
Is numerical optimization theory irrelevant 
to machine learning practice in 2026?



A Great Loss for Numerical Optimization Theory

ÅLast month we lost Dimitri Bertsekas.

ÅWrote influential books in several different fields.

ÅPioneer in numerical optimization (memories here).

https://x.com/MarkSchmidtUBC/status/2063138937330446578


BertsekasΩ ¢ǿƻ /ǳƭǘǳǊŜǎ ƻŦ bǳƳŜǊƛŎŀƭ hǇǘƛƳƛȊŀǘƛƻƴ

ÅBertsekascontrasted two views on optimization theory:

ïTheoreticalΥ άconvergence analysis is considered primarily a mathematical 
subject ... General and broadly applicable statements, and simple and 
elegant proofs ŀǊŜ ŀǘ ǇǊŜƳƛǳƳ ƘŜǊŜΦέ

ïPracticalάǇǊƻǇŜǊǘƛŜǎ ƻŦ ŀƴ ŀƭƎƻǊƛǘƘƳ ŦƻǊ ŀ ƎƛǾŜƴ Ŏƭŀǎǎ ƻŦ ǇǊƻōƭŜƳǎ must be 
verified through practical experimentation, so if an algorithm looks 
promising on intuitive grounds, why bother with a convergence analysisΚέ

[Bertsekas, 2016]



My Previous Lifetimes

ÅI started on practicalview:
ïL/a[ нллс ǇŀǇŜǊΥ άaŀȅōŜ ǿŜ ǎƘƻǳƭŘ use SGD to train language ƳƻŘŜƭǎΚέΦ
ÅTrained ~10-Ƴƛƭƭƛƻƴ ǇŀǊŀƳŜǘŜǊǎ ƻƴ Ϥолƪ ǎŜƴǘŜƴŎŜǎ όάƭŀǊƎŜέ ƳƻŘŜƭ ŀǘ ǘƛƳŜύΦ

ï2006: minFunccode: tuned to solve ML problems at time.

ÅBut later worked on theoreticalview:
ïNeurIPSнлммΥ άAccelerated gradient ƳŜǘƘƻŘǎ ǿƛǘƘ ƛƴŜȄŀŎǘ ƎǊŀŘƛŜƴǘǎέΦ

ïNeurIPSнлмнΥ ά{D5 ƳŜǘƘƻŘ ǿƛǘƘ exponential convergence rateέΦ

ÅAnd in 2015 I thought these views were coming together!
ïSGD methods with nice theory that were achieving state of the art results.

ïGave ICML 2015 tutorial mainly focusing theory-motivated fast algorithms. 



ÅIn 2015 I also wrote a review that started like this:

ÅάAdamέ ƳŜǘƘƻŘ ǿƻǊƪŜŘ dramatically better for neural networks.
ïAs they were taking over the ML world.

ÅSince then gap between two cultures has become enormous!



ÅIŀǾŜ ǎŜŜƴ ŀƳŀȊƛƴƎ ǊŜǎǳƭǘǎ ƛƴ άconvergence analysisέΥ

ïOptimal multi-step algorithms via PEP.

ïParameter-free SGD via coin-betting.

ïNon-asymptotic analysis of BFGS.

ÅBut these ideas have had little effect on practice.

Å²ƘƛƭŜ ǘƘŜ άproof is missingέ ǿƻǊƪǎ ŀǊŜ changing the world:

ïAdam optimizer (course project at University of Toronto).

ïAdamW(bug) and cosine annealing (circumnutationsin plant roots).

ïMuon (NanoGPTspeedrunningand Twitter crowdsourcing).

Å¢ƘƻǳƎƘ ƘǳƎŜ ƭƛǘŜǊŀǘǳǊŜ ǿƘŜǊŜ ƛǘ άworks in my paperέΦ

[Drori & Teboulle, 2014, King & Ba, 2014, Loschilov & Hutter, 2017, Orabona & Tommasi, 2017, Loschilov & Hutter, 2019, Jordanet al., 2024, Qin et al., 2025]



[Schmidt et al., 2021]

Mess of Attempts to Improve Adam (Mostly Failed)

ñTheAdamW paper was rejected 3 times, 
until we found the theoretical motivationò



Empirical Progress Seems Slow/Stalled

Åнлнл άBenchmarking Deep Learning Optimizersέ ώнлнлϐΦ
ïNewer methods fail significantly and consistently in outperforming Adam.

Å202x Major LLM release delayed because over trying new method.

Å2025 Algoperfself-tuning track:
ïhƴƭȅ м ƳŜǘƘƻŘ ōŜŀǘ άAdamWέ ōŀǎŜƭƛƴŜ method.
ÅIt was AdamWwith different step sizes (ScheduleFree).
ïShampoo variant won other track (but heavy task-specifichyper-parameter tuning).

Åнлнр άCŀƴǘŀǎǘƛŎ PretraininghǇǘƛƳƛȊŜǊǎ ŀƴŘ ²ƘŜǊŜ ǘƻ CƛƴŘ ¢ƘŜƳέΦ
ïSpeedup over baselines is lower than claimed, decreases with model size.

Åнлнр άSmol¢ǊŀƛƴƛƴƎ tƭŀȅōƻƻƪέΥ
ïTried newer methods but went back to AdamW.





Is optimization theory useless for practitioners?
Å Ben Recht:
ïάLϥƳ skeptical that optimization theory helps us do anythingέ

ÅMarta Skreta:
ïάI have so many other things to worry about from datasets, augmentation, architecture, 

hyperparameters before I think about the optimizerέ

Å Jason Lee:
ïάŜƴŎƻǳǊŀƎŜ ǇŜƻǇƭŜ ǘƻ understand algorithms and optimization in DL, rather than proposing new 
ƻǇǘƛƳƛȊŜǊǎέ

Å James Martens:
ïάL ǘƘƛƴƪ ƻǇǘƛƳƛȊŀǘƛƻƴ ǘƘŜƻǊȅ ƛǎ ǎǘƛƭƭ a bit relevant, but not overly so. IMO, the most important 
ǘƘƛƴƎ ƛǎ ǘƘŜ Ψgradient-dominated vs. noise-dominatedǊŜƎƛƳŜΩ ŘƛǎǘƛƴŎǘƛƻƴέ

Å TasosKyrillidis:
ïάI like the gradient-dominated vs. noise-dominated ŀȄƛǎ ΧalmostŜǾŜǊȅ ƳƻŘŜǊƴ ǘǊƛŎƪ Χ 

sitsnaturally thereέ

ÅMartin Jaggi:
ïάǘƘƛǎ ȅŜŀǊ ƛǎ ƪƛƴŘ ƻŦ ŀ ǇƭŜŀǎŀƴǘ ǎǳǊǇǊƛǎŜ ŀǘ ƭŜŀǎǘ ŦƻǊ ƳŜ ǘƘŀǘ Ƴŀƴȅ ϥŎƭŀǎǎƛŎϥ optimization questions 

have moved front and center ŀƎŀƛƴέ



My Goals

ÅShow that optimization theory helps understand common questions.
ïάIƻǿ Řƻ L ǎŜǘ ǘƘŜ step sizeΚέ
ÅGradient-dominated vs. noise-dominated phases.

ïάIƻǿ Řƻ L ǇƛŎƪ ǘƘŜ batch sizeΚέ
ïά²Ƙȅ ŘƻŜǎ AdamǿƻǊƪΚέ
ïά²Ƙȅ ƛǎƴΩǘ second-orderƛƴŦƻǊƳŀǘƛƻƴ ƘŜƭǇƛƴƎΚέ
ïά²Ƙȅ ŘƻŜǎ ώweird neural network trickϐ ǿƻǊƪΚέ

ÅFor practitioners:
ïShow you simple concepts that explain a lot of what we see in practice.
ïHopefully let you skip some generations of grad-student descent.

ÅFor theoreticians:
ïHighlight where we are focusing on the wrong things.
ïGive ideas on how we can become more useful in practice.



Disclaimer Page #1

ÅAnswer to these questions are complicated:
ïDepend on many factors and dynamics that are not fully understood.
ïBut theory at least highlights important trade-offs.

ÅField is hugeand changingand noisy.
ïI will inevitably miss big/important topics.
ïI will necessarily need to skip over a lot of precise details.
ïAnd long term I will be wrong about some things.

ÅTopics I will not cover to reduce scope:
ïPrivate, fair, federated, constrained, parallel, distributed, low-precision, 

continual, PEFT, RL, tuning hyper-parameters, scaling laws, DE and SE models.
ÅThough fundamentals still give insights here.



Disclaimer Page #2

ÅI am going to focus on smooth optimization.
ïAssume the function is differentiable everywhere (no ReLUs).

ÅWhy?
ïMany conclusions are similar.
ÅEspecially for stochastic optimization.

ïMany analyses are simpler.
ÅEspecially for non-convex optimization.

ïThere is more to gain performance-wise with smoothness.

ïSmooth case is already quite complicated.

ïThere is some trend towards smoothfunctions.
ÅLLMs have moved form ReLUsto GeLUsor SwiGLUs.

ÅWe train non-smooth mixture of experts via smooth objectives.



Question: How do I set the GD Step Size?

(We are going to spend a lot of time on this)

(But often the most sensitive hyper-parameter!)



Introduction: Optimization and Gradient Descent

Å²Ŝ ǳǎǳŀƭƭȅ άǘǊŀƛƴέ ƳƻŘŜƭǎ ōȅ ǎƻƭǾƛƴƎ ŀƴ optimization problem.

ï²Ŝ ƘŀǾŜ ΨŘΩ ǇŀǊŀƳŜǘŜǊǎ ΨǿΩ that we can modify the fit the data better.

ÅFor a deep neural network, this would contain the parameters of the various layers.

ïWe have a ŦǳƴŎǘƛƻƴ ΨŦΩthat measures how well we fit the data.

ÅUsually this function is the ŀǾŜǊŀƎŜ ƻǾŜǊ ŀ ǎŜǘ ƻŦ ΨƴΩ ŦǳƴŎǘƛƻƴǎ Ŧi.
ïEach fiƳŜŀǎǳǊŜǎ Ƙƻǿ ǿŜƭƭ ǿŜ Ŧƛǘ ǘǊŀƛƴƛƴƎ ŜȄŀƳǇƭŜ ΨiΩ (squared error, cross entropy, and so on).

ÅMost popular DL algorithm is stochastic gradient descent (SGD).

ïAnd its descendants like Adam, AdamW, and so on.
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Deterministic Optimization with Fixed Features

ÅBut we will first focus on deterministicgradient descent (GD).

ïWe can compute the function Ὢὼ and gradient ​Ὢύ exactly.

ÅάFull-batchέ ǘǊŀƛƴƛƴƎ όŜȄǇŜƴǎƛǾŜ ŦƻǊ ƭŀǊƎŜ ŘŀǘŀǎŜǘǎύΦ

ïTo make some things simpler we will assume Ὢis twice-differentiable.

ÅWe will also first focus on the case of fixed features.

ïCannonicalexamples are linear least squares and logistic regression:

ïOr training the last layer of a neural network with other layers fixed.
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Why talk about deterministic/fixed setting at all?

ÅIdeas form most ingredients for stochastic/neural optimization.

ÅMany concepts are already surprisingly complicated.
ïSuch as choosing the step size.

Åaŀƴȅ άǎǘƻŎƘŀǎǘƛŎκƴŜǳǊŀƭέ ŎƘŀƭƭŜƴƎŜǎ ŀƭǊŜŀŘȅ appear in simplersetting.
ïSuch as WarmUp/clipping, and oscillations that may or may not be good.

ÅWe will see that deterministic tricks often help at the start of training.
ïIn gradient-dominatedphase, or with large batch sizes.

ÅDeterministic optimizers are robust.
ïHave hyper-parameters, but often work well with no hyper-parameter tuning.



Gradient Descent (GD)

ÅClassicgradient descent (GD)algorithm repeats the iteration:

ïFor a step size‌ .

ÅSince Ὢύ is an ŀǾŜǊŀƎŜ ƻǾŜǊ ΨƴΩ ǘǊŀƛƴƛƴƎ ŜȄŀƳǇƭŜǎ, takes the form

ÅFirst paper by Cauchy [1847], who gave two step size suggestions:

ïChoose a small step size.

ïFind the minimum along the direction (greedy).

ύ ύ ‌ Ὢɳύ
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Deterministic Gradient Descent in 1 Dimension

ÅDeterministicgradient descent is based on a simple observation:

ïDƛǾŜ ǇŀǊŀƳŜǘŜǊǎ ΨǿΩΣ ǘƘŜ direction of largest decrease is ​f(w).
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Digression: Contour Maps

ÅTo visualizegradient descent when Ὠ=2, we often use contour lines:

ïFigure where each curve has same function value.

ïLike a hiking elevation map:

https://en.wikipedia.org/wiki/Contour_line

Gradient Descent



Gradient Descent in 2D

w1

w2

Gradient Descent



How do I set the GD step size?

ÅFor gradient descent, there is atrade-off between:

ÅThe number ὒis how fast the gradient can change.
ï¢ƘŜ άLipschitz constantέΥ ᴁɳὪύ Ὢɳὺᴁ ὒᴁύ ὺᴁ

ïNeed ǎƳŀƭƭŜǊ ǎǘŜǇǎ ŦƻǊ ōƛƎƎŜǊ Ψ[ΩΦ



How do I set the GD step size?

ÅFor gradient descent, there is a trade-off between:

ÅIf ‌ ςȾὒ, GD is guaranteed to decrease ǘƘŜ ŦǳƴŎǘƛƻƴ ΨŦΩΦ

ÅIf ‌ is much smaller than 2/L, GD will converge more slowly.

ïStep size is too small.

ÅIf ‌ is bigger than 2/L, you might increase the function.

ïStep could be too big ŀƴŘ άƻǾŜǊǎƘƻƻǘέ ǊŜƎƛƻƴ ǿƘŜǊŜ ŦǳƴŎǘƛƻƴ ŘŜŎǊŜŀǎŜǎΦ

ïBut you might get lucky and decrease the function a lot.



Comparison of Fixed Step Sizes for GD

Å25 steps of deterministic gradient descent ‌ ςȾὒ:

ÅProgress is very slow if ‌ is too small.

1/10L1/2L1/L



Comparison of Fixed Step Sizes for GD

Å25 steps of deterministic gradient descent ‌ close to ςȾὒ:

1.9/L 2/L 2.1/L

Decreases Ὢon every 
step. Dampening 

oscillations.

Decreases Ὢon every step. 
Oscillations stay constant (no 

convergence).

Increases Ὢon later 
steps. Increasing 

oscillations.



GD and the Descent Lemma

ÅThe ‌ vs. 2/L trade-off comes from the descent lemma:

ïWhich uses that ɳ Ὢύ ὒin second-order term of Taylor expansion.

ÅSet ύ ύ and set ὺto GD update to give:

ïGuarantees Ὢύ Ὢύ if second term is negative.
ÅWhich happens if‌ ςȾὒ.

ïThe optimal step size ‌ according to the bound is ‌ . 

Ὢὺ Ὢύ Ὢɳύ ὺ ύ
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ς
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/ƻƴǾŜǊƎŜƴŎŜ ŀƴŘ άhǇǘƛƳŀƭέ мκὒStep Size.

ÅConsider using a fixed step size, ‌ ‌, where ‌ .

ïGuaranteed to decrease Ὢat every step.

ÅDescent lemma progress guarantees standard convergence results.

ïIf Ὢis convex(or invex) Ὢύ converges to Ὢz(if exists).

ïIf Ὢis strongly-convex(or PL), Ὢύ ŎƻƴǾŜǊƎŜǎ άŦŀǎǘέ ǘƻ Ὢz.

ïIf Ὢis non-convexbut bounded below, ᴁɳὪύ ᴁstill converges to 0.

Å{ƻ άǎƳŀƭƭ Ŏƻƴǎǘŀƴǘ ǎǘŜǇ ǎƛȊŜ works in many settingsΦέ

[Polyak, 1963, Lojasiewicz, 1963, Nesterov1998]



Convergence of Gradient Descent in Pictures

[Karimi et al., 2016, Lee et al., 2016]

Convex Invex Strongly Convex PL Inequality

Ὢύ converges to Ὢz Ὢύ ŎƻƴǾŜǊƎŜǎ άŦŀǎǘέ ǘƻ Ὢz

Bounded Below

ᴁɳὪύ ᴁconverges to 0

Bounded Below, no spurious 
minima, strict saddles.

Ὢύ converges to ὪzThese are sufficient
but not necessary:



ά{ŀŦŜέ tŀǊŀƳŜǘŜǊ-Free Algorithms

ÅWe typically do not know ὒ.

ïMany step sizes guarantee similar to progress to fixed ‌ ‌ .

ÅClassic is AdaGrad-Norm:

ïFor any ‌, eventually gets similar progress to ‌ for some ‎ ς.

ÅBut still pretty sensitive to choice of ‌.

ÅRecent variant is Prodigy:

ïAdapts numerator based on estimating distance to solution.

ÅPractical variant that reduces effect of early gradients.

ïAmong ōŜǎǘ άŎƻƳǇƭŜǘŜƭȅ ǇŀǊŀƳŜǘŜǊ ŦǊŜŜέmethod for neural networks.
[Ward et al., 2020, Mischenko& Defazio, 2023]

‌
‌

‏ В Ὢɳύ



1/L AdaGradNorm (‌ ρȟ‏ ρπ )

AdaGradNorm (‌ ρπ) AdaGradNorm (‌ ρππ) AdaGradNorm (‌ ρπππ)



Smooth-Until-Guilty Backtracking

ÅAlso exist step sizes that are competitive with optimal ‌ ρȾὒ.

ÅSmooth-until-guilty (SUG) backtracking algorithm:

ïAt each iteration initialize guess ὒ to previous guess ὒ .

ïCheck whether descent lemma inequality is satisfied with ‌ ρȾὒ. 

ÅIf yes, acceptthe step (makes similar progress to optimal step size).

ÅIf not, double ὒ and test again (until it is satisfied).

ÅSUG guarantees same progress bound as using ‌ .

ïFor any small enough ὒ.

[Beck & Teboulle, 2009]



Comparing

Å25 gradient evals with ‌ or smooth-until-guilty (SUG)algorithm:

ÅOften works better than ‌ ρȾὒ.

ÅTotal number of rejects is at most logarithmic.

Smooth Until Guilty (ὒ ρ1/L

ὒ πȢρ

ὒ πȢπρ



Question: How do I reallyset the GD step size? 



Beyond 2/L and 1/L

ÅReality is more complicated ǘƘŀƴ ǘƘŜ άǎŀŦŜέ ςȾὒŀƴŘ άƻǇǘƛƳŀƭέ ρȾὒ.

ïUsing ‌ ρȾὒor SUG work terriblyin practice.

ïAnd for neural networks L=Њbut GD so we need ‌ πȩ

Å¢ƻ ǳƴŘŜǊǎǘŀƴŘ ōŜǘǘŜǊΣ ƭŜǘΩǎ ǊŜǾƛŜǿ how we got to ςȾὒand ρȾὒ:

1. Define ὒas global maximum of sharpness( ​Ὢύ , max singular value).

2. Bounded 2nd-order  term in Taylor expansion (ὨᶯὪύὨ ὒὨ ).

3. Looked at the effect of taking 1 step of GD.

Å¢Ƙƛǎ ƳŀƪŜǎ άŀǇǇƭȅ ŘŜǎŎŜƴǘ ƭŜƳƳŀ ǊŜǇŜŀǘŜŘƭȅέ ŀ very loose bound.

ï[ŜǘΩǎ relax each of the 3 ōƻǳƴŘǎΧ



Beyond 2/L and 1/L

ÅLocal sharpness bound ὒύ may be much smaller than global ὒ.
ïάNot always in sharpest regionέΦ

ïOur safe step size limit is now ςȾὒύ and our optimal step size is ρȾὒύ .
Åά/ŀƴ ǘŀƪŜ ōƛƎƎŜǊ ǎǘŜǇǎ ƛƴ ŦƭŀǘǘŜǊ ǊŜƎƛƻƴǎέΦ

ïFor neural networks we have finite ὒύ so ‌ π.s.

ÅQuadratic formὺᶯὪύὯὺmay not be maximized by gradient.
ïάDǊŀŘƛŜƴǘ Ƴŀȅ ƴƻǘ Ǉƻƛƴǘ ƛƴ ǎƘŀǊǇŜǎǘ ŘƛǊŜŎǘƛƻƴέΦ

ïBounding second-order Taylor expansion by ὒύ is too conservative.

ÅFor least squares, optimal step size is Ὢɳύ Ὢɳύ ȾɳὪύ 88ɳÆ× .
ïAnd the safe step limit can be as large 2/‘.

ÅIf quadratic form is negative, can take a huge step to escape a saddle point.

ÅConsider that you take more than 1 step of GD.
ïaŀȅ ǿŀƴǘ ǘƻ ǘŀƪŜ ŀƴ άǳƴǎŀŦŜέ ǎǘŜǇ ƛŦ ƛǘ ƭŜŀŘǎ ǘƻ ƳƻǊŜ ǇǊƻƎǊŜǎǎ ƻǾŜǊŀƭƭ ƭŀǘŜǊΦ

5ƻƴΩǘ ƴŜŜŘ ǎƳŀƭƭ ‌ƛƴ άŦƭŀǘέ 
ŀǊŜŀ Ƨǳǎǘ ōŜŎŀǳǎŜ ŀ άǎƘŀǊǇέ 

area exists!



Beyond 2/L and 1/L

ÅLocal sharpness bound ὒύ may be much smaller than global ὒ.
ïάNot always in sharpest regionέΦ

ïOur safe step size limit is now ςȾὒύ and our optimal step size is ρȾὒύ .
Åά/ŀƴ ǘŀƪŜ bigger steps in flatter ǊŜƎƛƻƴǎέΦ

ïFor neural networks we have finite ὒύ so ‌ π.

ÅQuadratic formὺᶯὪύὯὺmay not be maximized by gradient.
ïάGradient may not point in sharpest directionέΦ

ïBounding second-order Taylor expansion by ὒύ is too conservative.

ÅFor least squares, optimal step size is Ὢɳύ Ὢɳύ ȾɳὪύ 88ɳÆ× .
ïAnd the safe step limit can be as large 2/‘.

ÅIf quadratic form is negative, can take a huge step to escape a saddle point.

ÅConsider that you take more than 1 step of GD.
ïaŀȅ ǿŀƴǘ ǘƻ ǘŀƪŜ ŀƴ άǳƴǎŀŦŜέ ǎǘŜǇ ƛŦ ƛǘ ƭŜŀŘǎ ǘƻ ƳƻǊŜ ǇǊƻƎǊŜǎǎ ƻǾŜǊŀƭƭ ƭŀǘŜǊΦ



Beyond 2/L and 1/L

ÅLocal sharpness bound ὒύ may be much smaller than global ὒ.
ïάNot always in sharpest regionέΦ

ïOur safe step size limit is now ςȾὒύ and our optimal step size is ρȾὒύ .
Åά/ŀƴ ǘŀƪŜ bigger steps in flatter ǊŜƎƛƻƴǎέΦ

ïFor neural networks we have finite ὒύ so ‌ π.

ÅQuadratic formὺᶯὪύὯὺmay not be maximized by gradient.
ïάGradient may not point in sharpest directionέΦ

ïBounding second-order Taylor expansion by ὒύ can be too conservative.
ÅFor least squares, optimal step size is ɳὪύ ȾɳὪύ ᶯὪύ Æɳ× .

ïAnd the safe step limit can be as large as  2/(smallest non-zero eigenvalue of Hessian).

ÅIf negative curvature, can take a huge step to escape a saddle point.

ÅConsider that you take more than 1 step of GD.
ïaŀȅ ǿŀƴǘ ǘƻ ǘŀƪŜ ŀƴ άǳƴǎŀŦŜέ ǎǘŜǇ ƛŦ ƛǘ ƭŜŀŘǎ ǘƻ more progress overall later.



Beyond 2/L and 1/L

ÅLocal sharpness bound ὒύ may be much smaller than global ὒ.
ïάbƻǘ ŀƭǿŀȅǎ ƛƴ ǎƘŀǊǇŜǎǘ ǊŜƎƛƻƴέΦ
ïOur safe step size limit is now ςȾὒύ and our optimal step size is ρȾὒύ .
Åά/ŀƴ ǘŀƪŜ ōƛƎƎŜǊ ǎǘŜǇǎ ƛƴ ŦƭŀǘǘŜǊ ǊŜƎƛƻƴǎέΦ

ïFor neural networks we have finite ὒύ so ‌ π.
ïLogistic regression with separable data: ὒύ ᴼπso we can use arbitrarily large steps.

ÅQuadratic formὺᶯὪύὯὺmay not be maximized by gradient.
ïάDǊŀŘƛŜƴǘ Ƴŀȅ ƴƻǘ Ǉƻƛƴǘ ƛƴ ǎƘŀǊǇŜǎǘ ŘƛǊŜŎǘƛƻƴέΦ
ïBounding second-order Taylor expansion by ὒύ is too conservative.

ÅFor least squares, optimal step size is Ὢɳύ Ὢɳύ ȾɳὪύ 88ɳÆ× .
ïAnd the safe step limit can be as large 2/‘.

ÅIf quadratic form is negative, can take a huge step to escape a saddle point.

ÅConsider that you take more than 1 step of GD.
ïaŀȅ ǿŀƴǘ ǘƻ ǘŀƪŜ ŀƴ άǳƴǎŀŦŜέ ǎǘŜǇ ƛŦ ƛǘ ƭŜŀŘǎ ǘƻ more progress overall later.

1/L for 25 steps
2.1/L for 24 steps, 1/L for 1 step

άdivergedέ ŦƻǊ нп 
steps then got 

closerto solution!

2.1/L for 25 steps



ÅConsider a function that satisfies glocalsmoothness:

ïGlobally ὒ-smooth.

ïLocally ὒz-smooth near solution, where Ὢύ Ὢz Ȣ‏

ÅUnder this assumption, need to increase step size in flat region.

ïUsing ‌ or SUG can perform arbitrarily bad.

Simple Model of ὒύ : Glocal Smoothness

[Fox et al., 2026]

άŦƭŀǘ ǊŜƎƛƻƴέ

άǎƘŀǊǇ ǊŜƎƛƻƴέ
ύ

ύz



Can we really have ὒzḺὒ?

ÅConsider logistic regression with separable data:

ÅFor data matrix ὢ, usual estimate of ὒis ὢ .

ÅOnce we have ὴώ πȢωω, ὒ ᴁὢᴁͮς.
ïGD can steps that are 25-times larger.

ÅGlocalLipshitzconstant given ‏is ὒz .ᴁὢᴁͮς‏
ïGD can eventually take arbitrarily-largersteps.

[Bohning, 1992]

άŦƭŀǘ ǊŜƎƛƻƴέ

άǎƘŀǊǇ ǊŜƎƛƻƴέ
ύ

ύz



Simple Model of ὒύ : Glocal Smoothness

ÅOptimal sequence of step sizes under glocalsmoothness:

ïUse ‌ ƛƴ άǎƘŀǊǇέ region

ïSwitch to ‌
ᶻ
ƛƴ άŦƭŀǘέregion.

ÅProblem: do not know ὒ, ὒz, or when we switchregions.

άŦƭŀǘ ǊŜƎƛƻƴέ

άǎƘŀǊǇ ǊŜƎƛƻƴέ
ύ

ύz

Small steps: ‌

Big steps: ‌
ᶻ



Simple Model of ὒύ : Glocal Smoothness

ÅBut practical algorithms achieve rate of optimal sequence:
ïSUG with resets of ὒ to large value.
ÅOften relaxing decrease to allow larger step sizes (Armijo condition).

ïGreedy step size of minimizing function along gradient direction.
ÅEfficient numerically for linear models and SO-friendly neural networks.

ÅApproximate using line searches based on Wolfe conditions.
ïAnnoying to implement but only small cost increase if implemented carefully.

ïPolyakstep size for convex functions.
ÅNo extra Ὢύ evals but requires Ὢz.

ïAdGdstep sizes for convex functions.
ÅSafeguarded approximation of ὒύ along most-recent algorithm step.

ÅBonus for these practical methods:
ïExploit that ɳὪύ may not be in sharpest directionsto some extent.

[Polyak, 1987, Malitsky& Mischenko, 2019, Shea & Schmidt, 2024]

‌
Ὢύ Ὢz

Ὢɳύ



1/L



Non-Uniform Smoothness (ὒ Њ)

ÅFor neural networks global ὒ Њ.

ïSo globally there is no safe constant step size.

ÅOne model of this is non-uniform smoothness (NUS):

ïά{ƘŀǊǇƴŜǎǎ ŘŜŎǊŜŀǎŜǎ ŀǎ ƎǊŀŘƛŜƴǘ ŘŜŎǊŜŀǎŜǎΦέ

ïAllows ὒ Њbut finite ὒύ .

ÅAlways exists safe step sizes, with larger step sizes allowed as gradient shrinks.

ÅNUShas been used to justify constant step with gradient clipping:

ᶯὪύ ὒ ὒᴁɳὪύᴁ

ύ ύ ‌ẗÃÌÉÐὪɳύ ÃÌÉÐÖ

ὺÉÆὺ †

†

ὺ
ὺÉÆὺ †



Non-Uniform Smoothness (ὒ Њ)

ÅGD in descent lemma under NUS:

ïNeeds to be tiny to make up for cubic red term.

ÅClipped(GD) shrinks effective ‌ by †Ⱦ Æɳ× when clipped.

ïDescent lemma when clipping is active with max_grad_norm = 1.0 :

ïThis is similar to usual GD progress even if ᴁɳὪύ ᴁand ‌ are large.

ÅBut without squared norm and limit on progress (goes away as gradient shrinks).

[Bauschkeet al., 2017, Lu et al., 2018, Zhang et al., 2020, Kunstneret al., 2021, Zhang et al., 2025, Alimisiset al. 2025, Vaswani et al., ICML 2026]

Ὢύ Ὢύ ‌ Ὢɳύ
‌ ὒ ὒ Ὢɳύ
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Non-Uniform Smoothness (ὒ Њ)

ÅAnother common variant of non-uniform smoothness:

ïUnder this assumption we need step size warm-up:

ÅNeed small but increasing step sizes at start to deal with large initial sharpness.

ïFor separable logistic, adaptive ‌ ƎƻŜǎ ŦǊƻƳ άsub-linearέ ǘƻ άlinearέ ǊŀǘŜǎΦ

ÅOptimization community has explored relative smoothness:

ïSmooth compared to a reference function Ὣ.

ÅLeads to global progress bounds for functions like ȿύȿ, and tight EM analysis.

[Bauschkeet al., 2017, Lu et al., 2018, Zhang et al., 2020, Kunstneret al., 2021, Zhang et al., 2025, Alimisiset al. 2025, Vaswani et al., ICML 2026]

ᶯὪύ ὒ ὒ Ὢύ Ὢz

ᶯὪύ ὒᶯὫύ



Multi-Step Analyses?

2.1/L for 24 steps, 1/L for 1 step



Quadratic Functions

ÅFor multi-stepŀƴŀƭȅǎŜǎΣ ƭŜǘΩǎ ŦƛǊǎǘ ƭƻƻƪ ŀǘ quadratic functions:

ïIncludes linear least squares.

ïCan compute exact dynamics of GD (because gradient is linear).

ÅWith 2 variables visualizing quadratics is easy.

ï.ǳǘ ŘҐн ƛǎ άŜŀǎȅέ όǎǇŜŎƛŀƭ ǇǊƻǇŜǊǘƛŜǎύΦ

ÅVisualizing higher-dimensional quadratics is annoying.

ïBut we can use that GD is translation and rotation invariant.

Ὢύ
ρ

ς
ύ ὃύ ὦύ



Translate so 
solution is at 

0.

Rotate so 
eigenvectors 

align with 
axes

ÅWe now have a diagonal quadratic:
ïCan plot variables to see what happens along eigenvectors.

ÅClassic valleys and ravines perspective:
ïX-axis eigenvector is a valley(steep).
ÅNeed small step sizes to avoid going up other side.

ïY-axis eigenvector is a ravine(flat).
ÅNeed big step sizes to move along here.

ï‌
Ȣ

: progress along ravine, oscillates along valley.



GD Dynamics on Quadratics ςFixed Step Sizes

ÅIllustrate multi-step progress using 4-dimensional quadratic:

ïTwo valleys ǿƛǘƘ ǎǘŜŜǇƴŜǎǎ млл ŀƴŘ фл όάǎǘŜŜǇŜǎǘ ǾŀƭƭŜȅέ Ƙŀǎ ὒ ρππ).

ïTwo ravines ǿƛǘƘ ǎǘŜŜǇŜƴǎ мл ŀƴŘ м όάŦƭŀǘǘŜǎǘ ǾŀƭƭŜȅέ Ƙŀǎ ‘ ρ).

‌ ρȾὒ ‌ ρȢωȾὒ ‌ ςȾὒ



GD Dynamics on Quadratics ςFixed Step Sizes

ÅAt each step, update of variable Ὦis given by:

ÅThe optimal fixed ‌ for ‗ᶰ‘ȟὒ is:

ïConverge at same speed along steepest valley and flattest ravine.
ÅSlows down progress along valley to speed up progress along ravine.

ïFor practical problems, really close to safe limit of ‌ ςȾὒ.

× ρ ‌‗× .‌ ςȾὒ

‌
ς

ὒ ‘



GD Dynamics on Quadratics ςFixed Step Sizes

‌ ρȾὒ ‌ ρȢωȾὒ

‌ ςȾὒ ‘‌ ςȾὒ

In this case ‌ ρȢωȾὒ
is better over 100 steps 
because of initialization
(starts close to bottom 

of flattest ravine)



5ƛƎǊŜǎǎƛƻƴΥ άWarmUp{ǘŀōƭŜ 5ŜŎŀȅέ

ÅA recently-ǘǊŜƴŘȅ ǎǘǊŀǘŜƎȅΥ άwarmup stable decayέΦ

ïStart with warm-up (small but increasing step sizes for initial sharpness).

ïSwitch to using large constant step size.

ïhŎŎŀǎƛƻƴŀƭƭȅ ǊŜŎƻǊŘ άcheckpointέ ŀƴŘ ŜȄǇƭƻǊŜ smaller step sizes.

Å¢ƘŜƴ ǊŜǘǳǊƴ ǘƻ άŎƘŜŎƪǇƻƛƴǘέ ŀƴŘ ƪŜŜǇ ƎƻƛƴƎΦ
[Hu et al., 2024, Wen et al., 2024]



WarmUpStable DecayStable Decrease

ÅFor quadratics we do not need warmup (constant ὒύ ).
ïFor deterministic optimization we do not need decay to 0.

Å[ŜǘΩǎ ŎƻƳǇŀǊŜ ƻǇǘƛƳŀƭ ǎǘŜǇ ǎƛȊŜ ǘƻ άStable DecreaseέΥ
ïUse big step size for a long time, then switch to a small step size.

ÅMoved quickly down ravine with large step size.
ïMoved quickly down valley with small step size.
ÅFunction value was barely changing ŘǳǊƛƴƎ ŦƛǊǎǘ ǇƘŀǎŜ όƭƻƻƪǎ ƭƛƪŜ άǎƭƻǿ ǇǊƻƎǊŜǎǎέύΦ

(ςȾὒthen ρȾὒat 80%)
‌ ςȾὒ ‘



Multi-Step Analyses ςConvex Functions

ÅMulti-Step analyses for convexfunctions:
ïPEP framework can give optimal step size if running for Ὕiterations.
ÅIf only doing 2 iterations, use ‌ ςȾσὒthen ‌ τȾσὒ.

ÅFor large Ὧ, starts with ‌ ρȾςὒand increases to ‌ ςȢςȾὒ.

ï!ƭǘǎŎƘǳƭŜǊΩǎsilver step size and DǊƛƳƳŜǊΩǎlong-steps:
ÅChain together cycles of step sizes that provably improve speed.
ï2-cycle: ρȢυȾὒthen almostσȾὒthen repeat.

ï3-cycle: ρȢυȾὒthen τȢωȾὒthen 1.5/Lthen repeat.

ï7-cycle: ρȢυȾὒthen 2.2/L then 1.5/Lthen ρςȾὒthen then 1.5/Lthen 2.2/Lthen 1.5/L then repeat.

ÅImpressive theory, ŘƻƴΩǘ ǿƻǊƪ ƎǊŜŀǘ in practice.
ïDo not account for local ὒύ or specific directions ɳὪύ .

ÅRecent work: use small constant with occasional Polyakstep.
ïFast under weaker conditions.



Multi-Step Analyses - Convex Functions
ςȾὒ ‘

Caveat: ὒύ is 
constant and 2d 
quadratics are special.
όάōŜǎǘ ŎŀǎŜέύ



Multi-Step Analyses - Convex Functions
‌ ςȾὒ ‘‌ ρȾὒ



Multi-Step Analyses ςQuadratic Functions

ÅMulti-Step analyses for quadraticfunctions:
ïChebyshevstep sizes if you know ὒ, ‘, and fixed horizon Ὕ:

ÅAccelerated convergencerate (depends on ὒȾ‘instead of ὒȾ‘).

ÅGoes from ρȾ‘to 1/L.
ïNumerically unstable, need to re-order steps to keep under control.

ïBa

ïrzilai-Borwein(BB) step sizes:
ÅApproximates second derivative along last step.

ÅSuperlinearconvergence rate (instead of linear).

ïά{ǇŜŎǘǊŀƭέ ǎǘŜǇ ǎƛȊŜǎ ƛŦ ȅƻǳ ƪƴƻǿ ŜƛƎŜƴǾŀƭǳŜǎΦ 
ïSolves problem after at most Ὠsteps.

‌
ς

ὒ ‘ ὒ ‘ÃÏÓ
ςὯ ρ
ςὝ“



Multi-Step Analyses ςQuadratic Functions

ÅMulti-Step analyses for quadraticfunctions:

ïBarzilai-Borwein(BB) step sizes:

ÅApproximates second derivative along last step.
ïSuperlinearconvergence rate (instead of linear).

ïάSpectralέ ǎǘŜǇ ǎƛȊŜǎ ƛŦ ȅƻǳ know eigenvalues ‗. 

ÅSet ‌ ρȾ‗ where ‗ is the Ὧth largest unique eigenvalue.
ïSolves problem after at most Ὠsteps (fully optimizes along one river/valley at each step).

‌
ᴁύ ύ ᴁ

ύ ύ Ὢɳύ Ὢɳύ



Multi-Step Analyses ςQuadratic Functions

ά{ƻƭǾŜŘέ 
after 14 
steps.

Solved after 
2 steps.



Multi-Step Analyses ςQuadratic Functions
‌ ςȾὒ ‘



Multi-Step Practical Algorithms

ÅStep sizes for quadratics seem very specific to quadratics!

ÅBut we have practical algorithms with related properties.

ïWe will see that momentumis related to Chebyshev and Spectral sizes.

ïBBoften works surprisingly well for non-quadratic functions.

ÅTypically with non-monotonic line search (allows increases).

ïOriginal cosine annealing schedules have similarity to Silver/Chebyshev.

ÅThough motivated from algorithms from discrete optimization.

ÅBut some practical approaches look very different:

ïάTry out every hyper-parameter ŀƴŘ ŎƘƻƻǎŜ ǘƘŜ ƻƴŜ ǘƘŀǘ ǿƻǊƪǎ ǘƘŜ ōŜǎǘέ



Multi-Step Practical Algorithms

ÅAnother practical multi-step algorithm is cyclic steepest descent:

ïTake [approximate] greedy step, then use it for ὸsubsequent steps.

ïOften works surprisingly well and we do not know why.

ÅGreedy adapts to local ὒύ and ɳ Ὢύ , cyclic part gives multi-step progress?

ά{ƻƭǾŜŘέ 
after 14 
steps.



Need ‌ Ȣ

Optimal is ‌ .

Optimal sequence is 

‌ .

Optimal sequence is 

‌ .

Optimal sequence is

‌
ȟɳ ȟɳ

.

Optimal sequence 
optimizes Ὢύ .

AdaGrad-Norm
SUG

Silver step sizes
WarmUp

Greedy
AdGd

WarmUpStable Decay
Cyclic Steepest Descent

ά¢Ǌȅ ƻǳǘ ŀƭƭ ƘȅǇŜǊ-ǇŀǊŀƳŜǘŜǊǎέ

ÅMost theory lives 
on Level 1.

ÅSome theory on 
Level 2.

ÅNeed more Level 3 
and 4 theory!

ÅPractice lives on 
Level 4.

Level 1 Step sizes:

Level 2 Step sizes:

Level 3 Step sizes:

Level 4 Step sizes:



.ŜŦƻǊŜ ǿŜ ƎŜǘ ǘƻ {D5Χ



ÅLǎǎǳŜǎ ǘƘŀǘ ƘŀǾŜ ŀ ƘǳƎŜ ƛƴŦƭǳŜƴŎŜ ōǳǘ ƴƻǘ ǾƛŜǿŜŘ ŀǎ άƻǇǘƛƳƛȊŀǘƛƻƴέΥ

ïInitialization.

ïRegularization.

ïNormalization.

ÅEspecially important for neural networks. 

ï[ŜǘΩǎ briefly discuss their influence in fixed feature case.


