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A Great Loss for Numerical Optimization Theory

A Last month we lost DimitBertsekas
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Dimitr1 P. Bertsekas
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A Wrote influential books in several different fields.
A Pioneer in numerical optimization (memoribsre).


https://x.com/MarkSchmidtUBC/status/2063138937330446578

Bertseka® ¢ g2 [/ dzf GdzZNBa 27F L

A Bertsekasontrastedtwo viewson optimization theory:

i Theoretica¥ convergence analysis is considered primarily a mathematical
subject... General ant@hiroadly applicable statementandsimple and
elegantproofd NB F 0 LINBYA dzY KSNB o€

i Practicad LINR LISNIO A SAa 2F Fy | 32 Nmiskoyr 7T
verified through practical experimentatiQso if an algorithm looks
promising on intuitive groundsyhy bother with a convergence analysig

[Bertsekas, 2016]



My Previous Lifetimes

A | started onpracticalview:
i L/ a[ wHWAannc LI LIS NNseb@dkt@tmis lang ez R 0 RE O
ATrained~1o0vAf f A2y LI N} YSGSNE 2y don]l] aSyiaSyoSa
I 2006:minFunccode:tuned to solve Mlproblems at time.

A But later worked ortheoreticalview:
i NeurlPSi n mAc¥eleated gradielY SG K2 R& A GK AYSEI O
i NeurlP$i nMHY G { D5 ex&ianka?dRnvargencdraged

A And in 2015 | thought these views wereming togethel
I SGD methods withice theorythat were achievingtate of the artresults.
I Gave ICML 2015 tutorial mainly focusing theomgtivated fast algorithms.



A 'In 2015 | alsovrote a reviewthat started like this:

This work proposes a new stochastic gradient method, in the spirit of AdaGrad
and natural-gradient methods, that uses a per-wvariable scaling in the update
which is based on the ratio of an estimate of the mean and the wvariance of the
gradients.

The approach is well-motivated, and I like the connection established to RPROP.
It would be good to allow state the connection to the Le Roux and Fitzgibbon's
NIPS 2816 paper A fast natural Newton method® (which also considers variance of
hte gradients).

Unfortunately the proofs of the regret bounds are missing. Further, they don't
seem to actually be related to the stated Algorithm 1. In particular, ‘gamma._t
seems to be a decreasing step-size in the analysis but there is \gamma_t and a
constant step-size is used in Algorithm 1 and the subsequent analysis.

A @damé Y S U K 2 Rlraa@ddlly BeReifor neural networks.
I As they were taking over the ML world.

Adam: A method for stochastic optimization
DP Kingma, J Ba - arXiv preprint arXiv:1412.6980, 2014 - amxiv.org

... functions with stochastic regularization. We compare the effectiveness of Adam to other
stochastic first ... Figure 2 shows our results; Adam shows better convergence than other methods. ...

77 Save UY Cite Cited by 246918 Related articles  All 14 versions &%

A Since thergap between two cultures has become enormbus



Al I S aSSy | YiconderjehceNaysit a4 Ay ¢
I Optimal multtstep algorithms via PEP.
I Parameterfree SGD via coibetting.
I Nonasymptotic analysis of BFGS.

A But these ideas have hdittle effect on practice

A2 KA f Sprooffic &issing ¢ 2 Ndhangirkg N world
I Adam optimizer (course project at University of Toronto).
I AdamW(bug) and cosine annealingricumnutationsn plant roots).
I Muon (NanoGPBpeedrunningand Twitter crowdsourcing).

At K2dzaK KdzaS f{ Avioi8Nd niy ¢ziid ¢ g K S NB )

[Drori & Teboulle, 2014, King & Ba, 2014, Loschilov & Hutter, 2017, Orabona & Tommasi, 2017, Loschilov & Hutter, 204t%1Jda26a4, Qin et al., 2025]



Mess of Attempts to Improve Adam (Mostly Failed)

A. List of optimizers and schedules considered

Table 2: List of optimizers

sidered for our benchmark. This is only a subset of all existing methods for deep learning.

Name Rel. Name Rel.
AcceleGrad (Levy etal, 2018) HyperAdam (Wang et al, 2019%)
“Clip (Zhang et al., 2020) K-BFGS/K-BFGS(L) (Goldfarb et al., 2020)
AdaAker (Xie et al., 2019) KF-QN-CNN (Ren & Goldfarb, 2021)
AdaBatch (Devarakonda et al., 2017) KFAC (Martens & Grosse, 2015)
AdaBayey/AdsBayes-SS (Aitchison, 2020) KFLR/KFRA (Botev ctal, 2017)
AdaBelief Zhuang et al., 2020) LAAdam/LAMomentum (Rolinck & Martius, 2018)
AdaBlock (Yun et al, 2019) LAMB (You et al., 2020)
AdaBound (Luo et al., 2019) LaProp (Ziyin et al., 2020)
AdaComp (Chen et al., 2018) LARS (You etal., 2017)
Adadelta (Zeiler, 2012) LHOPT (Almeida et al., 2021)
Adafactor (Shazeer & Stern, 2018) LookAhead (Zhang et al., 2019)
AdaFix (Bae et al., 2019) M-SVAG (Balles & Hennig, 2018)
AdaFom (Chen et al, 2019%) MADGRAD (Defazio & Jelassi, 2021)
AdsFTRL (Orabons & MAS (Landro et al., 2020)
Adagrad (Duchi etal., MEKA (Chen et al, 20200)
ADAHESSIAN (Yaoetal MTAdam (Malkiel & Wolf, 2020)
Adai (Xie et al., 2020) MVRC-I/MVRC-2 (Chen & Zhou, 2020)
AdaLoss (Teixeira et al, 2019) N (Dozat. 2016)
Adam (Kingma & Ba, 2015) NAMSB/NAMSG (Chen et al, 2019%)
Adam™ (Liu etal, 2020b) ND-Adam (Zhang et al., 2017a)
AdamAL (Tao et al, 2019) (Liu et al,, 2021b)
AdaMax (Kingma & Ba, 2015) (Nesterov, 1983)
AdamBS (Liu et al, 2020c) (Zhang et al., 2018)
AdamNC (Reddi et al., 2018) (Huang et al., 2019)
AdaMod (Ding ctal, 2019) Novograd (Ginsburg et al., 2019)
AdamP/SGDP (Heo et 21) NT-SGD (Zhou et al., 2021b)
(Zhou et al., 2020) Padam (Chen et al., 2020a)

(Loshchilov & Hutier, 2019) PAGE (L etal., 20200)

(Tran & Phoag, 2019) PAL (Mutschicr & Zcll, 2020)

(Eliyahu, 2020) PolyAdam (Orvicto et al., 2019)

(Hosseini & Platsniotis, 2020) Polyak (Polyak, 1964)

(Johnson et al., 2020) Powe VPowerSGDM (Vogels et al., 2019)

(Wang & Wicns, 2020) Probabalistic Polyak (de Roos et al,, 2021)

(Zhou et al., 2019) ProblS (Mahsereci & Hennig, 2017)

(Huetal, 2 PStorm (Xu, 2020)

(Sun etal QHAdsn/QHM (Ma & Yarats, 2019)

(Li et al,, 20208) RAdam (Liu et al, 20200)

(Liu & Tian, 2020) Ranger (Wright, 2020b)

(Berrada et al., 2020) RangerLars (Grankin, 2020)

(Luo et al RMSProp (Tieleman & Hinton, 2012)

(Reddi et al RMSterov (Choi et al., 2019)

AngularGrad (Roy etal $-SGD (Sung et al., 2020)
AmijoLS (Vaswani et al., 2 SAdam (Wang et al., 20200)
ARSG (Chen et al., 2019b) Sadam/SAMSGrad (Tong et al., 2019)
ASAM SALR (Yue et al., 2020)
AutoLRS SAM (Foretetal., 2021)
AvaGrad (Savarese et al., 2019) SC-Adagrad/SC-RMSProp (Mukkamala & Hein, 2017)
BAdam (Salas et al, 2018) SDProp (Ida et al., 2017)
BGAdam (Bai & Zhang, 2019) SGD (Robbins & Monro, 1951)
BPGrad 2017b) SGD-BB (Tan et al., 2016)
BRMSProp (Aitchison, 2020) SGD-G2 (Ayadi & Turinici, 2020)
BSGD (Hu et al., 2020) SGDEM (Ramezani-Kebrya et al., 2021)
C-ADAM (Tutunoy et al., 21 SGDHess (Tran & Cutkosky, 2021)
CADA (Chen et al. SGDM (Liu & Luo, 2020)
Cool Momentum (Borysenko & Byshkin, SGDR (Loshchilov & Hutter, 2017)
CProp (Preechakul & Kipsirikul, 2019) SHAdagrad (Huang et al., 2020)
Curveball (Heariques et al., 2019) Shampoo (Anil et al., 2020; Gupta et al., 2018)
Dadam 019) SignAdam++ (Wang et al., 2019a)
DeepMemory (Wright, 20208) SignSGD (Bemstein et al., 2018)
DGNOpt SKQN/S4QN (Yang et al., 2020)
DiffGrad SM3 (Anil et al., 2019)
SMG (Tran et al., 2020)

(Gearge et al. SNGM Zhao et al., 2020)

(Hayashi ctal. SoftAdsm (Fetterman et al, 2019)

(Daley & Amato, 2020) SRSGD (Wang et al., 2020a)

(Zhou et al., 2021a) Step-Tuned § (Castera et al., 2021)

(Wang & Ye, 2020) SWATS (Keskar & Socher, 2017)

(Chakrabarti & Chopea, 2021) SWNTS (Chen et al., 2019c)

(Zhang & Gouza, 2018) TAdam (Tiboudo et al., 2020)

(Granziol et al., 2020) TEKFAC (Gao et al, 2020)

VAdam (Khan et al, 2018)

VR-SGD (Shang et al., 2020)

(Kelierbom etal.,
(Bahrami & Zadeh, 2021)
(Jiang et al., 2019)

VSGD-b/¥SGD-g/SGD-1
VSGD-fd

WNGrad

YellowFin

Yogi

(Schaul et a. 2013)
(Schaul & LeCun, 2013)
(Wu etal., 2018)

(Zhang & Mitliagkas, 2019)
aheer et al., 2015)

[Schmidt et al.,

2021]

Ada lnm

Eve
AAdam
BAdam
CAdam
DAdam
EAdam
FAdam
GAdam
HAdam
TAdam
KAdam
LAdam
MAdam
NAdam
OAdam
PAdam

Konstantin Mishchenko € A -
@konstmish

There are hundreds of papers claiming they propose optimizers better than
AdamW, where the improvement comes from undertuned baseline. All |
want is for this not to be the case here.

n T lAdamW paper was rejected 3 times,
unt i we found t he



Empirical Progress Seems Slow/Stalled

A H n HBenclimarking Deep Learning Optimizers ©H N H 1 6 @
I Newer methoddalil significantly and consistentiy outperforming Adam.

A 202x Major LLMelease delayethecause over trying new method.

A 2025Algoperfselftuning track:
ihyfeée wm YSAl&2\R o0 S imsthod.y S
A It wasAdamWwith different step sizesScheduleFree
I Shampoo variant won other track (but heaagk-specifichyperparameter tuning.

AHnup & PrefainingnXi@ YAT SNB YR 2 KS|
I Speedup over baselineslmsver than claimed, decreases with model size
AHNDHSMOIENI AYVAY3I tflFe&o221¢Y

I Tried newer methods but went bat& AdamW



Q Yaroslav Bulatov & @yaroslavvb - Dec 11, 2025 (A o

20 years of reading and implementing optimization papers, yet after this
year's NeurlPS, I’m still questioning the utility of the field. The few methods
that work seem to do so by accident.

QO 18 122 Q 322 il 63K d &



Is optimization theory useless for practitioners”.

A BenRecht
i & L Skéftical that optimization theory helps us do anything
A Marta Skreta

I d have so mangther things to worry aboufrom datasets, augmentation, architecture,
hyperparameters before | think about the optimizer

A Jason Lee:

i aSy 02 dzNJ 3 Snddrﬂﬁaﬂdla]goﬁs‘lthms%md optimization DL yather than proposinagew
2LIUAYAT SN&A €

A James Martens:

i aL UKAY] 2L A Yadbitrelevasd hut notverd NE IMQ@, the mdstAnipdrtan
(0 KA Yy 3 grad@ntddriiritedivs. noiselominatedNBE IAYSQ RAAUGAYOUA2YE

A TasoXKyrillidis

i d like thegradientdominated vs. noiselominated! E Aaimo(S &
sitsnaturally there

A Martin Jaggi
i GOKA&A @SIFENI A& 1AYR 2F | L} SI aloftinizaticdzNle®dng S |
have moved front and centdr 3 | A Y €
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My Goals

A Show thatoptimization theory helps understand common questions
i Gl 26 R2 stepsiécdl GKS
A Gradientdominated vs. noiselominatedphases.
i Gl 26 R2 HatchSxkeOd GKS
i a2 Ké MRan®® NJ K&
i 62 Ké shcandadgrA Y F2NXF 0A 2y KSE LAY 3IKE
i d2 K& Rer®reuratnetwork tricB ¢ 2 NJ K €

A For practitioners:
I Show yowsimple concepts that explain a lof what we see in practice.
I Hopefully let yowskip some generationsf gradstudent descent.

A For theoreticians:
I Highlight where we arécusing on the wrong things
I Give ideas on how we can becomere useful in practice



Disclaimer Page #1

A Answer to these questions atemplicated:
I Depend on many factors and dynamics that are not fully understood.
I But theory at leashighlights important tradeoffs.

A Field ishugeand changingand noisy
I | will iInevitablymiss big/important topics.
I I will necessarily need tekip over a lot of precise details
I And long term will be wrongabout some things.

A Topics | will not coveo reduce scope:

I Private, fair, federated, constrained, parallel, distributed, 4on&cision,
continual, PEFT, RL, tuning hyparameters, scaling laws, DE and SE models.

A Though fundamentals still give insights here.



Disclaimer Page #2

A 1 am going to focus osmooth optimization
I Assume the function is differentiable everywhere ReLU}:

A Why ' The Surprising Agreement Between Convex Optimization Theory and
. Learning-Rate Scheduling for Large Model Training

I M a'ny CO n Cl u S I O n S are SI m I I'a'r Fabian Schaipp, Alexander Hagele, Adrien Taylor, Umut Simsekli, Francis Bach
A E S p e C | al Iy fo r Sto C h aStI C O ptl m IZ a‘tl 0 n . We show that learning-rate schedules for large model training behave surprisingly similar to a performance bound from

non-smooth convex optimization theory. We provide a bound for the constant schedule with linear cooldown; in particular,
the practical benefit of cooldown is reflected in the bound due to the absence of logarithmic terms. Further, we show that

| M a_ ny a n a | yS e S a re S | m p I e r this surprisingly close match between optimization theory and practice can be exploited for leaming-rate tuning: we
’ achieve noticeable improvements for training 124M and 210M Liama-type models by (i) extending the schedule for
A Especially for notconvex optimization.

continued training with optimal leamning-rate, and (ii) transferring the optimal learning-rate across schedules.
I There ignore to gainperformancewise with smoothness.
I Smooth case iglready quite complicated

I There issome trend towards smootfunctions.
A LLMs have moved foriReLU$0 GeLU®Dr SwiGLUs
A We train nonsmooth mixture of experts via smooth objectives.



Question: How do | set the GRep Size

(We are going to spend a lot of time on this)
(But often the most sensitive hyp@arameter!)



Introduction: Optimization and Gradient Descent

A2 S dzadz £ €& & NI A \optimixagoR §dbem o6 &
P

| EX80) — QU
N q E

i2S KI 5NWK S ifathg cat’modify the fit the data better.
A For a deep neural network, this would contain the parameters of the various layers.

i We have & dzy O U tha geaswasDow well we fit the data.

A Usually this functionisthe S N> IS 2@0SNJ | .aSi 2F WyQ
i Eachf,YSI| adzNBa K26 ¢St i@Suared érroricieds engidpy ahd <o iar). Y LIt

A Most popular DL algorithm &ochastic gradient descent (SGD)
I And its descendants like AdakdamW and so on.

N\,

A



Deterministic Optimization with Fixed Features

A But we will first focus odeterministicgradient descent (GD)
i We can compute théunction™Qw and gradient "(B0 ) exactly
AdFultbatcé G N} AYAy3d O6SELISyairdsS F2NI £ NHS R
I To make some things simpler we will assufe twicedifferentiable
A We will also first focus on the casefpded features
I Cannonicaéxamples ardinear least squareandlogistic regressiaon
P

(@ ) L W WV "3V ) I T AGDOL

I Ortraining the last layeof a neural network with other layers fixed.



Why talk about deterministic/fixed setting at all?

A ldeas form mosingredients for stochastic/neuraptimization.

A Many concepts are alreadyirprisingly complicated
I Such as choosing the step size.

Aal yé& aaid2z2O0OKI ada Ok y Sogkdr ifh smpegétting.t Sy
I Such a’WarmUgclipping, and oscillations that may or may not be good.

A We will see that deterministic tricks oftérelp at the start of training
I Ingradientdominatedphase, or witharge batch sizes

A Deterministic optimizers arsbust
I Have hypetparameters, but often work well witho hyperparameter tuning



Gradient Descent (GD)

A Classigradient descent (G)gorithm repeats the iteration:
0 O | QU

I For astep size .
A SinceQu isank IS NI IS 2 FS NI Yytdkes thelforim y A
P

L LR s

A First paper by Cauchy [1847], who gave Biap sizesuggestions:
I Choose amall step size
I Find the minimunalong the directiondreedy).




Deterministic Gradient Descent in 1 Dimensior

A Deterministicgradient descenis based on a simple observation:
i DA QS LI NI Y Sike@ionkf lavgéstoecrease 8 f(w).
fw)

£(w,)

( minimizer 7



Deterministic Gradient Descent in 1 Dimensior

A Deterministicgradient descenis based on a simple observation:
i DA QS LI NI Y Sike@ionkf lavgéstoecrease 8 f(w).
Fw)

Wog W,
90{:(1 V]C (wo7 (S
negatve so we con decrea Flw)

Io\/ maKMg 'w' more 'oagi'/ive

w
( minimizer 7




Deterministic Gradient Descent in 1 Dimensior

A Deterministicgradient descenis based on a simple observation:
i DA QS LI NI Y Sike@ionkf lavgéstoecrease 8 f(w).
Fw)

S'ofe s o'c)‘din Qiglf‘i‘-’-e ?_/ L,’ne \,V'lﬂ\ S'O{Jé V'F(W))

SO maKe IW ™More ‘)05‘””9-



Deterministic Gradient Descent in 1 Dimensior

A Deterministicgradient descenis based on a simple observation:
i DA QS LI NI Y Sike@ionkf lavgéstoecrease 8 f(w).
fw)

£(w,)




Deterministic Gradient Descent in 1 Dimensior

A Deterministicgradient descenis based on a simple observation:
i DA QS LI NI Y Sike@ionkf lavgéstoecrease 8 f(w).
Fw)

w

Nows the slore Vflw,) o osillve

F

SO we move in ﬂe i’\e&q’/ivc e('»recfﬁm.



Gradient Descen

Digression: Contour Maps

A Tovisualizegradient descent whei@=2, we often useontour lines
I Figure where2sach curve has same functivalue.

i Like a hiking elevation map: .



Gradient Descen

Gradient Descent In 2D

§Lﬂf‘“— 5 v)*\‘/

sM‘ch \,vo \




How do | set the GD step size?

A For gradient descent, there istiade-off between:
2

« V5. —
k L “Lipschit wntuat of grod:eal*

”dff 92(-\
A The numberd is how fast the gradient can change.
i ¢ K Sipsahitz constagt X"Q0) NAPO)E A VA&

R\vc{iw\ oith o small L

aL‘«j’L‘
i Needa YI £ f SNJ aGSLJa F2NJ 0AITISNI W[ Qb



How do | set the GD step size?

A For gradient descent, there isimde-off between:
2

X i V5, ——

0 " L /IL/f“I‘ié orshat of ’/a{lfmf“
Step size

A If| ¢T0, GD igjuaranteed to decreas@¢ KS Fdzy OU A 2 Y
A1f| is much smaller than 2/IGD will converge more slowly
I Step size iv0 small
AIf| is bigger than 2/L, you mighicrease the function
i Stepcould béoobigh YR a2QOSNBEBK220¢é NBIAZ2Y &
I But you mighpet lucky and decrease the functiariot.



Comparison of Fixed Step Sizes for GD

A 25 steps of deterministic gradient descent ¢ 0:

1/L 1/2L 1/10L

A Progress isery slow if is too small



Comparison of Fixed Step Sizes for GD

A 25 steps of deterministic gradient descent close toc 70:

1.9/L 2/L 2.1/L

DecreaseXn every Decrease&bn every step. IncreasesCon later

step. Dampening Oscillations stay constant (no steps. Increasing
oscillations. convergence). oscillations.



GD and the Descent Lemma

A The vs. 2/L tradeoff comes from thalescent lemma

@u) @) nG@L) L U EIIU L ||

i Which uses thalin "@0)|| 0 in seconeorder term ofTaylor expansion
ASetd 0 and set)to GD update to give:
i . O\, .,
@ ) Q@ ) | (p T) M@ )]
i Guarantees@®0 ) QU ) if second term is negative.
AWhich happens if  ¢f0.

I Theoptimal step siz¢ according to the bound js -



| 2Y BSNEBSY OS [0yStep Sizb. LJU

A Consider using a fixed step size, | , where| -

I Guaranteed talecreaseCat every step

A Descent lemma progress guarantees standamdvergence results
i If "Qsconvex(orinveX "Q0  converges toQ(if exists).
i If 'Qsstronglyconvex(orPD, @0 YO2 Yy OSNAS®H aFl adé i
i If "Qsnon-convexbut bounded belowa "0 ) &still converges to 0

A{ 2 daqavl ftft O2wrBslinimany seitingBéld a Al S

[Polyak 1963,Lojasiewicz1963,Nesterov1998]



Convergence of Gradient Descent In Pictures

"L ) converges toQ WO )O2YDSNBSH aFl adé
Convex | s .
nvex & Strongly Convex ) PL Inequality
AP0 )Aconverges to 0 These aresufficient "(B0 ) converges toQ
| but not necessary
Bou nded BG'OW o Bounded Below, no spurious

minima, strict saddles.

[Karimi et al., 2016, Lee et al., 2016]



af{ | TS¢ tFredAlgorBhing NJ

A We typicallydo not knowo.
I Many step sizes guarantee similar to progress to fixed | -
A Classic i&daGradNorm: | |
§ B ool
I For any , eventually getsimilar progress tp —-for somg  C.

A But still prettysensitive to choice of.

A Recent variant i®rodigy

I Adapts numerator based ogstimating distance to solution
A Practical variant thateduces effect of early gradients

i Amongd S& U G O2 Y LI S Smethod fir helurdf Retverksl T NE

[Ward et al., 2020Mischenko& Defazig 2023]
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SmoothUntil-Guilty Backtracking

A Also exist step sizes that atempetitive with optimal pA0.

A Smoothuntil-guilty (SUG) backtrackiradgorithm:

i At each iterationnitialize gues® to previous guess

I Check whethedescent lemma inequality is satisfiaath | pA0 .
A If yes,accepithe step (makes similar progress to optimal step size).
AIf not, doubled and test again (until it is satisfied).

A SUG guaranteesame progress bound as usjing —.

i For any small enougl .

[Beck &Teboulle 2009]



Comparing

A 25 gradient evals with - or smooth-until-guilty (SUG&lgorithm:
A,

1/L Smooth Until Guilty( p

0

A Oftenworks betterthan pA0.
A Total number ofejects is at most logarithmic




Question: How doteallyset the GD step size?




Beyond 2/L and 1/L

A Reality isnore complicatedl KI' 'y (1 KB Rl BZ oI0.A Y I f
I Using p¥0 or SUG work terriblin practice.
I And for neural network&=bbut GD so we need e

Ac2 dzy RSNER UGl YR [0o% walghtNETD &nSaiiQa NI DA
1. Definel as global maximum charpnesg|| @0 )||, max singular valye

2. Bounded 29-order termin Taylor expansiorfn "@0u)Q 0| ).
3. Looked at the effect of taking step of GD

AcCKAA YI1Sa al LILX & RS&OBosabodn®S Y Y I
i [ S ie@aeachofthe® 2 dzy Ra X



Beyond 2/L and 1/L

A Local sharpness bound0d may bemuch smaller than globa.
i oNot always in sharpest regiénd

600 - K {qur ] A §
00, 52yQi yB83W
I | Ol/dzaS | &GdaKl NLX

400 +

>

300 -

200 4 ‘V‘oA'

100 + i

O_




Beyond 2/L and 1/L

A Local sharpness bound0d may bemuch smaller than globa.
i oNot always in sharpest regiénd
i Our safe step size limitis na@L 0 and our optimal step size 5L 0
Ada/ Iy biggerktSpsinflatteNBE I A 2y & € @
i For neural networks we have finit§ 0 ) so| TL
A Quadratic formd 1 "0 B0 maynot be maximized by gradient
i oGradient may not point in sharpest directimp
1 o B
|

—2500

2000 1— ‘H"ig oj‘,,'l \)Ou V\cec/
{ A J) / “
9*'%‘ Side ,/k 0(/( = ’/L-

1000

500

[ LN

-0




Beyond 2/L and 1/L

A Local sharpness bound0d may bemuch smaller than globa.
i oNot always in sharpest regiénd
i Our safe step size limitis na@®L 0 and our optimal step size (5L 0
Ada/ Iy biggerktSpsinflatteNBE I A 2y & € @
i For neural networks we have finit§ 0 ) so| TL
A Quadratic formb n "0 Q0 maynot be maximized by gradient
i oGradient may not point in sharpest directimp
i Bounding secondrder Taylor expansion (0 ) can betoo conservative

A For least squares, optimal step siz¢is@0 )| G0 ) 1 QO A
I And the safe step limit can ks large as 2/(smallest naero eigenvalue of Hessian)
A If negative curvaturecan take a huge step tscape a saddle point

A Consider that you takeiore than 1 step of GD
ialé ¢glyad G2 GF1S |y mérdzayfclest SvéralldaierS LI A 7



Beyond 2/L and 1/L

2.1/Lfor 24 steps,l/L for 1 step

50

1/L for 25 steps

50 /%/7

40 ¢
a0 |

30
30

20
20

10

/ %
_10 1 1 Il ‘|
-10 0 10 20 30 40 50

divergeE T2 NJ HnN
steps then got

A Consider that you takeore than 1 step of GD closerto solution!
ial@& glyd G2 01F1S |y mordafclest SvéralldaierS LI A 7



Simple Model ob(V ): Glocal Smoothness

A Consider a function that satisfigéocalsmoothness
i Globallyb-smooth
i Locallyb.-smoothnear solution, wheré0) "Q 7 8

o GAKIFNLI NBIA2YE

V)

A Under this assumption, need tocrease step size in flat region

I Using —or SUG can performrbitrarily bad

[Fox et al., 2026]



Can we really have. L 07

A Considelogistic regression with separabiiata:

o GaKlFNLI NBIA2YE

A For data matrix», usual estimate ob is— ||| .

A Once we havgi(®w) T80 ) — AN C.
I GD can steps that at&-times larger

A GlocalLipshitzconstant givef isO. | A C.
I GD can eventually takabitrarily-largersteps.

[Bohning 1992]



Simple Model ob(V ): Glocal Smoothness

A Optimal sequence of step sizasderglocalsmoothness:
i Useg -A Y 4 aegibnNJIJE
i Switch ta — Ay oregion. O €

o GaAKIFNLI NBIA2YE

A Problem: donot know0, 0., or when we switcliegions.



Simple Model ob(V ): Glocal Smoothness

A But practical algorithmsachieve rate of optimal sequence
I SUG with resetsef 0 to large value.
A Oftenrelaxing decreasto allow larger step sizgg\rmijo condition).

I Greedy step sizef minimizing functioralong gradient direction.
A Efficient numerically folinear modelsand SGfriendly neural networks

A Approximate usingine searchedased orWolfe conditions
I Annoying to implemenbut only small cost increaskimplemented carefully.

I Polyakstep sizdor convex functions. T ) Q
A No extra’@®0 ) evals but requiresd ! IO )|

I AdGdstep sizedor convex functions.
A Safeguardedpproximation ofi(0 ) along mostrecent algorithm step.
A Bonus for these practical methods:

i Exploit that1" QU  may not be in sharpest direction@ some extent.

[Polyak 1987 Malitsky& Mischenkg 2019, Shea & Schmidt, 2024]
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NonUniform Smoothnes3)( Hb)

A For neural networks global Ho.
I So globally there iIso safe constant step size.

A One model of this ison-uniform smoothness (NUS)
(v a@o)|| 0 0 aa0)A
idf{ KFNLlZySaa RSONBIFIasSa a 3INIRASYI
i Allowsb Hobutfinite 0 U
A Alwaysexists safe step sizewith larger step sizes allowed as gradient shrinks.

A NUShas been used to justifyonstant stepwith gradient clipping

s OE &l 1
0 U I tA ] (E& X3 (8 )
( @0 )) Al©D <”‘—I”>L‘)E|¥EII ;



NonUniform Smoothness)( H)

A GD in descent lemmander NUS:
w ) W) | w2 ) 8

I Needsto be tiny to make up focubic red term

A Clipped(GD3hrinks effective by tF]|n A& )| when clipped.

I Descent lemma when clipping is active witlhix_grad norm = 1.0 :

| 0 | 0
@G ) Qo ) | (p T)”“QU )| TS

i This issimilar to usual GD progress eve®if(}0 )A£and| are large.
A But without squared norm and limit on progress (goes away as gradient shrinks).

[Bauschkeet al., 2017, Lu et al., 2018, Zhang et al., 262Mstneret al., 2021, Zhang et al., 2028jmisiset al. 2025, Vaswani et alCML 202p



NonUniform Smoothness)( H)

A Another common variant afon-uniform smoothness:
Hn "QL’))|| O 0 Q) Q

I Under this assumption we neetlep size warmup:
A Needsmall but increasing step sizes at startleal with large initial sharpness.

i For separable logistic, adaptive 32 S & SENiBeXE ailin2argcd NJ 0 |
A Optimization community has exploredlative smoothness

o) ol o)

I Smooth compared to eeference functionQ
A Leads to global progress bounds for functions dikes andtight EM analysis

[Bauschkeet al., 2017, Lu et al., 2018, Zhang et al., 262Mstneret al., 2021, Zhang et al., 2028jmisiset al. 2025, Vaswani et alCML 202p



Multi-Step Analyses?

2.1/Lfor 24 steps,l/L for 1 step

50 p

. Yaroslav Bulatov & X.com
s @yaroslavvb

40

30

Talking with @HessianFree at Al council
yesterday, one thought that came up was we 2
have a lot of optimizer theory tell us what
happens after 1 step, but not much about 1M
steps. It's kind of trial and error for that part

10

o]

_10 i I i i i
-10 0 10 20 30 40 50




Quadratic Functions
AFormulti-stepl y I £ 8 3843 qhdd@tx fufchonsh & f 2

" ’ p ’ © ’ 5 r
@) -0V oL WV
C
I Includes linear least squares.
I Can computexact dynamics of G{because gradient is linear).

W
////

A With 2 variables visualizing quadraticeisy -
i.dzi RIT'H A& aSlkaeéeé¢ odalL.

LINE2 LIS N

A Visualizing highedimensional quadratics snnoying
I But we can use that GDtrsinslation and rotation invariant



50 .
Rotate so | z
eigenvectors
align with
axes

Translate sc #§
solution is a

30

/\)”

10

0

L
-10 0 10 20 30 40 50 T o 10 20 30 20 SID

A We now have aliagonal quadratic
I Canplot variablego seewhat happens along elgenvectors

A Classwalleys and ravingserspective:
X-axis eigenvector is\alley(steep).
A Needsmall step sizeto avoid going up other side.

I Y-axis eigenvector is@avine(flat).
A Needbig step sizeto move along here.

. 3 : :
|| —: progress along ravinescillates along valley




GD Dynamics on Quadratic&ixed Step Sizes

A lllustrate multi-step progressising 4dimensional quadratic:
i Twovalleys A UK a0SSLIWSaa wmnn | yRpMm OAa
i Tworavines A 0 K a0SSLISya mn FyYyRpmM o0aFftl

pAL

||

| ;M.A, il
A W




GD Dynamics on Quadraticéixed Step Sizes

A At each step, update of variabl@s glven by:
| IO = X ( _ )X : (orvege i o, < %

J

U

A Theoptimal fixed for_ v ‘R is:

I Converge atame speed along steepest valley and flattest ravine
A Slows dowrprogress along valley t&peed upprogress along ravine.

I For practical problems, realiyose to safe limiof| ¢ 0.



GD Dynamics on Quadratic&ixed Step Sizes

P70 —
l In this case  p&JID
Is betterover 100 steps
because ofnitialization
(starts close to bottom
of flattest ravine)
| | — |
w( = | CT O -
o | |!|!!!!!=iil i:!!!'u --------------- !-HlHHHl ..... lHH Hl oo | '|E!!!I|Hi|||!;!r-muEul.!.......i.!.!..'.'..E.:.........:....___.:._-.n---‘ ................
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O

peak ( - !
i i

min{_| * * L

(a) River Valley Landscape

I Start withwarm-up (small but increasing step sizes for initial sharpness).
I Switch to using largeonstant step size
i h OOl &A 2y |chetk®oinBlB D ¢ RRsE & kdstepNBes

At KSY NBGdzZNYy (2 aOKSO|LR2AYylGe FyR 1SSLI

[Hu et al., 2024, Wen et al., 2024]



WarmUJpStable-Becaftable Decrease

A For quadratics weo not need warmuggconstantd 0 ).
I For deterministic optimization weo not need decay t0.0

Al SGQa O2YLJI NB 2stdiléd\Détrdage¥ 0 SLI aA1 S
I Usebig step size for a long timéhen switch to amall step size.

”n ‘ Stable Decrease
) N .
s | \ | CT — 15| (¢0 then pX0 at 80%)

10 1.0 \
05 | 05 -
N

i—

A Movedquickly down ravinavith large step size.

I Movedquickly down vallewith small step size.
A Function value was barely changRalzNA y3 FANRG LIKFA&AS of2214a -



Multi-Step Analyses Convex Functions

A Multi-Step analyses faronvexfunctions:
I PEP frameworkan give optimal step sizerifnning for"Yiterations

A If Only dOlng 2 |terat|0ns U$e CTO u:hen| TTG U 500 Silver Stepsize Schedule (N=128, L=1)
A For largeq starts with pX¢ (and increases tp c& 10.

i1 f 0a Oslihdz steNsSzandD N Y VidaidsIR@s:
A Chain together cycles of step sizes thaivably improve speed A
i 2-cycle:p®10 then almostafU then repeat. N

i 3-cycle:p®710 then T &if0 then 1.5/Lthen repeat. N
I 7-cycle:p®710 then 2.2/Lthen 1.5/Lthen then then1.5/Lthen 2.2/Lthen 1.5/Lthen repeat

A Impressive theoryR 2 vV Q0 ¢ id pidhcticel NI |- U
I Donot account for locab 0  or specifiadirectionsn "o ).

A Recent work: use small constant withcasionaPolyakstep.
I Fast under weaker conditions.




Multi-Step AnalysesConvex Functions

CT 0o / PEP_Approx

50

LongStep_7

Caveatd U s
constantand2d

quadratics are special
6aoSaid Ol asSé




Multi-Step AnalysesConvex Functions

15 b “ x1 7' ) ¢ 2
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Multi-Step Analyses Quadratic Functions

A Multi-Step analyses fajuadraticfunctions:

i Chebyshewstep sizes if you know, * , andfixed horizonY
C

© ) © HAI éfcgf;

A Acceleratecconvergenceate (depends oR/OT instead of0oT* ).
A Goes from pr to 1/L.

I Numerically unstable, need to4arder steps to keep under control.

Chebyshev Step Sizes (Without Permutation) Chebyshev Step Sizes (With Bit Permutation)

100 0 20 40 60 80 100
lteration Index



Multi-Step Analyses Quadratic Functions

A Multi-Step analyses fajuadraticfunctions:
| BarzilaiBorwein(BB)step sizes:
A) v &
G 0 ) "Qv ) Q@ )
A Approximates second derivatiadong last step.
I Superlineaiconvergence rate (instead of linear).

i 6Spectrad & 0 S LI &dow SgenvaluEs . & 2 dz

A Set oZ_ where_ is the@h largest unique eigenvalue.
I Solves problem after at mo$isteps (fully optimizes along one river/valley at each step).



Multi- Step Analyses Quadratlc Functions

a{ 2t &S
after 14
steps.

Solved after
2 steps.




Multi-Step Analyses Quadratic Functions

| cfou Chebyshev
15
1.5 | 1 x1
%2 x2
o 1.0 | o
10 F
05+
05 F
0.0 |
0.0 F
[ o5 |
-05 -1.0 F |’
1 1 1 1 1 _1‘5 1 1 1
0 25 50 75 100 0 25 50 75 100
Spectral
BB_Long 15+ o
%2
15+ 5
\ ::% :4
%3
x4
10 f
1.0 +
05 05
|
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Multi-Step Practical Algorithms

A Step sizes for quadratics seem vepgcific to quadratids

A But we havepractical algorithmsvith related properties.
I We will see thamomentumis related to Chebyshev and Specsizes.

I BBoften works surprisingly wefbr non-quadratic functions.
A Typically witmon-monotonic line searckallows increases).

I Originalcosine annealingchedules haveimilarity to Silver/Chebyshev
A Though motivated from algorithms from discrete optimization.

A But some practical approaches lookry different
i dTry out every hypeparameterr Y R OK224S (UKS 2yS



Multi-Step Practical Algorithms

A Another practical multstep algorithm isyclic steepest descent
i Take [approximatejreedy stepthenuse it forosubsequensteps.

I Often works surprisingly well and we do not know why.
A Greedy adapts ttocald 0 andn™QU , cyclic part givesiulti-step progres?

Cyclic_Steepest
Cyclic_Steepest 15

oW R M
ol b=

40¢///

1.0

]

UD—LI——

a{2tf J
after 14 =»
steps.

_D_S -

-1.0 F

=15 4




Level 1 Step sizes:

A Mosttheory lives ~ Need -8
on Level 1 Optimalis -

AdaGradNorm
SUG

Level 2 Step sizes:
Optimal sequence is

A Sometheory on

Silver step sizes

Level 2 Optimal sequence is WarmUp
| N
A Need more Level 3  Level 3 Step sizes:
Optimal sequence is Greedy
and 4 theory | R dGd
R ( )R
A Practice lives on Level 4 Step sizes:
Optimal sequence WarmUpStable Decay
Level 4 optimizes' QU . Cyclic Steepest Descent
G ¢ NBE 2 dzilJ INfl Y Sk
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I Initialization
I Regularization
I Normalization

A Especiallymportant for neural networks
i [ S origfy discuss their influence in fixed feature case.




