CIFAR10 ResNet CIFAR100_ResNet . CIFAR100 DenseNet

94

lterations led Iterations led

lterations led

-3~ SGD + Goldstein -4~ Coin-Betting <« AdaBound —@— Adam  —4— Polyak + Armijo =& SGD + Armijo =—e— Tuned SGD



SGD with Armijo Line-Search with Interpolation

e Step sizes found using Armijo backtracking:
SGD+Armijo Step-Sizes

101.

[
o
AR

Step-Size

MNIST_MLP
| == CIFAR10_ResNet

=
o
o

== CIFAR10 DenseNet
-lll- CIFAR100_ResNet
-@- CIFAR100 DenseNet

0 100 200
Epochs
— Uses different step sizes on different datasets at different times.

* Seems to have a WarmUp phase.

— But eventually step sizes can become too small.
e Eventual numerical collapse on neural networks.

10>




train loss (log)

SGD with Non-Monotonic Armijo Line Search

* SGD with larger initializations and non-monotonic SUG:

[y
o
|

— Which allows function to increase to accept larger steps (“PoNoS”).

mnist | mip mnist | mip

T

—— Adam
1 —e— SPS
—e— SGD
—e— SLS
—e— PoONOS

0 25 50 75 100 125 150 175 200
epoch

— No warm-up needed and no numerical collapse in practice.

* Later: explored step size at limit of what could converge, and discovered “flatland”.



Back to the Noise-Dominated Phase

* |Interpolation assumption leads to fast convergence of SGD.
— Step sizes that adapt to the problem instead of using schedules.
— But assumption does not hold for language models.

* Not always a unique “correct” next word/token.

* So we do need to worry about the noise-dominated phase.

— But we don’t want slow decreasing sizes.

* The trick allowing SGD to use larger step sizes is averaging.



Averaging lterates over Time

* Aclassicidea is to keep a running average of the iterates:

Wit1 = Wi — a Vi, W) Wy, = average(wy, Wy, ..., Wi, Wi41)

— Average is offline (“watching” SGD but not influencing).

* Key idea: average wy, is less affected by noise than wy,.

— Classic Polyak-Ruppert result: w, converges at optimal asymptotic rate.

* Even if you have second-order information.

— “Averaging is the optimal way to handle noise variance near the solution.”

— Common variation is to exclude early iterations from average.

» “Suffix averaging” or “stochastic weight averaging (SWA)”.

— Averaging slows you down in gradient-dominated phase (don’t want old iterates if moving fast).



Stochastic Gradient with Iterate Averaging
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Stochastic Gradient with Iterate Averaging
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Stochastic Gradient with Iterate Averaging

* Constant step sizes: a;, = a showing average iterate.

a, =1/L ay =2/L a; = 1/L, averaging second half




Averaging lterates over Time

* Many variations on iterate averaging exist::

* Weighted averages of the iterates (usually emphasizing recent iterates).
* Online averaging which uses average in update (“primal averaging”).

* Notable recent averaging variant is ScheduleFree:
— Interpolates between Polyak-Ruppert and primal-averaging.
— Winner of Algoperf 2025 “black box” neural network training competition.

 Still needs hyper-parameter search for base learning rate and momentum parameter.
* ScheduleFree+: many changes to get it working for LLMs



Averaging Gradients over Time

Alternating some algorithms use arunning average of the gradients:
Wi4+1 = Wi — Qg g_k g_k — average(vfio (WO)) vfll (Wl); ey v.flk(wk))
Key idea: average of gradients has a lower variance than Vf; (wy).

— Many variations:
* Weighted averages of the iterates (usually emphasizing recent iterates).
* Replacing w;, with wy (“dual averaging”).
* Exclude early iterations from average.
— Averaging slows you down in gradient-dominated phase (don’t want old gradients if moving fast).

You can also do both types of averaging across time:

— Bather’s method: online average iterate updated with average gradient.
* Shares asymptotic optimality of Polyak-Rupert averaging.

Or you can average gradients at the same time...



Question: How | set the batch size?




Mini-Batch SGD

* Instead 1 random example, we often use a mini-batch in SGD:

_ ; average  ad vt
W - W", % (_— Z V‘C (W/( ) g\j on a M(Jini‘bq teh

| € o* PYaM//v;

— We can often compute gradient of many examples in parallel.
— The mini-batch gives a better approximation of true gradient Vf (wy,).

* Drawback: increases cost of iterations.

— But this cost is easy to parallelize (“embarrassingly parallel”).
* Often the best way to use parallel distributed computation.

* Selling point: bigger batches lead to a longer gradient-dominated phase.
— “Instead of decreasing the step size, increase the batch size!”

— Trend towards larger batch sizes: GPT3 used |B),| = 3 million.
* More recent LLMs have used ~100 million.



How do | set the mini-batch SGD step size?

* Mini-batch SGD guarantees decrease in expectation if:

’ 1
T < Z(l + a(wi)?/(|Byl - ||Vf(Wk)||2))

— “With a mini-batch size of 100, effect of noise is divided by 100.”

* Longer gradient-dominated phase:

1

— Canuse ay =+ until |[Vf(wp) |l <

* Linear scaling rule:
— “With a mini-batch size of 100, step size can be 100-times larger.”

o(wg)?

IVFf (will?

o(wg)?
|B|

, can keep big step sizes longer.

. 2 |Bgl
is big we can have a; <=—%-.
L o(wg)?

* Derived empirically, but comes from math: when

e But thereis alimit of 2/L.



How do | choose the batch size?

If increasing batch is free due to hardware then do it.
— Will not hurt, but gain is small if gradient-dominated.

Practice: “critical batch size” that minimizes total computation (found empirically).

Theory is surprisingly simple:

2
— If you fix a;, = 1/L then mini-batch SGD converges quickly to an error of O (Ig_l>
k

— Because GD reduces error “faster” than |B;.| reduces variance,
k 2

if we want an error of € the compute-optimal batch size is O % :

So optimal | By | depends on error € you need (or equivalently how long you run).
— Recent empirical critical batch size papers have re-discovered this.
— And if you want to “converge”, need a growing batch size (but not needed for any error).



Don’t Decrease the Step Size, Increase the Batch Size!

The longer you run SGD, the more noise can slow it down:

log(excess cost)

-

stochastic

deterministic

time

@ Konstantin Mishchenko @ X.com

@konstmish

When | was starting my PhD, | thought
distributed optimization was among the most
practical topics | could work on using theory.
Then | learned the real solution was simply a
bigger batch size. Most people working on smart
opt algorithms were solving a problem that didn't
exist.

* Consider the “hybrid” GD/SGD method of using an increasing batch size |By|.

— Can stay in fast gradient-dominated phase throughout training.
* Allows SGD to converge with constant step size, without interpolation.

* Or using clever GD step sizes and other gradient-dominated tricks (next topic).
Or just choose a really big batch size to guarantee a small error.



Map of Speeding up SGD

* Gradient-dominated: * Noise-dominated:
— Momentum. —tnterpolation-
— Adam and friends. —Averaging:
— Preconditioning. —Mini-batehing:

Finite datasets tricks:

— Importance sampling. — Random reshuffling.
— Variance reduction.




Momentum and the Heavy-Ball Method

A common variation on GD is Polyak’s heavy-ball method:

Wi+t = Wi — @i V(W) + (Wi — wi_1)

— Where we have added a momentum term.
 Though we often now use PyTorch form with a velocity vector:
M1 = Bremy — ap VI (wy)
Wi1 = Wi + Myyq
 Amazing properties for quadratic functions:,
— Has a larger range of “good” step sizes.

— Optimal fixed a;, and (), get “accelerated” Chebyshev rate (more stable).
— Optimal per-iteration a; and (5, are faster than GD with spectral steps.



Gradient Descent vs. Heavy-Ball Method

GPO\AM/\'} Meﬂ'\ol Heqv\/"ba” /V\ﬁ"lec(

w’:(kg {;OM 'pF-f




Heavy-Ball Method on Quadratic Functions

 Adding momentum to GD on quadratic function:
GD:ap =1/L Heavy Ball: ;. = 1/L, ;. = 0.9

i o




Heavy-Ball Method on Quadratic Functions

 Adding momentum to GD on quadratic function:
GD: a = 1/2L Heavy Ball: a;, = 1/2L, B, = 0.9
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(faster for smaller step sizes)



Heavy-Ball Method on Quadratic Functions

 Adding momentum to GD on quadratic function:
GD: a), = 1/10L

50

40

30

20

50

40

30

20

Heavy Ball: aj, = 1/10L, 5, = 0.9

7

- | 1 1
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(faster for smaller step sizes)



Heavy-Ball Method on Quadratic Functions

 Adding momentum to GD on quadratic function:
GD: ay = 2/L Heavy Ball: aj, = 2/L, ;. = 0.9




Heavy-Ball Method on Quadratic Functions

 Adding momentum to GD on quadratic function:
GD: a) = 2.1/L Heavy Ball: aj, = 2.1/L, 5, = 0.9

50’ EIQF P

a0 b/ 40 |
30 30
20 20

10

0+

-10

(more stable for larger step sizes)



Heavy-Ball Method on Quadratic Functions

 Adding momentum to GD on quadratic function:

— On quadratics, safe step for convergence: Heavy Ball: ay, = 3/L, B = 0.9

° ak<%(1+,8)

50 r

40 B/

— So with § = 0.9, we can allow
* Ay < 38/L 30

20
10

0F

=10

(more stable for larger step sizes)



Heavy-Ball Method on Quadratic Functions

 Adding momentum to GD on quadratic function:
— On quadratics, safe step for convergence: HB Accelerated
50 r
* Ay < %(1 + IB)

— So with § = 0.9, we can allow
* a;, < 3.8/L. 30

— Fasted fixed a, and [} given by:

J'-1-IEI-/

20

= ()
(f+f)2 © T \VorE) o
* Closeto a;, = 4/L and 5}, = 1.

* Achieves accelerated rate.
— Like GD with Chebyshev step size (but stable).
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Heavy-Ball Method on Quadratic Functions

 Adding momentum to GD on quadratic function:
HB ConjugateGradient

50 r

)
— Conjugate gradient (CG) algorithm: /
7

* Optimal per-iteration a; and Sy: 40 |

* Faster than GD with spectral step size.
— Solves d-dimensional problem in d steps.

* Closed-form: does not need A; or even L or p.




* Momentum is not interesting in 1d: could just use better step sizes.

“Can we stop talking about balls rolling down hills already?”
- Aaron Defazio

 Heavy-ball method is translation- and rotation-invariant.
— So let’s do quadratic trick: .

50
40

/////

— So we can talk about balls rolling down valleys and ravines.
* “Momentum builds speed along ravines and dampens oscillations along valleys.”



Gradient Descent vs. Heavy-Ball Dynamics

dg = 2/L

g = 1/L

Gradient Descent: “ ol h
i
l

| AR AR
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ag =2/L,pr =09 |3

Heavy-ball:

05

“Discreteized
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harmonic
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|
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Limits of Heavy-Ball Dynamics

ag =2(1+B)/L, B = 0.9 aK =2(1+p)/(L+w),Pr =09
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Heavy-Ball: Beyond Quadratics

 Heavy-ball theory is less elegant for non-quadratics:

. . 2
— Requires smaller steps on general functions: a; < - (1-p).

— Does not achieve accelerated rate on usual problem classes.
* Though some recent works show momentum helps in non-standard scenarios.

* On the practical side:
— Tuned aj and 5, = 0.9 typically helps neural network training.
* Does make sense locally if Hessian is not changing fast (big range of good step sizes).

— Non-linear CG among best off-the-shelf solvers.
* Theory: globally slower than GD but locally faster.
* Needs precise approximation of greedy step size, but usually net gain anyways.



Nesterov Acceleration

* Nesterov’s accelerated gradient (NAG) method:
Wi+1 = W — ax Vi (Wy) + B (W, — wi—1) — awBr(Vf (Wy) — Vf (wi—1))

— Adds a gradient difference which dampens oscillations.

r

* Original motivation: - VAR
— Faster rate than GD for convex functions (a, = 1/L and 3, — 1).

* Theory: NAG faster than GD in many settings (including non-convex).
— But unfortunately each setting requires different [ sequence.

* Practice: NAG usually worse than non-linear CG.
— But probably more suitable with noise.




Gradient-Dominated vs. Noise-Dominated Phase

 Expect momentum to be helpful in gradient-dominated phase.
— Where SGD acts like deterministic GD.
— Some works argue that it even helps dampen noise in this phase.

 But momentum can hurt in noise-dominated phase.
— Well known property of amplifying noise.

* Noisy gradient gets added momentum and influences future iterations.

— Classic stochastic momentum proofs required 5, — 0 in SGD.



Question: Why does Adam work?



The Perplexity of the Adam Optimizer

* An extremely popular SGD variant is Adam:
— Combination of several ideas with good properties in specific settings:

* AdaGrad which has appealing properties for online learning.
* Momentum which is appealing for gradient-dominated phase.
* Step sizes that are constant which is appealing for gradient-dominated phase.

* The properties of Adam are not well understood.
— Analysis in original Adam paper was wrong.
— There are simple functions where Adam performs terribly.

— But it is difficult to beat Adam on many tasks.
* Only 1 method in Algoperf 2025 competition beat AdamW baseline.

— “Schedule-free” version of AdamW.
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Which Phase does Adam help with?

* |s Adam helping in gradient-dominated or noise-dominated phase?
— We can change the batch size to vary the noise on a problem where Adam helps:

PTB

0 Epoch 3200
— SGD(+m) e Ad@mM (+M)
* For small batch sizes, Adam does not help.

* For large batch sizes, gap between Adam and SGD grows.
— Adam is helping in gradient-dominated phase, not noise-dominated phase.



Adam on Natural Language vs. Computer Vision

 Adam versus SGD on vision compared to language data:

— Adam does not tend to outperform SGD on computer vision benchmarks.

— Adam tends to outperform SGD with a wide margin on language benchmarks.

Train loss
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Step
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Train loss

GPT2-small/WikiText-103



Adam on Natural Language vs. Computer Vision

* Classic explanation for effectiveness of AdaGrad/Adam:
— Helps with sparse-but-informative features.
— |If a feature is important but usually 0, Adam takes big steps on the feature.

* Newer additional explanation: # samples/class

b oo
— Language models have heavy-tailed labels. ﬁ . \

a 103 -
* Word “the” appears frequently. = 10 Uy,
e But most words are rare. 8

+H-

10° . .
109 102 10*

Class index (sorted)



Adam vs. SGD with Heavy-Tailed Labels

 SGD makes slow progress on rare labels.
— So if most examples have rare labels, SGD converges slowly.

Overall loss SGD (+m)

Adam (+m)
10
B
o
=
o
I._
O O
100 0 !
Epoch Epoch Eo och
w—— (GD (with momentum) ~ 10% sampies, ieast lreq classes

== Adam (with momentum) = = 10% samples, most freq. classes

 Adam makes similar progress on all labels.
— So it most examples have rare labels, Adam still makes progress.
— If you make vision datasets with heavy-tailed labels, Adam outperforms SGD.



Adam Surrogate: Sign Descent

() Adam update: my = Pymy_y + (1 — p)gy Uk:ﬁzvk_l‘l‘(l_ﬂz)gi am,
w;, = w;_y —
o om oy N o e
ny = X U = X
1—/3-1 1_ﬁ2

— Dynamics are hard to analyze.
* Butif take f; and [, to 1 we get the simpler SignGD method:
Wit1 = Wi — agsign(Vf (wy))
— Where sign is +1 for positive values and -1 for negative values.
* Sign GD ignores magnitude of gradient.

— Scales down large gradient values.
— Scales up small gradient values.



Adam Surrogate: Sign Descent

 Comparing gradient flows:

Gradient Newton

* SignGD is derived by optimizing descent lemma in different norm.



Steepest in Different Norms

e Recall the descent lemma:

L
fW<fw)+Vfw)'(wv—w)+ S llv = w]|?

— We used the descent lemma to derive step sizes for GD.

* But it can also be used derive gradient as direction to go:
— Withw = wy, if you set w1 by optimizing v you get GD:
Wis1 = Wi — @i Vf(wy)

* For a particular scalar ay,.

* Other norms for ||v — w|| give different directions.



Steepest Descent in 1-Norm

* Consider the descent lemma measuring distance in 1-norm:

L
f) S fW) + VW) (v = w) +—llv = wll]

— Where L is smallest coefficient that makes inequality hold (L; < L).

* Setting wy1 by optimizing v gives greedy coordinate descent.
— GD step on variable with biggest derivative, with bigger step size than 1/L.

— Recent work on block version for trammg LLMs (“BlockLLM”).



Steepest Descent in Inf-Norm

* Consider the descent lemma measuring distance in Inf-norm:

F) < F) + V)T (0 = w) +=2 v — wil?,

* Setting wy.1 by optimizing v gives SignGD:

Wit+1 = Wi — sign(Vf (wyg))
50 ¢ 7//
0




Step Sizes for SighnGD

* From the co-norm descent lemma, SignGD decreases f if:
SignGD (o = 1070)

7
we < —IVfwoll |

7

50 r

e Safe step sizes depend on gradient. *
— Large gradients allow large step sizes. 7
— Small gradients require small step sizes. 10

0

* SignGD does not converge with fixed «,.  wb—Llraz
— We need scaling because we lost gradient magnitude.

— But | do not recommend scaling by the 1-norm.
* Gives absurd steps if 1-norm is large, not needed for any fixed accuracy.
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SignGD on Diagonal Quadratic

SignGD | Step Size: le-2

1 1 1 1 ]
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Constant a, = a converges
to accuracy a then oscillates. os |

SignGD | Step Size: 1le-1

SignGD | Step Size: safe
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* Dynamics with constant a;, = a are simple:

— Until the sign changes we have: w

]-k = Wjo —ak - sign(wjo)

— After that point is oscillates in [—a, a].

» Steps do not converge, but can reach accuracy € as long as a < €.
— Number of iterations only depends on a; and distance to solution.

100



SignGD on Diagonal Quadratic

SignGD | Step Size: le-2 SignGD | Step Size: 1le-1 SignGD | Step Size: safe

15 1.5 -]

1.0

“I Constant a;, = a converges ar = IVf(Wi)ll1/Loo
to accuracy a then oscillates. 05| converges but slowly.

0.0 =

1 1 ! 1 | -05 1 1 1 1 |
0 20 40 60 80 100 0 20 40 &0 80 100

* SignGD moves at same speed along valleys and ravines.
* Trade-off: faster than GD along ravines but slower on valleys.

— Heavy-tailed assumption: big proportion of ravines that dominate f value.



Adam Surrogate: Sign Descent

SignGD with momentum behaves similar to Adam (deterministic).

My 41 = Bremy — agsign(Vf (wy))
Wii1 = Wi + Mpeyq

GD (+m) Adam (+m) Sign (+m)
B 10 10 10 104
o
_I A
£ = \
© e r& ‘h
— 0 1 | 1 0 | 1 | 0 | | 0 I 1
0 500 1000 O 500 1000 O 500 100C O 500 1000

— Variation is signum (take sign of momentum) and later Lion.



SignGD vs. SignGD + Momentum + Sign(Momentum)

SignGD | Step Size: le-2 SignGD_Mom_V1 | Step Size: 1e-3
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Momentum allows smaller a:
- Speeds up to “terminal
velocity” of a /(1 — ).



SignGD vs. SignGD + Momentum + Sign(Momentum)

SignGD | Step Size: le-2 SignGD_Mom_V1 | Step Size: 1e-3
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Adam vs. SignGD + Momentum + Sign(Momentum)

Adam | Step Size: le-2 SignGD_Mom_V1 | Step Size: 1e-3
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Rotation Dependence

But unlike GD, SignGD and Adam are not rotation invariant.
— If you rotate the function, algorithm changes.

Original Quadratic Function Rotated Quadratic Function
—e— SGD-M i —e— SGD-M
’ Adam 0 * Adam
1 &
-1 R
0 P f\k‘ "}

— So diagonal case does not show full dynamics.



Rotation Dependence

* But unlike GD, SignGD and Adam are not rotation invariant.
— If you rotate the function, algorithm changes.

SignGD (a = 1071)

50

40-/

30

20

_10 i I i /I 1
-10 0 10 20 30 40 50

— So diagonal case does not show full dynamics.

* In non-diagonal case, oscillations are not necessarily around solution.



Rotation Dependence

Performance along eigenvectors of diagonal vs rotated quadratic:

SignGD | Step Size: le-2 SignGD | Step Size: 1e-2
(Rotated: Eigenvector Projection)

1.0

0.5

0.0

_0_5 -
0 20 40 &0 80 100

— L, is much larger for rotated quadratic (201 vs. 400): need smaller .

* In rotated quadratic, steps along different eigenvectors are cancelling with this «.



Progress Bound for Non-Diagonal Case
To look at progress in non-diagonal case, let’s go back to Taylor:
f@ = fwW)+Vfw)' @w—w)+ @ -w)' V2 f(w)(v —w)
With the GD update this gives:
fFWirr) = FWi) — ailIVFWII? + a?Vf (wi)TV2 £ (wie) VE(wic)
With the SignGD update this gives:

fWiri1) = fwg) — a |[VF(w )|l + azSign(Vf(Wk))TVZf(wk)sign(Vf(wk))

For small ay, SignGD makes more progress if 1-norm larger than 2-norm.
— Happens when gradient has many small values.

For large a,, SignGD is helped out if Hessian is closer to diagonal.



SignGD with Momentum (Rotated Case)

 Adding momentum seems to help with rotations:

SignGD_Mom V1 | Step Size: 1le-2
(Rotated: Eigenvector Projection)

Adam | Step Size: 1e0
(Rotated: Eigenvector Projection)

SignGD_Mom _V?2 | Step Size: le-1
(Rotated: Eigenvector Projection)

0.5 F

=05 M{Ji

* No idea why! Adam also seems more stable at larger step sizes.




Stochastic SighGD

Stochastic SignGD update would take the form:
Wiy1 = Wi — qgsign(Ve, (wy))

Nice property is that it has clipping built in:
— Helps with non-uniform smoothness and heavy-tailed noise.

On the other hand, this is biased:
— E[sign(Vf;(wy)] # sign(Vf (wy)).

* Though bias will decrease with batch size.

SignGD/Adam likely most useful in gradient-dominated phase.



Question: What is Muon doing?



Speedrunning and Muon

* Recent trend towards speedrunning of benchmarks.
— Trying to break speed record for training models.

a1 Optimizer com parison by time (NanoGPT speedrun)

—— Adam 139ms/step
4.0 4 DistributedShampoo (UpdateFreq=10) 179ms/step
—— DistributedShampoo (UpdateFreq=32) 154ms/step
3.91 —— SOAP* 301ms/step
—— Muon 142ms/step
! 3.8
5 3.74
2
18]
S 36
2
3.5 1
3.4 4
3.3 4

0 5 10 15 20 25
Wallclock time on 8xH100

*SOAP is under active development, Future versions will significantly improve the wallclock overhead.

* Promising approach coming out of this community is Muon.
— Related to earlier work on spectral descent.



Muon as Steepest Descent

* For many problems parameters are naturally written as matrices.
— In this setting we can consider gradient descent under matrix norms:

L,
fWie1) S fFW) + VW) Wyyr — W) + Bl W1 — W2

— Frobenius norm: gradient descent on matrix elements.
— Nuclear norm: rank-1 update based on principal singular vector.
— Operator norm: update in direction of polar decomposition.

Wk+1 = Wk — akUVT

* Which is Muon (without momentum).
— Also gets this Muon under Frobenius norm subject to VTV = I.
— Key practical ingredient is Newton-Schulz iterations to quickly compute polar decomposition.



Muon Discussion

Can view Muon (without momentum) as SignGD on singular values.

Much of our discussion of SignGD carries over to Muon:
— Can get safe step sizes (depending on size of gradient).
— Can compare progress (Muon depends on 1-norm of singular values).

Though several works argue that Muon requires regularization.

— SignGD and Muon can also be derived as Frank-Wolfe methods.
* But gives a slightly different update.

Recent works consider different norms for different layer.
— Scion and Gluon.
— Same steps can give insights on how these methods can help.



Question: can second-order information help?



Preconditioning

Preconditioned GD multiplies gradient by a matrix Py :
Wi+1 = Wy — a P VI (wy)

Exist safe step sizes if Py, is positive-definite (from descent lemma).

— But our goal is to choose P;, to improved progress.

Optimal preconditioner for quadratics: P, = V[ (wy).
— With inverse Hessian preconditioner GD finds optimal solution in 1 step.

But in most cases not obvious how to choose preconditioner.



What about Newton’s Method?

* Newton’s method uses Hessian P, = V2 f (wy,).

— Classic property: ultra-fast convergence with a;, = 1 near minimizers.

* Immediate issue: Hessian may not be positive-definite.

e Common fix to thisis to use P, = P, = V4f (wy) + Axl.

— Where A, makes P, positive definite.

— Traditional methods: trust-region and Levenberg-Marquadt.
— More recent: cubic regularization based on 2"d-order descent lemma.



2nd_Order Descent Lemma

e The 2"¥-order descent lemma:

1 M
f@) < fw) + VW) (v —w) + S (- w) VA fw)(v —w) + zllv= wll®

— Where M is Lipschitz bound on the Hessian.
* More accurate model of f(v) if w and v are close (not bounding Hessian by sharpness).

* Using w = wy, and setting w1 as minimal v gives regularized Newton:

-1
Wis1 = Wy — (V2F(Wi) + Al) Y (wy)
— Where A, depends on M (and M is usually set by SUG).

* Neat property: escapes saddle points.
— If ||Vf (wg)|| = 0 (or small), escapes in negative curvature direction.



First- vs. Second-Order Methods

If we plug in GD with the optimal a;, = 1/L into the descent lemma we get:
1
fWiy1) < flwy) — oL IVf (wi)ll?

— How much we are guaranteed to decrease f.
We plug in regualarized Netwon into 2"-order descent lemma we get:

1 3
fWiy1) < fwyg) — oMz IV (wi)ll2
Notice that Newton is not necessarily better.
2
— In order for Newton to guarantee more progress, need ||Vf(w; )| < 911;44.

If gradient is large or Hessian is changing quickly, Newton can be worse than GD.

Newton helps when:
— Hessian is stable (small M like quadratics) or gradient is small (near minimizer or stationary).



Stochastic Newton Methods?

e A decades-old idea is to use a stochastic Newton method.
— But despite decades of trying it has never become popular.

 We have reasons to be skeptical:
— Newton helps most when gradient is small.
— But this is noise-dominated region (where curvature is not issue).

* Indeed Polyak-Ruppert result is that Newton cannot beat average(SGD) here.

* Though stochastic Newton can make sense under interpolation.

— Noise goes to 0 so curvature is still bottleneck.



Diagonal Preconditioner Per-Variable Step Sizes

e Diagonal preconditioners correspond to variable step sizes.
— AdaGrad, RSMprop, Adam, and so on.

e An old idea:

— Update step sizes based on gradient with respect to step sizes.
* “Hyper-gradient” or “meta-gradient”.

* Has been reinvented many times (IDBD) but hard to get working.

* Recent advances:
— Multi-dimensional backtracking: extends SUG to multiple coordinates.

* Proves that gets within factor of v/d of optimal fixed preconditioner.

— Online scaling: use ideas from online learning in hyper-gradient update.
* Behaves as well asymptotically as optimal fixed preconditioner.

— Meta-optimize: practical hyper-gradient descent implementation.



Newton without the Hessian

 Hessian-free Newton and quasi-Newton avoid Hessian calucation.

— Popular in optimization literature, less so for neural networks.
* Found Hessian-free hard to get working, small gains over Adam from quasi-Newton.

* Gauss-Newton: method specifically for non-linear least squares.
RN &
Fw) = Ezlngw, x) = yill V2Fw) ~ D Jue) I ()
= =1

— Where g could be a neural network.

— Approximates Hessian by Jacobian'Jacobian term.
* “Hessian with current features” (same spectrum as “neural tangent kernel”).
* Always positive semi-definite (easy to make positive definite).
 Becomes exact if you interpolate the data (reach an error of 0).
— But removed Hessian term may be what drives feature learning.



What about Natural Gradient?

* |n machine learning, we often discuss using the natural gradient.

— Set P, to Fisher Information matrix (viewing loss as a negative LL).
fw) =) togpGilxpw)  F(wy) = Eypy [Viog p(yilx;, w)Vp (il x;, w)]
i=1

* For linear models this is the Hessian, for non-linear least squares it is Gauss-Newton.

* |n practice people use the empirical Fisher:
n
1
F(wy) = Ez Vp(y;lx;, w)Vp(y;lx;, w)'
=1

— Not the natural gradient unless we use squared error or are interpolating.

* Closely related to AdaGrad (accumulates instead of averages and takes square root).



Empirical Fisher with Structured Preconditioners

 Empirical Fisher often used with structured preconditioners:
— Block-diagonal (precondition each layer indepdendently).
— Kronecker-factored approximations.

e K-FAC (empirical Fisher approximation).

 Shampoo (AdaGrad-style approximation, often with “grafting” for step size).
— Used to win AlgoPerf 2025 (hyper-parameters tuned to datasets).

e Soap (runs Adam in Shampoo eigenspaces).
» KL-Shampoo (KL divergence regularization as in classic quasi-Newton updates)

— Natural distance on positive-definite matrices (no grafting and outperforming Soap).

* | received various opinions on Muon vs. Shampoo/Soap debate.



Question: Are there faster algorithms for finite datasets?

(Asked by James Spall during NeurlPS 2012 tutorial)



Map of Speeding up SGD.

* Gradient-dominated: * Noise-dominated:
- tioning. Mini_batching

Finite datasets tricks:

— Importance sampling. — Random reshuffling.
— Variance reduction.




Infinite vs. Finite Data Sets

e Our SGD discussion so far allows infinite data sets.
— We have some way to generate a new random example.
— Our compute budget only us to go through the dataset once (or less).

* |n practice, we can often do multiple passes over a finite dataset.

* Several things change in the finite-data setting:
— Stronger effect of mini-batches.
— Speed convergence with biased sampling.
— Eliminate noise-dominated phase with variance reduction.



“With Replacement” vs. “Without Replacement”

* For mini-batch SGD, we assumed “with replacement” sampling:
— Leads to an unbiased gradient approximation with updated variance of:

O-B —
P 1By
— But for a finite dataset, wasteful due to repeated examples in mini-batch.
* With finite data, we can use sampling “without replacement”:
— Leads to an unbiased gradient approximation with updated variance of
S o(wWi)?n — | By
|Bkl B, | n
— Finite sample correction reflects that we eventually sample every example.

* So mini-batch SGD allows even larger step sizes, particularly for larger | By|.
« Can sometimes re-use computation if examples appear in |Bj| and |By_1| (clever step sizes).




Random Reshuffling (RR)

* Classic SGD theory: must sample i, uniformly from {1,2,...,n}.
— I sequence: 3,1,3,3,3,3,2,2,4,1,4,4,1, 2, 5.

* First sequence | got with “randn”, debated removed it due to “not looking random”.

* For finite datasets, people often use random reshuffling (RR):
— i}, sequence: 1,5,3,4,2,5,4,1,2,3,3,5,1,4,2.
L/\/\J L/Y\—J

f andom ramla”" f andom
pwrmu\f'n'h'af\ pirmufﬂ‘hof\ P’l’muf'n'f’fan

— RR goes through all n examples every n steps.

 Compute new order after every ‘n’ steps.

— “Without replacement sampling across time”.



Random Reshuffling (RR)

* Practice: years of evidence that random shuffling converges faster.

* Theory: challenging because it gives biased gradient estimate.
— First works showing improvement had unrealistic assumptions.
— Showing that RR helps in various settings.

* But not clean: depend on L, (“worst sharpness”) rather than smaller L.

* On the other hand, theory must just eventually verify the obvious.



Variance-Reduced SGD

e Standard approaches to avoid noise-dominated phase::
— Decaying step sizes slows down progress.
— Interpolation does not make sense for LLMs.
— Large batches can increase the iteration cost.

* Variance-reduced stochastic gradient methods:
— Allow large step sizes with fixed batch sizes and non-vanishing noise.

e “Convergence of GD with cost of SGD”.

— Key idea: design an estimate of I/f (wy,) whose variance converges to O.
 Many methods including SAG, SVRG, SAGA, SPIDER, STORM.

— Accelerated versions: Catalyst, Katyusha.



Variance-Reduced SGD

e Variance-reduced SGD keep low cost of SGD but speed of GD:
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Variance-Reduced SGD

e Variance-reduction helps for many classic ML problems.
— Theoretically and empirically faster methods for many problems.

* Empirically, variance-reduction does not help for deep learning.
— |t can slow you down in gradient-dominated phase.

 Recent work: Make vAriance Reduction Shine (MARS) method.
— For large batches performed among best in recent comparison.



Importance Sampling

Classic SGD theory: must sample i, uniformly from {1,2,...,n}.
— I, Sequence: 3,1,3,3,3,3,2,2,4,1,4,4,1, 2,5.

What if we have “easy” examples and “hard” examples?
— May want to sample i, from a non-uniform distribution?
— I, sequence: 3,1,1,3,3,2,2,2,1,1,2,1,1, 2,5.

Suppose you know sharpness constant L, of each training example.

— Consider biasing random sampling by the L, values.
* “Sample the sharp examples more often.”

— With local L;(wy,) values, starts ignoring well-classified.
* “Automatic curriculum learning”.

Can improve rates in gradient-dominated phase.

— Depends on Lyeap instead of L.« (both are still less than L).
— Does not help SGD in noise-dominated phase.
* But does help if we have interpolation or use variance-reduced SGD.

Practice: does not seem to help much for train neural networks.



Question: why is optimizing deep networks hard?




What is different about deep networks?

Example 1:
— Classic: initialization does not really matter.
— Deep: careful initialization to avoid exploding/vanishing gradients.

Example 2:

— Classic: would like to adapt to L(wy, ), to move faster in flatter regions.
— Deep: optimizer influences L(wy), and could move us to sharp regions.

» But fixes that decrease sharpness can cause representation collapse.

— And fixes for representation collapse can prevent us from learning features.

Why are we “fixing one thing and breaking another”?
— |t might be that deep learning is hard because of trade-offs.

Classic optimization has ay, vs. 2/L, what does deep learning need?



Trade-Offs in Training Deep Networks?

* An attempt at a short list of trade-offs in training deep networks:
— Signal flow. 1 — 0(1
* Too high (exploding gradient) vs. too low (vanishing gradient). 3 Um)l ( )
— Input sensitivity.
* Too high (overfitting) vs. too low (representation collapse).

— Parameter sensitivity.
* Too high (need vanishing step sizes) vs. too low (need exploding step sizes).
— Landscape Topology. j
5(V - |det(V? dw = 0(1
* Too complicated (too spiky) vs. too simple (no flexibility). W (Vf (W) - |det(Vf (w))ldw ()
— Feature Plasticity.
* Too high (chaotic dynamics) vs. too low (lazy learning).

* It seems like most practical tricks address one of these trade-offs.

— But need to consider if tricks are too extreme and how they affect the others!
* The “pipeline” is so rigid because we have an unstable equilibrium among trade-offs.

g G, w) = g(xj;W)” = 0(1)

A(V2f(w)) = 0(1)

lw —w.|l =0(1)
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Sigmoid — bounds input sensitivity.
— But worsens signal flow. = e
Tanh —improved signal flow over sigmoid. j
ReLU — improved signal flow over tanh. f; —
— But worsens parameter sensitivity. 'y
GELU — improved parameter sensitivity over ReLU. - —
SwiGLU — improved input sensitivity over GELU. 'J
— But worsens feature plasticity (more chaotic). Di —

Activation Function: swish Activation Function; swish . Activation Function: swish
H ’ Fn = N Activation Function: swish =
* So need tricks to control that. \/ )J i/ :\/



Trade-Offs in Normalization and Skip Connections

Operations like LayerNorm (and RMSNorm) affect many trade-offs:
— Prevent signal flow from being too large.
— Reduces input sensitivity (Lipschitz constant with respect to input).
— Reduces parameter sensitivity (reduces L(wy,)).

This is great, but often too aggressive so we add skip connections:

— Prevent signal flow from being too small.
— Increases input sensitivity (co-Lipshictz constant with respect to input).
— Increases parameter sensitivity (increases u(wy)).

But this is too aggressive so need ReZero/FixUp.
These are architecture changes, but exist algorithm changes too:

— Decoupled weight decay, sharpness-aware minimization (SAM), muP step sizes.



Weird Neural Network Dynamics

* General deep networks training dynamics are not well understood.

— Example: “edge of stability”.

* Classic setting: we adapt aj based on the local value L(wy,).
— For GD, we decrease a;, until a;, < 2/L(wy).

* Neural networks: local L(w},) can sometimes adapt to the value of ay.
— For GD, L(wy,) increases until we have a;, = 2/L.

— Example: “catapults”.

* More progress overall with occasional large increases in objective function.
— Possible on quadratics with variable step sizes.

— Example: “grokking”.

* Huge progress after period of slow progress.
— Believed to be related to feature alignment.

— Big example: “feature learning” vs. “lazy learning”.
 How do we more precisely characterize the dynamics here?



Discussion



Summary: Theoretical vs. Practical Research

Two main styles of optimization algorithms research:
— Theoretical: use math to prove algorithm properties.
— Empirical: use experiments to support algorithm properties.

Theoretical:

— Example: prove an algorithm converges.

— Advantage: guaranteed worst-case performance of algorithms in new situations.

— Disadvantage: unrealistic assumptions or too pessimistic about performance in practice.
Empirical:

— Example: evaluate algorithm performance.

— Advantage: reflects real-world performance (sometimes hard to prove).

— Disadvantage: mislead ourselves as experiments may not reflect new situations.

| think it can be useful to know a bit of both styles.



Summary: How do | set the GD Step Size?

Gradient descent (GD) is basis of modern methods like SGD and Adam.

Level 1 (most theory is here):

— If you are doing 1 GD step, and only know that curvature is at most L.
e Any step size less than 2 /L decreases functions.
* A constant step size of 1/L is optimal.
e But this is a terrible model of realistic functions.

Level 2:

— Can go faster using a local “L” or measure multi-step progress.
* These suggest using larger variable step sizes, or gradient clipping if L = oo.

Level 3:
— Can go faster by exploiting direction and size of each gradient.

Level 4 (most practice is here):
— Can go faster by planning for future progress (might want to increase function).



Summary: How do | set the SGD Step Size?

Stochastic gradient (SGD): GD using gradient of random example.

SGD has lower cost than GD but introduces noise.
— Noise means we may need step sizes smaller than 2 /L.
— But size of gradient reduces effect of noise.

SGD often has two phases:
— Gradient-dominated: where gradient signal outweighs noise.
— Noise-dominated: where noise signal outweighs gradient.

Different tricks needed in different phases.
— But tricks that help in one phase may hurt the other.

We do not know when we switch phases.
— This is where hyper-parameters help.



Summary: faster algorithms than GD?

* Ways to speed up GD (or SGD in gradient-dominated phase):

— Momentum and Nesterov:

* Theory: provably faster than GD in various settings, but need to know setting.
* Practice: fixed momentum often helps in DL, non-linear CG adapts momentum.

— Adam:

* Approximated by momentum combined with SignGD (GD in co-norm).

* SignGD can help for quadratics but depends on rotation.
— Heavy-tailed features/labels can lead to favourable structures in practice.

* Muon can viewed as SignGD in a matrix norm.
— Preconditioning:
Allows arbitrary speedups, but hard to get these speedups practically.
Newton’s method only helps near solution, but that is often noise-dominated.
Per-variable step sizes is diagonal preconditioning: long history but recent theory/practice.
Natural gradient is Newton for linear models and Gauss-Newton under squared error.
— Often use approximation (related to AdaGrad) that breaks connection (Shampoo).

— Non-uniform sampling of random examples (might only SGD help in theory).



1-Minute Summary: faster algorithms than SGD?

* Ways to speed up SGD in noise dominated phase:
— Random reshuffling:

* Trick with decades of empirical evidence, theory is catching up.

— Variable step sizes:
* Decreasing step size schedules give convergence based on global L and ¢ value.

— In practice need to use hyper-parameter tuning to adapt to problem.

* Exist algorithms that adapt to L(wy,) like coin betting and Prodigy.

— Good “single run” performance but worse than tuning.
* Exist algorithms that adapt to extreme values of o (w;,)?:
— Gradient clipping for 62 = oo, deterministic GD tricks for a(wy)? — 0 (but weird on neural nets).
— Averaging allows bigger step sizes:
 |terate averaging is asymptotically optimal way to handle noise.
* Mini-batches directly reduce noise (optimal batch size is noise/error).
* Variance reduction helps in theory, but has not had success for neural nets (changing?).



No Convergence Rates?

* | purposefully avoided convergence rates in this talk.
— This was hard for me!

* But we get a lot of insights from some simple ideas:

— “What happens if | plug this into some version of the descent lemma?”

* Reveals under what conditions you expect progress, and how much progress.
— And holds across many settings like PL, convex, and non-convex.

* Gave insights into step sizes, SGD dynamics, batch sizes, first- vs. second-order.
— “What happens if this quantity (like L or ) changes with w;?”
* Reveals why some methods are bad in practice, and suggests ways to fix them.

— “What does this look like on simple cases where | can visualize things?”

* Reveals how algorithms are sometimes doing things that we do not understand.
— Large step sizes move down ravines, momentum allows a big range of step sizes.



What do we need?

[ “There should be no YOLO training runs. Machine Learning should be stable, smooth and predictable” [Defazio, 2026] ]

* Year ago, | thought theory and practice were coming together.
— But this was mis-leading due to theory focusing on fixed features.

e Need better models of how features evolve as we train.
— Should have predicted that normalization would be needed before it was!

* And MuP insights came surprisingly recently.

— Until we understand neural network trade-offs, theory will be far from practice.

e Ultimate test of theory is whether it affects practice.



