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Abstract

We consider stochastic second-order methods for minimizing smooth and strongly-

convex functions under an interpolation condition, which can be satisfied by over-

parameterized machine learning models. Under this condition, we show that the

regularized subsampled Newton’s method (R-SSN) achieves global linear conver-

gence with an adaptive step-size and a constant batch-size. By growing the batch

size for both the subsampled gradient and Hessian, we show that R-SSN can con-

verge at a quadratic rate in a local neighbourhood of the solution. We also show

that R-SSN attains local linear convergence for the family of self-concordant func-

tions. Furthermore, we analyze stochastic BFGS algorithms in the interpolation set-

ting and prove their global linear convergence. We empirically evaluate stochastic

limited-memory BFGS (L-BFGS) and a “Hessian-free” implementation of R-SSN

for binary classification on synthetic, linearly-separable datasets and real datasets

under a kernel mapping. Our experimental results demonstrate the fast conver-

gence of these methods, both in terms of the number of iterations and wall-clock

time.
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Lay Summary

Machine learning applications rely heavily on efficient optimization algorithms to

find the best solution minimizing some cost function. By exploiting additional in-

formation about the cost function, we show that under certain conditions, one can

significantly speed up popular optimization algorithms for models that can com-

pletely fit the training data. Faster optimizers allow researchers and practitioners

to experiment with more model configurations with less time and resources. The

algorithm we analyze is particularly suitable for learning with a large number of

training examples, typical in modern-day machine learning.
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This thesis is based on a joint work with Sharan Vaswani, Issam H. Laradji, Mark
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Chapter 1

Introduction

1.1 Optimization in machine learning
Many machine learning tasks can be written as an optimization problem minimiz-

ing some objective function f : Rd → R. In supervised learning, the objective

measures how well the model fits a particular dataset. Training of such models

typically translates to finding a solution

w∗ = arg min
w

f(w) with f(w) =
1

n

n∑
i=1

fi(w). (1.1)

Here, each fi(w) corresponds to the loss incurred by the model parameterized by

w on the example (xi, yi) in the training set. We consider the unconstrained setting

where the search space for w can be all of Rd.

Assuming differentiability of f , we can solve the above problem using deter-

ministic gradient-based algorithms such as gradient descent (GD) [Cauchy, 1847],

which iteratively finds the solution by computing updates of the form

wk+1 = wk − ηk∇f(wk), (1.2)

where ∇f(wk) is the gradient of f at wk. The step size sequence {ηk}k≥0 is

either defined prior to training or dynamically computed using methods such as

backtracking line search. These methods are referred to as first-order methods
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as they only require first-order derivatives to be computed at every step. First-

order methods are popular because the gradient can usually be easily obtained,

even for complicated models such as deep neural networks. The computation cost

for one iteration is linear in the dimensionality d, which is generally acceptable

for typical machine learning models. The convergence behaviour of first-order

methods has been well-studied for a wide range of function classes, we refer the

reader to Nesterov [2018] for a presentation of some classical analyses. However,

when the objective function is ill-conditioned, first-order methods will take a long

time to converge. For instance, while GD converges linearly with constant step-size

for smooth and strongly-convex functions, the rate of convergence could be rather

slow, as illustrated in Fig. 1.1.

The fundamental tradeoff in optimization is often between faster convergence

rate and higher iteration cost. Newton’s method is well-known for its quadratic

convergence rate in a local neighbourhood of the solution by using the following

update:

wk+1 = wk − ηk
[
∇2f(wk)

]−1∇f(wk). (1.3)

The Hessian matrix ∇2f(wk) contains the second-order partial derivatives, which

models the local curvature of the objective. Algorithms that incorporate the Hes-

sian are referred to as second-order methods. Although quadratic convergence is

extremely fast, Newton’s update as in Eq. (1.3) is much more expensive to com-

pute, since we need to compute the Hessian and solve a linear system to obtain the

update direction, which is cubic in d using standard matrix factorization methods.

This cost is practically infeasible for datasets with a large number of features or

models with many parameters, both in terms of computation and memory require-

ment. In this thesis, we mainly restrict our attention to moderate-sized problems

where this problem can be partially alleviated using conjugate gradient [Hestenes

and Stiefel, 1952] with Hessian-vector products [Pearlmutter, 1994], which allows

us to solve for the update in Eq. (1.3) inexactly.

When f has the finite-sum structure as in Eq. (1.1), the gradient and Hessian

of f also have a finite-sum structure:

∇f(w) =

n∑
i=1

∇fi(w) and ∇2f(w) =

n∑
i=1

∇2fi(w).

2
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Figure 1.1: Convergence paths taken by gradient descent versus by Newton’s
method on an ill-conditioned quadratic function. The contours repre-
sent the level curves of the objective. While gradient descent takes a
zig-zagging route as it converges to the minimum, Newton’s method
converges in exactly one step.

The training set size n in a typical dataset today can be so large that even paral-

lelized computation of such quantities on a GPU can be prohibitively expensive. In

the first-order regime, a natural solution is to replace the full gradient∇f(w) with

a stochastic approximation ∇fi(w), where i ∈ {1, . . . , n} is chosen uniformly at

random from the training set. The resulting update

wk+1 = wk − ηk∇fi(wk) (1.4)

is known as the stochastic gradient descent (SGD) update, introduced by Robbins

and Monro [1951]. Alternatively, one can also define a minibatch version as

wk+1 = wk − ηk∇fG(wk) (1.5)

for some G ⊂ {1, . . . , n} sampled without replacement. The convergence rate of

SGD is usually inferior to its deterministic counterpart, due to the variance in the
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stochastic approximation of the gradient ∇fi(wk) or ∇fG(wk). Several variance-

reduced versions of SGD have been proposed, including by Defazio et al. [2014],

Johnson and Zhang [2013], Schmidt et al. [2017]. However, these methods are

still first-order and thus can suffer from ill-conditioning. Popular adaptive meth-

ods [Duchi et al., 2011, Kingma and Ba, 2015, Tieleman and Hinton, 2012] allevi-

ate this problem to some extent by using the covariance of stochastic gradients to

approximate second order information, although there are no worst-case guaran-

tees on the quality of these approximations. Empirically, these adaptive methods

are more robust to the problem’s conditioning and result in decent performance

across different tasks.

Similarly, in the second-order regime, to reduce the dependence on the number

of training examples, subsampled Newton’s method (SSN) [Bollapragada et al.,

2018a, Erdogdu and Montanari, 2015, Roosta-Khorasani and Mahoney, 2016a,b,

Xu et al., 2016] takes a single example or a minibatch to form the subsampled

Hessian in each iteration. The corresponding update then becomes

wk+1 = wk − ηk
[
∇2fj(wk)

]−1∇fi(wk), (1.6)

for some randomly chosen example i and j that may or may not be the same. The

corresponding minibatch version is given by

wk+1 = wk − ηk
[
∇2fS(wk)

]−1∇fG(wk), (1.7)

where G, S ⊂ {1, . . . , n} are uniformly chosen minibatches. In addition to the

variance coming from the gradient approximation, we now also have variance com-

ing from the Hessian approximation ∇2fj(wk) or ∇2fS(wk), hampering the fast

convergence achieved in the deterministic setting. In this work, we are interested in

exploring the class of objective functions for which subsampled Newton’s methods

can perform competitively albeit using stochastic approximations. This will allow

us to justify their use in modern machine learning applications that have a huge

number of training examples.

4



1.2 Over-parameterization and optimization
Recently, there has been a growing interest in optimizing over-parameterized ma-

chine learning models. These models are often highly expressive with a hypoth-

esis space so large such that they can interpolate the training data. Interpolation

in this case means that there exists a solution w∗ for the overall objective f that

can simultaneously minimize all component losses fi. Some works have shown

that over-parameterization plays a key role in the observed fast convergence of

optimization algorithms. In particular, Du et al. [2019] proved that for a shallow

but wide enough ReLU network, over-parameterization and random initialization

jointly allows GD to converge at a linear rate to the global minimum. Similarly,

Allen-Zhu et al. [2019] show that for deep neural networks with wide layers, even

SGD can converge globally at a linear rate with a polynomial dependency on the

network width.

Altough over-parameterization seems to be a desirable property that could

speed up optimization algorithms, one should nonetheless be skeptical about the

generalization properties of such overparamterized models: when we find a solu-

tion that achieves zero loss on all training examples, aren’t we overfitting? Fortu-

nately, this is not the case for many commonly-used machine learning models. For

instance, nonparametric kernel regression without regularization can achieve opti-

mality in both the training loss and the statistical sense [Belkin et al., 2019, Liang

and Rakhlin, 2018]. The classical boosting technique can also drive the training

error to zero while continuing to decrease the test error [Schapire et al., 1998].

Zhang et al. [2017] empirically demonstrated that for many overparamterized deep

neural networks, the gap between the training and test performance is in fact quite

small. These results motivate us to investigate optimizers that can train quickly on

these highly expressive models but can also generalize well.

Instead of characterizing overparamterization based solely on model size prop-

erties such as the number of trainable parameters, another line of work focuses on

the interpolation property directly and the implications on the gradients of the ob-

jective. If we assume each fi is differentiable, then interpolation means that each

component gradient can also become zero at the solution. In particular, Schmidt

and Le Roux [2013] show that with a strong growth condition (SGC) on the size of

5



the stochastic gradients∇fi(w), SGD with constant step-size achieves the same rate

as in the deterministic setting for both convex and strongly-convex functions. Both

Ma et al. [2018] and Vaswani et al. [2019a] show that this can be achieved under

milder conditions. Additionally, interpolation can allow SGD to match the deter-

ministic rates in the convex [Cevher and Vũ, 2019, Schmidt and Le Roux, 2013,

Vaswani et al., 2019a] and non-convex [Bassily et al., 2018, Vaswani et al., 2019a]

settings. The interpolation assumption also allows for momentum-type methods

to achieve the accelerated rates of convergence for least-squares [Gower et al.,

2018] and more generally in convex settings [Liu and Belkin, 2018, Vaswani et al.,

2019a]. Although the step size in these settings depends on unknown quantities, it

has been recently shown that stochastic line-search methods based on the Armijo

condition can be used to automatically set the step size and still achieve fast con-

vergence rates [Vaswani et al., 2019b]. These results are promising in the sense

that they demonstrate interpolation can be a favourable condition in speeding up

the training of over-parameterized models. However, there has not been studies on

how such conditions affect the convergence rate in the second-order regime. One

exception is mentioned in Bertsekas [2016], which is the equivalence of the Gauss-

Newton method to Newton’s method for solving nonlinear least-squares problems

when interpolation is satisfied, in which case Gauss-Newton will also enjoy the

quadratic convergence in a local neighbourhood of the solution. In this thesis, the

main question we aim to answer is how does interpolation play a role in the con-

vergence behaviour of stochastic second-order methods.

1.3 Contributions
We focus on the regularized subsampled Newton’s method (R-SSN) that uses the

Levenberg-Marquardt (LM) regularization [Levenberg, 1944, Marquardt, 1963] to

ensure a well-defined update direction. We first analyze the convergence rate of

R-SSN for strongly-convex functions in the interpolation setting. In Chapter 2, we

show that R-SSN with an adaptive step-size and a constant batch-size can achieve

global linear convergence in expectation. This is in contrast with the work of Bol-

lapragada et al. [2018a] and Bellavia et al. [2018] that analyze subsampled Newton

methods without interpolation, and require a geometrically increasing batch-size

6



to achieve global linear convergence.

If we allow for a growing batch-size in the interpolation setting, R-SSN re-

sults in linear-quadratic convergence in a local neighbourhood of the optimal so-

lution. In contrast, in order to obtain superlinear convergence, Bollapragada et al.

[2018a] require the batch size for the subsampled gradient to grow at a faster-than-

geometric rate. Our results thus show that interpolation allows R-SSN to achieve

fast convergence with a more reasonable growth of the batch size.

In Chapter 3, we analyze the convergence of R-SSN for self-concordant func-

tions under the interpolation setting, and show that R-SSN with an adaptive step-

size and constant batch-size results in local linear convergence in expectation.

Closest to our work is the recent paper by Marteau-Ferey et al. [2019a] that shows

approximate Newton methods achieving local linear convergence independent of

the condition number; however, they do not consider the interpolation setting and

require the approximate Newton directions being “close” to the exact Newton di-

rection with high probability, which is difficult to verify in practice.

In Chapter 4, we view stochastic Quasi-Newton methods as preconditioned

SGD and study their behaviour in the interpolation setting. We prove that these

algorithms, including the popular L-BFGS [Liu and Nocedal, 1989], the limited-

memory version of Broyden–Fletcher–Goldfarb–Shanno algorithm (BFGS), can at-

tain global linear convergence with a constant batch-size. Our result is in contrast

to previous works that show the global linear convergence of stochastic BFGS al-

gorithms by either using variance-reduction [Kolte et al., 2015, Lucchi et al., 2015,

Moritz et al., 2016] or progressive batching strategies [Bollapragada et al., 2018b].

Finally, in Chapter 5, we evaluate R-SSN and stochastic L-BFGS on binary clas-

sification problems. We use synthetic linearly-separable datasets and consider real

datasets under a kernel mapping. We use automatic differentiation and truncated

conjugate gradient [Hestenes and Stiefel, 1952] to develop a “Hessian-free” imple-

mentation of R-SSN that allows computing the Newton update without additional

memory overhead.1 When interpolation holds, we observe that both R-SSN and

stochastic L-BFGS enjoy faster convergence when compared to popular first-order

methods [Duchi et al., 2011, Johnson and Zhang, 2013, Kingma and Ba, 2015].
1Our code is available at https://github.com/IssamLaradji/ssn.
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Furthermore, a modest batch-growth strategy and stochastic line-search [Vaswani

et al., 2019b] scheme ensure that R-SSN is computationally efficient and compet-

itive with stochastic first-order methods and L-BFGS variants in terms of both the

number of iterations and wall-clock time required for convergence.
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Chapter 2

Subsampled Newton’s method

In this chapter, we present our main theoretical results and analyses for R-SSN. We

first formally introduce the problem setup and the assumptions we make in Sec-

tion 2.1, followed by a review of the recent work in the convergence analyses of

subsampled Newton-type methods in Section 2.2. We characterize its global linear

convergence in Section 2.3 and local quadratic convergence in Section 2.4 under

interpolation. We use the notions of Q and R-convergence rates [Nocedal and

Wright, 2006, Ortega and Rheinboldt, 1970] reviewed in Appendix A.6. Finally,

in Section 2.5, we discuss the future directions that may be of interest.

2.1 Background
We consider the unconstrained minimization of a finite sum as in Eq. (1.1) where

the overall objective f and each fi are twice continuously differentiable. R-SSN

takes a step in the subsampled Newton direction at iteration k ≥ 0:

wk+1 = wk − ηk [HSk(wk)]
−1∇fGk(wk), (2.1)

where ηk is the step size. The index sets Gk and Sk are independent samples of

indices uniformly chosen from {1, . . . , n} without replacement. We denote the

corresponding batch sizes by bgk = |Gk| and bsk = |Sk|. The subsampled gradient

9



and the regularized subsampled Hessian are defined as

∇fGk(wk) =
1

bgk

∑
i∈Gk

∇fi(wk), (2.2)

HSk(wk) =
1

bsk

∑
i∈Sk

∇2fi(wk) + τId (2.3)

where τ ≥ 0 is a hyperparameter for the LM regularization [Levenberg, 1944,

Marquardt, 1963]. This is also sometimes referred to as the damping parameter

in the literature [Martens, 2010] and is related to the inverse of the trust-region

radius [Nocedal and Wright, 2006]. Both the subsampled gradient and Hessian

(without the regularization) are unbiased, namely

EGk [∇fGk(wk)] = ∇f(wk) (2.4)

ESk [HSk(wk)] = ∇2f(wk) + τId. (2.5)

The independence assumption on Gk and Sk is only needed for the analysis and in

practice one can simply use the same batch to compute the subsampled gradient

and Hessian.

Throughout this thesis, we use ‖·‖ for the `2 norm of a vector or the spectral

norm of a matrix. For all our convergence results, we make the following standard

assumptions:

Assumption 1 (Strong convexity). The function f in Eq. (1.1) is µ-strongly convex

such that for all x, y ∈ Rd and some µ > 0,

f(y) ≥ f(x) + 〈∇f(x) , y − x〉+
µ

2
‖x− y‖2 . (2.6)

Furthermore, each component fi is µi-strongly convex with µi ≥ 0.

When µi = 0 for some i ∈ {1, . . . , n}, the component function fi is convex

but not strongly convex.

Assumption 2 (Smoothness). The function f in Eq. (1.1) is L-smooth, meaning

that the gradient of f is Lipschitz-continuous. Formally, for all x, y ∈ Rd and
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some finite L,

‖∇f(x)−∇f(y)‖ ≤ L ‖x− y‖ , (2.7)

which implies the descent inequality [Nesterov, 2018, Lemma 1.2.3]

f(y) ≤ f(x) + 〈∇f(x) , y − x〉+
L

2
‖x− y‖2 . (2.8)

Furthermore, each component fi is Li-smooth with finite Li.

We denote the condition number of f by κ = L/µ. Note that µi can be zero as

long as µ is strictly positive. This means that the component functions are allowed

to only be convex rather than all strongly-convex, in which case the problem would

become trivial as all components will be minimized at one unique point, so we

would only need to perform optimization on one example. Furthermore, we define

µ̄ =
1

n

n∑
i=1

µi (≤ µ) and L̄ =
1

n

n∑
i=1

Li (≥ L) (2.9)

to be the average strong-convexity and smoothness constants of f . These assump-

tions imply that for any subsample S, the average fi within S would be LS-smooth

and µS-strongly-convex, hence the eigenvalues of the corresponding subsampled

Hessian can be upper and lower-bounded. In particular, if we let

µ̃ = min
S
µS and L̃ = max

S
LS , (2.10)

then for any sample S and point w, the regularized subsampled Hessian HS(w)

has eigenvalues bounded in the range [µ̃ + τ, L̃ + τ ]. The LM regularization thus

ensures that HS(w) will always be positive definite, the subsampled Newton di-

rection exists and is unique.

Since f is strongly-convex, it has a unique minimizer, which we denote by w∗.

We focus on over-parameterized machine learning models capable of interpolating

the training data, which means all component functions fi are minimized atw∗. For

differentiable functions in the finite sum setting, interpolation formally implies that

if∇f(w∗) = 0, then∇fi(w∗) = 0 for all training examples i [Bassily et al., 2018,

Ma et al., 2018, Vaswani et al., 2019a,b]. It has been shown that for smooth and
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strongly-convex functions, interpolation implies the following growth assumption

on the stochastic gradients [Vaswani et al., 2019a, Propositions 1, 2], [Schmidt

and Le Roux, 2013].

Assumption 3 (SGC). A differentiable function f with a finite-sum structure satis-

fies the strong growth condition (SGC) if there exists ρ ≥ 1 such that for all w,

Ei ‖∇fi(w)‖2 ≤ ρ ‖∇f(w)‖2 .

Intuitively, this condition ensures that the stochastic gradients will decrease in

expectation as we approach w∗, at which we have ∇f(w∗) = 0. This can be seen

as a form of variance reduction inherent to the objective function. As examples,

if the training data spans the feature space, then the SGC is satisfied for models

interpolating the data when using the squared loss (for regression) or the squared

hinge loss (for classification).

2.2 Related work
There has been a rich body of work studying the performance of stochastic second-

order methods in machine learning. For SSN-type methods, Roosta-Khorasani and

Mahoney [2016a,b] derived probabilistic global and local convergence rates by us-

ing matrix concentration inequalities to bound the positive-definiteness of the sub-

sampled Hessian. Xu et al. [2016] extended these works and achieve a faster local

linear-quadratic convergence in high probability by using non-uniform sampling to

select the batch. Byrd et al. [2011] proposed to use Newton-CG with subsampled

Hessian and provide its convergence analysis as well as performance evaluation on

a speech recognition application. Pilanci and Wainwright [2017] introduced the

Newton Sketch method that uses a random projection of the subsampled Hessian

as the Hessian approximation. While Erdogdu and Montanari [2015]’s NewSamp

algorithm uses a regularized truncated SVD on the subsampled Hessian to form

its inverse, Agarwal et al. [2017] proposed to directly approximate the subsam-

pled Hessian inverse in their algorithm called LiSSA. A unified convergence rate

analysis of the above works is provided in Ye et al. [2017], and Li et al. [2020] the-

oretically justifies the use of these SSN-type methods for high-dimensional data.
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Note that in most of these works, although the Hessian is computed (or approx-

imated) using a subsample of the training set, the gradient used in the update is

computed exactly. When n is extremely large, these results can be less practically

interesting.

In the fully stochastic setting that we consider, Bollapragada et al. [2018a] gave

global R-linear rate and local superlinear convergence of SSN in expectation. Their

results depend on a batch size growth strategy that may be too aggressive to be

practical. Byrd et al. [2012] and Bellavia et al. [2018] obtained similar results for

inexact Newton-CG with a heavier emphasis on choosing the Hessian batch size,

as well as the forcing sequence to control CG’s accuracy at every iteration. For

the problem of online linear regression in particular, Patel [2016] introduced the

Kalman-based SGD that accumulates an approximation of the inverse Hessian to

achieve asymptotic optimality.

Although we only focus on convex objectives in this thesis, in the nonconvex

setting, Bergou et al. [2018] showed second-order results for the global conver-

gence of subsampled Newton’s method with line search. Milzarek et al. [2019]

combined SSN with proximal gradient to solve nonsmooth and noncovex problems.

Becker and Le Cun [1988] suggested using a computationally efficient diagonal ap-

proximation to the Hessian to improve the performance of second-order methods

in neural networks. There is also a line of work that exploit second-order informa-

tion via the Fisher information matrix as in natural gradient descent [Amari, 1998,

Le Roux et al., 2007, Martens and Grosse, 2015, Pascanu and Bengio, 2014] that

has been shown to work well in practice for deep learning applications. In contrast

to previous works on stochastic second-order methods, we consider R-SSN where

both the gradient and the Hessian are subsampled, and show global Q-linear con-

vergence and local Q-quadratic convergence in expectation for SSN for strongly-

convex objectives under the interpolation condition.

2.3 Global linear convergence
In this section, we show that for smooth and strongly-convex functions satisfying

the interpolation condition, R-SSN with an adaptive step-size and constant batch-

sizes for both the subsampled gradient and Hessian converges linearly from an
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arbitrary initialization.

Theorem 1 (Global linear convergence). Under µ-strong convexity, L-smoothness,

and ρ-SGC, the sequence {wk}k≥0 generated by R-SSN with step size

ηk =
(µSk + τ)2

L ((µSk + τ) + (LSk + τ) cg)
(2.11)

and constant batch sizes bsk = bs, bgk = bg converges to w∗ at a Q-linear rate

from an arbitrary initialization w0,

E[f(wT )]− f(w∗) ≤ (1− α)T (f(w0)− f(w∗)), (2.12)

where the constants are given by

α = min
{ (µ̄+ τ)2

2κcg(L̃+ τ)
,

(µ̄+ τ)

2κ(L̃+ τ)

}
and cg =

(ρ− 1) (n− bg)
(n− 1) bg

. (2.13)

The proof is given in Appendix A.2. While the dependence on bg is explicit,

the dependence on bs is through the constant µ̃; as bs tends to n, µSk tends to µ,

allowing R-SSN to use a larger step-size. Since µ ≥ µ̄, the rate characterization

constant α will be larger so R-SSN will converge faster. If we set bg = bs = n and

τ = 0, we obtain the rate

E[f(wT )]− f(w∗) ≤
(

1− 1

2κ2

)T
[E[f(w0)]− f(w∗)], (2.14)

which matches the deterministic rate [Karimireddy et al., 2018, Theorem 2] up to

a factor of 2. The minimum batch-size required to achieve the deterministic rate is

bg ≥
n

1 + (µ̄+τ)(n−1)
(ρ−1)

. (2.15)

Similar to SGD [Schmidt and Le Roux, 2013, Vaswani et al., 2019a], the interpo-

lation condition allows R-SSN with a constant batch-size to obtain Q-linear con-

vergence. In the absence of interpolation, SSN has only been shown to achieve an

R-linear rate by increasing the batch size geometrically for the subsampled gradi-

ent [Bollapragada et al., 2018a]. Next, we analyze the convergence properties of
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R-SSN in a local neighbourhood of the solution.

2.4 Local convergence
To analyze the local convergence of R-SSN, we make additional assumptions.

Assumption 4 (Lipschitz continuous Hessian). The function f in Eq. (1.1) has

M -Lipschitz continuous Hessian such that for all x, y ∈ Rd,

∥∥∇2f(y)−∇2f(y)
∥∥ ≤M ‖x− y‖ . (2.16)

This is a common assumption in analyzing local convergence of second or-

der methods [Bollapragada et al., 2018a, Nesterov, 2018, Roosta-Khorasani and

Mahoney, 2016b], and as Ye et al. [2017] have found this is in fact a necessary

condition to obtain quadratic convergence.

Assumption 5 (Bounded moments of the iterates). The sequence {wk}k≥0 gener-

ated by R-SSN satisfies

E [‖wk − w∗‖2 ] ≤ γ [E ‖wk − w∗‖ ]2 (2.17)

for some 0 < γ < ∞, where the expectation is taken over the entire history up

until step k.

If the iterates lie within a bounded set, then this assumption holds for some

finite γ [Berahas et al., 2020, Bollapragada et al., 2018a, Harikandeh et al., 2015].

Assumption 6 (Bounded variance of the subsampled Hessian). For allw ∈ Rd, the

subsampled Hessian of the function f in Eq. (1.1) has bounded sample variance,

namely
1

n− 1

n∑
i=1

∥∥∇2fi(w)−∇2f(w)
∥∥2 ≤ σ2 (2.18)

for some σ > 0.

Theorem 2 (Local convergence). Suppose Assumptions 1 to 3 in Theorem 1 are

satisfied. Additionally, under theM -Lipschitz continuous Hessian, γ-bounded mo-

15



ments of the iterates, and σ2-bounded variance of the subsampled Hessian assump-

tions, the sequence {wk}k≥0 generated by R-SSN with unit step-size ηk = 1 and

growing batch-sizes satisfying

bgk ≥
n

(n−1
ρ−1 ) ‖∇f(wk)‖2 + 1

, bsk ≥
n

n
σ2 ‖∇f(wk)‖+ 1

(2.19)

converges to w∗ at a linear-quadratic rate

E ‖wk+1 − w∗‖ ≤
γ(M + 2L+ 2L2)

2(µ̃+ τ)
(E ‖wk − w∗‖)2 +

τ

µ̃+ τ
E ‖wk − w∗‖

(2.20)

in a local neighbourhood of the solution where ‖w0 − w∗‖ ≤ 2(µ̃+τ)
γ(M+2L+2L2)

. Fur-

thermore, when τ = 0 and µ̃ > 0, R-SSN can achieve local quadratic convergence

E ‖wk+1 − w∗‖ ≤ γ
(M + 2L+ 2L2

2µ̃

)
(E ‖wk − w∗‖)2 .

The proof is provided in Appendix A.3. Note that the constant τ
µ̃+τ on the

linear term is less than one and hence contraction is guaranteed, while the con-

stant on the quadratic term is not required to be less than one to guarantee conver-

gence [Nesterov, 2018].

This theorem states that if we progressively increase the batch size for both

the subsampled Hessian and the subsampled gradient, then we can obtain a local

linear-quadratic convergence rate. For inexact Newton methods to obtain quadratic

convergence, it has been shown that the error term needs to decrease as a quadratic

function of the gradient [Dembo et al., 1982], which is not provided by SGC, and

hence the need for additional techniques such as batch growing. The required

geometric growth rate for Gk is the same as that of SGD to obtain linear con-

vergence without variance-reduction or interpolation [De et al., 2016, Friedlan-

der and Schmidt, 2012]. Note that the proof can be easily modified to obtain a

slightly worse linear-quadratic rate when using a subsampled Hessian with a con-

stant batch-size. In addition, following Ye et al. [2017], we can relax the Lipschitz

Hessian assumption and obtain a slower superlinear convergence. Unlike the ex-

plicit quadratic rate above, in the absence of interpolation, SSN without regulariza-
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tion has only been shown to achieve an asymptotic superlinear rate [Bollapragada

et al., 2018a]. Moreover, in this case, bgk needs to increase at a rate that is faster

than geometric, considerably restricting its practical applicability.

The following corollary (proved in Appendix A.3.1) states that if we decay

the LM-regularization sequence τk proportional to the gradient norm, R-SSN can

achieve quadratic convergence for strongly-convex functions. In fact, this decay

rate is inversely proportional to the growth of the batch size for the subsampled

Hessian, indicating that larger batch-sizes require smaller regularization. This is

expected because our overall objective f is strongly-convex, as we increase the

batch size the subsampled Hessian is closer to being positive-definite, and therefore

less regularization is required. This relationship between the regularization and

sample size is also consistent with the findings of Ye et al. [2017].

Corollary 1 (Local quadratic convergence). Under the same assumptions as Theo-

rem 2, if we decrease the regularization term according to τk ≤ ‖∇f(wk)‖, R-SSN

can achieve local quadratic convergence with ‖w0 − w∗‖ ≤ 2(µ̃+τk)
γ(M+4L+2L2)

:

E ‖wk+1 − w∗‖ ≤
γ(M + 4L+ 2L2)

2(µ̃k + τk)
(E ‖wk − w∗‖)2 ,

where µ̃k is the minimum eigenvalue of∇2fSk(wk) over all batches of size |Sk|.

Since µ̃ ≤ µ̃k, this gives a tighter guarantee on the decrease in suboptimality

at every iteration as the batch size grows and τk decreases. On the other hand,

if we make a stronger growth assumption on the stochastic gradients such that

Ei ‖∇fi(w)‖2 ≤ ρ ‖∇f(w)‖4, then R-SSN can achieve local quadratic conver-

gence using only a constant batch-size for the subsampled gradient and the same

growth rate for the subsampled Hessian. We state this result as Corollary 2 in Ap-

pendix A.3.2, but we acknowledge that this assumption might be too restrictive to

be useful in practice.

2.5 Future work
Convexity of the component functions are crucial to R-SSN as they guarantee the

eigenvalues of the subsampled Hessians are at least 0, and thus we only need to
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add an LM-regularization to ensure the overall update is well-defined. As many

modern machine learning models lead to nonconvex objectives such as deep neural

networks, ideally we would like to devise algorithms that can gracefully handle

negative curvature with provable fast convergence. In the nonconvex setting, it

may be interesting to analyze stochastic Gauss-Newton methods under interpola-

tion where the Gauss-Newton matrix is constructed using subsampled gradients but

still remains positive semidefinte.

Although our local convergence analysis yields faster rates with a less aggres-

sive batch growth compared to previous works, increasing the batch size at every

iteration is still not an ideal strategy in practice. Not only does the growth rate need

to be tuned, machine learning practitioners would need to modify the training loop

in their implementation to incorporate this change. Furthermore, increasing the

batch size can also lead to more expensive iterations and larger memory require-

ments. Exploring other techniques to essentially reduce the variance in the update

direction without incurring significant computational overhead and implementation

burden can potentially lead to wider practical acceptance of R-SSN.

Another interesting direction is instead of using the subsampled Hessians as

the Hessian approximation, one may attempt to analyze the convergence rates us-

ing subsampled diagonal or block-diagonal approximations to the Hessian. These

alternatives are favorable because solving for the update direction would be much

cheaper, and they can also significantly reduce the storage requirement due to the

sparsity compared to using the full, subsampled Hessian. Although the analysis

would naturally fall into the preconditioned SGD analysis, which we will discuss

in Chapter 4, one may be able to leverage the second-order information in these

approximations to obtain faster rates.
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Chapter 3

Self-concordance

It is easy to show that if we transform the iterates using a nonsingular linear opera-

tor, the corresponding Newton update is the same as that of in the original space un-

der the same transformation. This property of Newton’s method is known as affine

invariance. However, it is not reflected in classical analysis in which an affine trans-

formation on the iterates will cause the condition number to change, thereby chang-

ing the rate of convergence. In addition, the strong convexity, first and second-order

smoothness constants are often unknown in practice. Self-concordance, as we will

explain next, is a property of a function that can be used to yield affine-invariant

rate for Newton’s method. In this chapter, we present our analysis of R-SSN for

functions within this class, although our rate still bears problem-dependent con-

stants and it is unclear how to remove this dependence in the stochastic setting.

3.1 Background
We first introduce the definition of self-concordance in the univariate case.

Definition 1 ([Boyd and Vandenberghe, 2004]). A convex function f : R → R is

self-concordant if for all x ∈ R

|f ′′′(x)| ≤ 2f ′′(x)3/2. (3.1)

The constant 2 in the above definition is arbitrary, and we can choose any pos-

itive constant such that an appropriately rescaled f will satisfy Definition 1. In-
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tuitively, instead of using problem-specific constants to prescribe a bound on the

curvature’s rate of change, self-concordance allows one to do so using the curvature

itself to guarantee the Hessian doesn’t chang too rapidly. It is easy to show that self-

concordance is preserved under an affine transformation of the input, which makes

it a desirable alternative to the strong-convexity and smoothness assumptions. Ex-

amples of self-concordant functions include linear and quadratic functions, since

the third derivatives are zero. Negative logarithm and its sum with negative en-

tropy are also classic examples commonly used in interior-point methods. In the

multivariate setting, one defines self-concordance as the following:

Definition 2 ([Boyd and Vandenberghe, 2004]). A function f : Rd → R is self-

concordant if it is self-concordant along every line, i.e., if the function g(t) =

g(x+ tv) is self-concordant by Definition 1 for all t and x, v ∈ Rd.

An equivalent definition using tensor derivatives is given below, which is more

similar to the univariate case as in Definition 1.

Definition 3 ([Nesterov and Nemirovskii, 1994]). A function f : Rd → R is self-

concordant if for all x, h ∈ Rd,

|D3f(x)[h, h, h]| ≤ 2(D2(x)[h, h])3/2, (3.2)

where Dk(x)[h1, h2, . . . , hk] denotes the kth differential of f at x along the direc-

tions h1, h2, . . . , hk.

Similar to convexity, there exists operations under which self-concordance is

preserved. Multiplicative scaling of a self-concordant function by a factor greater

than 1 preserves self-concordance, the sum of two self-concordant functions is

self-concordant, and composition with affine functions or logarithm is also self-

concordant [Boyd and Vandenberghe, 2004]. The analysis for Newton’s method for

self-concordant functions relies heavily on a quantity called the Newton decrement:

λ(w) :=
〈
∇f(w) ,

[
∇2f(w)

]−1∇f(x)
〉1/2

= ‖∇f(w)‖[∇2f(w)]−1 . (3.3)

The Newton decrement is essentially measuring the (quadratic) norm of the gra-

dient with respect to the local curvature defined by the Hessian, and therefore it
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is affine-invariant. Similar to the Euclidean norm of the gradient, the Newton

decrement can be used as a stopping criterion in Newton’s method. Alternative

to measuring progress using the suboptimality gap between the current function

value or iterate to that of the optimum, we can instead use the Newton decrement

and obtain similar bounds without problem-specific constants. A reference to such

analysis for Newton’s method can be found in Boyd and Vandenberghe [2004].

3.2 Related work
Self-concordance was first introduced by Nesterov and Nemirovskii [1994] for bar-

rier functions in interior-point methods. The least-squares loss naturally satisfies

the self-concordance property because its third derivatives are 0. Other common

machine learning losses may require slight modifications on the definition. Bach

[2010] removed the power on the second derivative so that the condition can be sat-

isfied by logistic regression, and shows that under this modified condition, New-

ton’s method achieves convergence rate comparable to that obtained under stan-

dard self-concordance. However, this result does not preserve affine-invariance.

Marteau-Ferey et al. [2019b] further generalized the definition of Bach [2010],

which allows the Huber loss and generalized linear models to be included in this

functional class. For `2-regularized losses, Zhang and Lin [2015] showed that if

the third derivative of the overall loss can be bounded by the second to some power

between 0 and 1, then it is self-concordant by Definition 1. They show that regu-

larized logistic regression and smoothed hinge loss belong to this class. Essentially

all these extended definitions boils down to different ways of controlling the third

derivative by the second.

Recently, there has been growing interests in analyzing variants of Newton’s

method for self-concordant functions. Pilanci and Wainwright [2017] provided

global convergence results for Newton Sketch for functions within this class. Zhang

and Lin [2015] proposed a distributed inexact Newton’s method in which the mas-

ter node solves for the Newton update using inexact conjugate gradient (CG). Our

analysis is similar to theirs but we instead adapt the step size and analysis to

the stochastic setting. Eisen et al. [2018], Mokhtari et al. [2016] introduced the

Ada Newton method that computes a geometrically increasing batch-size based
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on a targeted statistical accuracy, and show local quadratic convergence for self-

concordant functions with high probability. However, none of these works analyze

stochastic Newton methods for self-concordant functions. Marteau-Ferey et al.

[2019a] showed that for functions in the generalized self-concordance class [Bach,

2010], approximate Newton methods can achieve local linear convergence inde-

pendent of the condition number; however, they require the approximate Newton

directions being “close” to the exact Newton direction with high probability.

3.3 Stochastic formulation
To characterize the convergence rate of R-SSN under self-concordance, we define

the regularized Newton decrement at w by

λ(w) := 〈∇f(w) ,
[
∇2f(w) + τId

]−1∇f(w)〉1/2. (3.4)

When τ = 0, this corresponds to the standard definition of the Newton decrement

in Eq. (3.3). If we denote the standard Newton decrement as λ0(w), then the

regularized version can be bounded as λ(w) ≤ λ0(w). We also introduce the

regularized stochastic Newton decrement as

λ̃i,j(w) := 〈∇fi(w) , [Hj(w)]−1∇fi(w)〉1/2 (3.5)

for independent samples i and j, where Hj(w) is the regularized subsampled Hes-

sian defined in Eq. (2.3). Again, the fact that we use independent samples for the

subsampled gradient and Hessian here is only a technicality of the analysis.

3.4 Convergence analysis
In the following proposition, we show that a similar growth condition for the regu-

larized stochastic Newton decrement can be derived from the SGC (Assumption 3).

Proposition 1. Suppose function f satisfies the SGC (Assumption 3) with param-

eter ρ. For any positive definite matrices A,B with extreme eigenvalues λmin(B)
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and λmax(A), the following inequality holds for all w ∈ Rd:

E ‖∇fG(w)‖2A ≤
ρλmax(A)

λmin(B)
‖∇f(w)‖2B . (3.6)

Proof. From the LHS, we have

E ‖∇fG(w)‖2A ≤ λmax(A)E ‖∇fG(w)‖2 ≤ ρλmax(A) ‖∇f(w)‖2 .

From the RHS, we have

‖∇f(w)‖2B ≥ λmin(B) ‖∇f(w)‖2 .

Combining the two inequalities gives us the desired result.

Applying this proposition to the regularized stochastic Newton decrement in

Eq. (3.5) gives us the following assumption.

Assumption 7 (Newton decrement SGC). For all independent w and j, there exists

ρnd ≥ 1 such that

Ei
[
λ̃2
i,j(w)

]
≤ ρnd λ

2(w). (3.7)

For ease of notation, we use λ̃k to denote the regularized stochastic Newton

decrement computed using samples Gk and Sk. We now consider an update step

similar to Eq. (2.1) but with the step size adjusted to λ̃k,

wk+1 = wk −
c η

1 + η λ̃k
[HSk(wk)]

−1∇fGk(wk) (3.8)

where c, η ∈ (0, 1]. For the next theorem, we assume the iterates lie in a bounded

set [Harikandeh et al., 2015] such that ‖wk − w∗‖ ≤ D for all k.

Theorem 3 (Two-phased analysis). Suppose f is self-concordant and satisfies L-

smoothness, and that the subsampled Hessians have bounded eigenvalues in the

range [µ̃ + τ, L̃ + τ ] with µ̃ ≥ 0. Suppose Newton decrement SGC holds with

parameter ρnd = ρL
µ̃+τ . Then if the sequence {wk}k∈[0,m] generated by R-SSN in
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Eq. (3.8) stay in the bounded set with radius D with

η ∈
(

0,
c

ρnd(1 + L̃D/(µ̃+ τ))

]
where c =

√
µ̃+ τ

L
, (3.9)

and constant batch sizes converges to w∗ from an arbitrary initialization w0 at a

rate characterized by

E [f(wk+1)] ≤ f(wk)− η δ ω (λk) .

Here δ ∈ (0, 1] and the univariate function ω is defined as ω (t) = t − ln(1 + t).

Furthermore, in the local neighbourhood where λm ≤ 1/6, the sequence {wk}k≥m
converges to w∗ at a Q-linear rate, given by

E [f(wT )]− f(w∗) ≤
(

1− ηδ

1.26

)T−m
(E [f(wm)]− f(w∗)). (3.10)

The proof is given in Appendix A.4. The above result gives insight into the

convergence properties of R-SSN for loss functions that are self-concordant but not

necessarily strongly-convex. Note that the analysis of the deterministic Newton’s

method for self-concordant functions yields a problem-independent local quadratic

convergence rate, meaning it does not rely on the condition number of f . However,

the rate we obtain above is still problem-dependent, as both the step size η and the

rates themselves depend on µ̃, L̃, and L. It is non-trivial to improve the above

analysis and obtain a similar affine-invariant result. Similar to previous work, the

algorithm parameters for the inexact Newton method in Zhang and Lin [2015] also

depend on the condition number.

3.5 Future work
An obvious future direction is to search for analyses that yield problem-independent

rates and hyperparameters for R-SSN under self-concordance. One may need to

modify the way the effective step size adapts to the regularized stochastic New-

ton decrement, as in Eq. (3.8). Self-concordance analysis for Newton’s method

in the deterministic case is mainly to address the theoretical and practical discrep-

ancy, and therefore we did not include experiments specifically for R-SSN on self-
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concordant functions. However, it would be interesting to see how the adaptive

effective step-size in Eq. (3.8) perform in practice, even on objectives that are not

necessarily self-concordant. Since the R-SSN update already requires the Hessian-

vector product [HSk(wk)]
−1∇fGk(wk), computing λ̃k does not incur substantial

computation overhead.
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Chapter 4

Quasi-Newton methods as
preconditioned SGD

4.1 Background
The regularized subsampled Newton’s method (R-SSN) algorithm considered in

previous chapters can be viewed as preconditioned SGD, where the preconditioner

of the stochastic gradient direction is the inverse of the (regularized) subsampled

Hessian matrix. In fact, many popular stochastic optimization algorithms used in

machine learning can be expressed as some variant of preconditioned SGD, which

takes the following general form:

wk+1 = wk − ηkBk∇fGk(wk). (4.1)

Here, {ηk} is again the step size sequence and∇fGk(wk) is the subsampled gradi-

ent. The preconditioner Bk is a d × d symmetric, positive-definite matrix usually

designed to project the stochastic gradient step such that the resulting update di-

rection adapts to the local curvature of the problem. For SGD, the preconditioner

Bk is simply the identity matrix. If we sum the outer product of the stochastic gra-

dients over all iterations and take its inverse square root, we obtain the AdaGrad

preconditioner [Duchi et al., 2011]. In this chapter, we are particularly interested

in quasi-Newton methods which use low rank approximations to the Hessian or its
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inverse as the preconditioner. The most popular quasi-Newton methods are BFGS

[Nocedal and Wright, 2006] and L-BFGS, the limited-memory version [Liu and

Nocedal, 1989]. If we compute the full gradient, i.e. Gk = {1, . . . , n}, then the

original BFGS update for the preconditioners is

Bk+1 = (I − ρkskyTk )Bk(I − ρkyksTk ) + ρksks
T
k , (4.2)

where sk = wk+1 − wk, yk = ∇fGk+1
(wk+1) −∇fGk(wk), and ρk = (yTk sk)

−1.

The step size used in BFGS is chosen via line search to satisfy the Wolfe conditions,

which will guarantee positive-definiteness of Bk+1. There is no general rule for

choosing the initial preconditioner B0 in BFGS methods, one option is to just take

a positive multiple of the identity matrix. To scale to problems of larger dimen-

sions, instead of storing the full d× d matrix Bk, the L-BFGS method stores a few

past {sk, yk} pairs such that a modified version of Bk∇f(wk) can be computed

efficiently [Nocedal and Wright, 2006].

In the deterministic case, the BFGS method and other quasi-Newton meth-

ods such as the Davidon–Fletcher–Powell (DFP) method enjoy superlinear con-

vergence rates as characterized by Dennis and Moré [1974]. These methods are

attractive not only for their fast convergence, but also for their cheaper iteration

costs as they only require computing the gradient instead of the Hessian as in New-

ton’s method. In this chapter, we provide analyses for these type of methods in the

stochastic setting where the full gradient ∇f(wk) is replaced by the subsampled

estimates ∇fGk(wk), specifically under the interpolation condition. Although our

experimental results in Chapter 5 focus on the performance of stochastic L-BFGS

methods, our theoretical results can apply to any positive-definite preconditioner.

4.2 Related work
As our focus in this chapter is on preconditioned SGD in which the preconditioner

specifically tries to approximate the Hessian, we mainly discuss related works on

stochastic Quasi-Newton methods. In the determinstic case, Quasi-Newton meth-

ods use successive iterates and gradients to construct a positive-definite matrix as

the Hessian approximation. Berahas et al. [2019] proposed to sample around the

current iterate to construct better approximation to the Hessian inverse, although
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their algorithm is still deterministic in terms of the gradient computation. To reduce

the dependence on the size of the training set, Schraudolph et al. [2007] extended

deterministic quasi-Newton methods to the online convex optimization setting in

which the gradients used in their oBFGS and oLBFGS algorithms are stochastic

approximations to the full gradient. They show that these methods perform well on

non-interpolating quadratic problems and conditional random fields against well-

tuned SGD and natural gradient descent. Their empirical results were later backed

by convergence results from a unified theoretical framework for online variable

metric methods [Sunehag et al., 2009].

One limitation in these subsampled quasi-Newton methods is that the precon-

ditioner update depends on stochastic gradients computed at successive iterations,

and more importantly, using different batches. Unless the batch size is large enough

to guarantee sufficient overlap, this update can become extremely unstable. To al-

leviate this issue, and Byrd et al. [2012], Friedlander and Schmidt [2012] and Bol-

lapragada et al. [2018b] proposed to progressively increase the batch size during

the course of training, where the batch growth strategy is determined by different

tests based on the stochastic gradient variance. These algorithms converge linearly

for smooth and strongly-convex objectives and sublinearly for convex objectives.

On the other hand, Liu et al. [2018] used approximate second-order information to

provide stabilization and showed convergence to a neighbourhood of the solution

at a linear rate for both convex and nonconvex objectives.

Combined with variance-reduction techniques from popular first-order meth-

ods, stochastic BFGS-type methods can achieve global linear convergence [Kolte

et al., 2015, Lucchi et al., 2015, Moritz et al., 2016]. Gower et al. [2016] developed

stochastic block BFGS updates that combines sketching strategies and variance re-

duction to achieve linear convergence. Zhao et al. [2018] proposed a coordinate

transformation framework for analyzing the algorthms by Moritz et al. [2016] and

Gower et al. [2016], and suggested practical tricks such as adopting non-uniform

sampling when computing the stochastic gradients. Furthermore, Chang et al.

[2019] incorporated momentum into variance-reduced L-BFGS and achieves an

accelerated global linear convergence.

In the superlinear regime, Rodomanov and Kropotov [2016]’s Newton-type In-

cremental Method (NIM) maintains a quadratic model of the objective using sub-
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sampled Hessian information. Mokhtari et al. [2018]’s Incremental Quasi-Newton

(IQN) method also maintains aggregated information of the quadratic model, but

it does so without requiring Hessian computation nor an inverse. Although both

methods can achieve superlinear convergence, they require additional additional

memory in exchange for variance reduction. Instead of the commonly-used line-

search strategy, adaptive step-size strategies have been proposed to achieve R-

superlinear convergence with a growing batch-size [Gao and Goldfarb, 2019, Zhou

et al., 2017]. On a slightly different perspective, Kelley [2002]’s implicit filter-

ing method can achieve superlinear convergence using a deterministic and finite-

difference-based BFGS for minimizing objectives whose noise decreases as we ap-

proach the global minimum, similar to the interpolation setting. This work fills in

the gap between stochastic quasi-Newton methods and the interpolation condition

for over-parameterized models.

4.3 Convergence analysis
Consider the stochastic BFGS update,

wk+1 = wk − ηkBk∇fGk(wk) (4.3)

where Bk is a positive definite matrix constructed to approximate the inverse Hes-

sian
[
∇2f(wk)

]−1. For convex objectives, we can guarantee positive-definiteness

by including a small LM-regularization value to the stochastic BFGS precondi-

tioner [Schraudolph et al., 2007]. Therefore, as in previous works [Bollapragada

et al., 2018b, Lucchi et al., 2015, Moritz et al., 2016, Sunehag et al., 2009], we

assume that Bk has eigenvalues such that λ1I � Bk � λdI for all k, where

λ1 > 0. We now show that under the strong growth condition (SGC), stochastic

BFGS achieves global linear convergence with a constant step-size.

Theorem 4 (Global linear convergence of stochastic BFGS). Let µ-strong con-

vexity, L-smoothness, and ρ-SGC be satisfied, and suppose the eigenvalues of Bk

are bounded in [λ1, λd]. Then the sequence {wk}k≥0 generated by stochastic BFGS

with constant step-size ηk = η = λ1
cgLλ2d

and constant batch size bgk = bg converges
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to w∗ at a linear rate from an arbitrary initialization w0,

E[f(wT )]− f(w∗) ≤
(

1− µλ2
1

cg Lλ2
d

)T
(f(w0)− f(w∗))

where cg =
(n−bg) (ρ−1)

(n−1) bg
+ 1.

The proof is given in Appendix A.5. This rate matches the global linear rate for

R-SSN in Theorem 1 up to constants without having to compute second order infor-

mation. The strong-convexity assumption can be relaxed to the Polyak-Łojasiewicz

inequality [Karimi et al., 2016, Polyak, 1963] while giving a similar rate. In the

absence of interpolation, global linear convergence can only be obtained by us-

ing either variance-reduction techniques [Lucchi et al., 2015, Moritz et al., 2016]

or progressive batching [Bollapragada et al., 2018b]. Similar to these works, our

analysis for the stochastic BFGS method applies to preconditioned SGD where Bk

can be any positive-definite preconditioner.

4.4 Future work
As noted previously, our theoretical result in this chapter holds for all positive-

definite preconditioners with bounded eigenvalues. The fact that our analysis does

not take into account the specific structure of quasi-Newton preconditioners might

be the reason why we were unable to obtain a rate superior to that of SGD in the

interpolation setting. Recently, Kovalev et al. [2020] showed local linear and su-

perlinear convergence for randomized BFGS for self-concordant functions, as well

as a local linear rate for smooth and strongly-convex functions. It may be possible

to leverage their proof techniques and seek a globally fast convergence rate specific

to quasi-Newton methods under the interpolation condition. Extending these anal-

yses to the convex and non-convex settings would be another interesting direction.
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Chapter 5

Experiments

In this chapter, we verify the fast convergence of stochastic second-order meth-

ods on convex problems where interpolation is satisfied. Our experiments are

performed on a binary classification task using both synthetic and real datasets.

We evaluate two variants of R-SSN: R-SSN-const that uses a constant batch-

size and R-SSN-grow where we grow the batch size geometrically (by a constant

multiplicative factor of 1.01 in every iteration [Friedlander and Schmidt, 2012]).Al-

though our theoretical analysis of R-SSN requires independent batches for the sub-

sampled gradient and Hessian, we use the same batch for both variants of R-SSN

to reduce the computation costs and observe that this does not adversely affect the

empirical performance. We use truncated CG [Hestenes and Stiefel, 1952] to solve

for the (subsampled) Newton direction in every iteration. For each experiment,

we choose the LM regularization τ via a grid search. For R-SSN-grow, follow-

ing Corollary 1, starting from the LM regularization selected by grid search, we

progressively decrease τ in the same way as we increase the batch size. We eval-

uate stochastic L-BFGS (sLBFGS) with a “memory” of 10. For sLBFGS, we use

the same minibatch to compute the difference in the (subsampled) gradients to be

used in the inverse Hessian approximation (this corresponds to the “full” overlap

setting in Bollapragada et al. [2018b]), to which we add a small regularization to

ensure positive-definiteness. For both R-SSN and sLBFGS, we use the stochastic

line-search from Vaswani et al. [2019b] to set the step size.

We compare the proposed algorithms against common first-order methods:
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SGD, SVRG [Johnson and Zhang, 2013], Adam [Kingma and Ba, 2015] and Ada-

Grad [Duchi et al., 2011]. For all experiments, we use an (initial) batch size of

b = 100 and run each algorithm for 200 epochs. Here, an epoch is defined as one

full pass over the dataset and does not include additional function evaluations from

the line-search or CG. Subsequently, in Figs. 5.2 to 5.4, we plot the mean wall-clock

time per epoch that takes these additional computations into account. For SGD, we

compare against its generic version and with Polyak acceleration [Polyak, 1964],

where in both cases the step size is chosen via stochastic line-search [Vaswani

et al., 2019b] with the same hyperparameters, and the acceleration hyperparame-

ter is chosen via grid search. For SVRG, the step size is chosen via 3-fold cross

validation on the training set, and we set the number of inner iterations per outer

full-gradient evaluation to n/b. We use the default hyperparameters for Adam and

AdaGrad for their adaptive properties. All results are averaged across 5 runs.

5.1 Synthetic and linearly-separable datasets
We first evaluate the algorithms on binary classification using synthetic, linearly-

separable datasets with varying margins. Linear separability ensures the interpola-

tion condition will hold with a linear model. For each margin, we generate a dataset

with 10k examples with d = 20 features and binary labels. For these datasets, we

also compare against unregularized Newton and L-BFGS, both using the full-batch

(hence deterministic). For L-BFGS, we use the PyTorch [Paszke et al., 2019] im-

plementation with line search and an initial step size of 0.9.

In Fig. 5.1, we show the training loss for the logistic loss (row 1) and the

squared hinge loss (row 2). We observe that by incorporating second-order in-

formation, R-SSN can converge much faster than first order methods. In addition,

global linear convergence can be obtained using only constant batch-sizes, verify-

ing Theorem 1. Furthermore, by growing the batch size, R-SSN performs similar

to the deterministic Newton method, verifying the local quadratic convergence of

Theorem 2. Although for stochastic L-BFGS, our theory only guarantees linear

convergence globally (instead of superlinear) under interpolation, these methods

can be much faster than first order methods empirically. Finally, as we increase

the margin (from left to right of Fig. 5.1), the theoretical rate under interpolation
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improves since ρ decreases, resulting in faster and more stable convergence for the

proposed algorithms.
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Logistic Loss

Squared Hinge Loss

Figure 5.1: Comparison of R-SSN variants and stochastic L-BFGS against first
order methods on synthetic data where interpolation is satisfied, and
both R-SSN outperform first order methods. For each loss, the results
are on datasets with linearly-separable margins in [0.01, 0.05, 0.1, 0.5].
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5.2 Real datasets
We also consider real datasets mushrooms, rcv1, and ijcnn from the LIBSVM

repository [Chang and Lin, 2011], and use an 80 : 20 split for the training and test

set, respectively. We fit a linear model under the radial basis function (RBF) kernel.

The kernel mapping results in the effective dimension being equal to the number

of points in the dataset. This results in problem dimensions of 6.5k, 20k and 28k

for mushrooms, rcv1, and ijcnn respectively. The RBF-kernel bandwidths are

chosen via grid search using 10-fold cross validation on the training split, follow-

ing Vaswani et al. [2019b]. Note that the mushrooms dataset is linearly separable

under the chosen kernel mapping, and thus satisfies the interpolation condition. For

these datasets, we limit the maximum batch size to 8192 for SSN-grow to allevi-

ate the computation and memory overhead. We show the training loss, test accu-

racy, as well as the mean wall-clock time per epoch. For this set of experiments,

the stochastic line-search procedure [Vaswani et al., 2019b] used in conjunction

with sLBFGS can lead to a large number of backtracking iterations, resulting in a

high wall-clock time per epoch. To overcome this issue, we use a constant step-

size variant of sLBFGS and perform a grid search over [10−4, 1] to select the best

step-size for each experiment.

In the first rows of Figs. 5.2 to 5.4, we observe that when interpolation is

satisfied (mushrooms), the R-SSN variants and sLBFGS outperform all other

methods in terms of training loss convergence. When interpolation is not satis-

fied (ijcnn and rcv1), the stochastic second-order methods are still competitive

with the best performing method. In the second row, we observe that despite the

fast convergence of these methods, generalization performance does not deteri-

orate regardless of whether interpolation is satisfied. Furthermore, since all our

experiments are run on the GPU, we take advantage of parallelization and amortize

the runtime of the proposed methods. This is reflected in the third row, where we

plot the mean per-epoch wall-clock time for all methods. Also note that sLBFGS

is competitive with R-SSN in terms of the number of iterations, but has a higher

per-epoch cost on average.
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Logistic Loss Squared Hinge Loss

Figure 5.2: Comparison of R-SSN variants and stochastic L-BFGS against
first-order methods on the mushrooms dataset, which is linearly-
separable under the RBF kernel. R-SSN variants and sLBFGS perform
the best in this setting.
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Logistic Loss Squared Hinge Loss

Figure 5.3: Comparison of R-SSN variants and stochastic L-BFGS against
first-order methods on the ijcnn dataset. Although the interpolation
condition is not satisfied, higher-order methods are still competitive.
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Logistic Loss Squared Hinge Loss

Figure 5.4: Comparison of R-SSN variants and stochastic L-BFGS against first
order methods on the rcv1 dataset. Although the interpolation condi-
tion is not satisfied, higher-order methods are still competitive.
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Chapter 6

Conclusion

We showed that the regularized subsampled Newton’s method (R-SSN) method

with a constant batch-size achieves linear convergence rates when minimizing

smooth functions that are strongly-convex or self-concordant under the interpola-

tion setting. We also showed that interpolation enables stochastic BFGS-type meth-

ods to converge linearly. We validated our theoretical claims via experiments using

kernel functions and demonstrated the fast convergence of the proposed methods.

Our theoretical and empirical results show the potential for training large over-

parameterized models that satisfy the interpolation property. For future work, we

aim to investigate ways to handle non-convex losses and explore practical line-

search strategies so that stochastic second-order methods can be scaled to optimize

over millions of parameters.
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Appendix A

Supporting Materials

A.1 Common results
Lemma 1. Consider y = 1

n

∑n
i=1 yi where yi ∈ Rd. Then for a yi selected

uniformly at random, we have E [yi] = y. Suppose we uniformly draw a sample

B ⊂ {1, . . . , n} and let yB = 1
b

∑
i∈B where b = |B|. If the yi’s satisfy a growth

condition such that

Ei ‖yi‖2 ≤ c ‖y‖2

for some c > 0. Then the expected squared norm of the error ε = yB − y can be

bounded as

E ‖yB − y‖2 ≤
(n− b)(c− 1)

(n− 1)b
‖y‖2 .

Proof. For an arbitrary entry j ∈ {1, . . . , d}, the error ε2j can be bounded using its

sample variance [Lohr, 2019] as follows,

ε2j =
n− b
nb

1

n− 1

n∑
i=1

((yi)j − yj)2

=
n− b
nb

1

n− 1

n∑
i=1

((yi)
2
j − 2(yi)jyj + y2

j ).
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Take the squared norm of ε, we have

‖ε‖2 =
n− b
nb

1

n− 1

d∑
j=1

n∑
i=1

((yi)
2
j − 2(yi)jyj + y2

j )

=
n− b
nb

1

n− 1

n∑
i=1

(
‖yi‖2 − 2 〈yi , y〉+ ‖y‖2

)
.

Now take expectation on both sides and use the unbiasedness of yi gives us

E ‖ε‖2 =
n− b
nb

1

n− 1

n∑
i=1

(
E ‖yi‖2 − 2 ‖y‖2 + ‖y‖2

)
. (A.1)

Apply the growth condition,

E ‖ε‖2 ≤ n− b
nb

1

n− 1

n∑
i=1

(
c ‖y‖2 − ‖y‖2

)
=

(n− b)(c− 1)

(n− 1)b
‖y‖2

which completes the proof.

Lemma 2. Consider the same setup as in Lemma 1. If we replace the growth

condition with

Ei ‖yi‖2 ≤ c ‖y‖4 ,

then we obtain the following bound on the expected squared error

E ‖yB − y‖2 ≤
(n− b)c
(n− 1)b

‖y‖4

for some c > 0.

Proof. Using the same analysis as in Lemma 1 up to equation (A.1) and applying
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the new growth condition gives us

E ‖ε‖2 ≤ n− b
nb

1

n− 1

n∑
i=1

(
c ‖y‖4 − ‖y‖2

)
≤ n− b

nb

1

n− 1

n∑
i=1

(
c ‖y‖4

)
(Since ‖y‖2 > 0)

=
(n− b)c
(n− 1)b

‖y‖4 .
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A.2 Proof of Theorem 1
We restate Theorem 1.

Theorem 1 (Global linear convergence). Under µ-strong convexity, L-smoothness,

and ρ-SGC, the sequence {wk}k≥0 generated by R-SSN with step size

ηk =
(µSk + τ)2

L ((µSk + τ) + (LSk + τ) cg)
(2.11)

and constant batch sizes bsk = bs, bgk = bg converges to w∗ at a Q-linear rate

from an arbitrary initialization w0,

E[f(wT )]− f(w∗) ≤ (1− α)T (f(w0)− f(w∗)), (2.12)

where the constants are given by

α = min
{ (µ̄+ τ)2

2κcg(L̃+ τ)
,

(µ̄+ τ)

2κ(L̃+ τ)

}
and cg =

(ρ− 1) (n− bg)
(n− 1) bg

. (2.13)

Proof. This analysis closely follows the proof of Theorem 2.2 in Bollapragada

et al. [2018a]. By the L-smoothness assumption,

f(wk+1) ≤ f(wk) + 〈∇f(wk) , wk+1 − wk〉+
L

2
‖wk+1 − wk‖2

= f(wk)− ηk
〈
∇f(wk) , [HSk(wk)]

−1∇fGk(wk)
〉

+
L

2
η2
k

∥∥∥[HSk(wk)]
−1∇fGk(wk)

∥∥∥2
. (Update step)

Since Sk and Gk are independent samples, we can fix the Hessian sample Sk and

take expectation with respect to the unbiased gradient sample Gk,

EGk [f(wk+1)] ≤ f(wk)− ηk
〈
∇f(wk) , [HSk(wk)]

−1∇f(wk)
〉

+
L

2
η2
k EGk

∥∥∥[HSk(wk)]
−1∇fGk(wk)

∥∥∥2

︸ ︷︷ ︸
:=P

.

Using the fact E ‖x‖2 = E ‖x− Ex‖2+‖Ex‖2 with x = [HSk(wk)]
−1∇fGk(wk),
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we can bound the last term as

P = EGk

[∥∥∥[HSk(wk)]
−1∇fGk(wk)− EGk

[
[HSk(wk)]

−1∇fGk(wk)
]∥∥∥2
]

+
∥∥∥EGk [[HSk(wk)]

−1∇fGk(wk)]
∥∥∥2

= EGk

[∥∥∥[HSk(wk)]
−1 [∇fGk(wk)−∇f(wk)]

∥∥∥2
]

+
∥∥∥[HSk(wk)]

−1∇f(wk)
∥∥∥2
.

(Again, by unbiasedness and independent batches)

≤ 1

(µSk + τ)2EGk
[
‖∇fGk(wk)−∇f(wk)‖2

]
+
∥∥∥[HSk(wk)]

−1∇f(wk)
∥∥∥2
. (Since HSk(wk) � (µSk + τ)Id)

Now we use Lemma 1 in Appendix A.1 to obtain

EGk ‖∇fGk(wk)−∇f(wk)‖2 ≤
n− bgk

(n− 1) bgk
(ρ− 1) ‖∇f(wk)‖2 ,

which implies

P ≤ ρ− 1

(µSk + τ)2

n− bgk
(n− 1) bgk

‖∇f(wk)‖2 +
∥∥∥[HSk(wk)]

−1∇f(wk)
∥∥∥2
.

From the above relations, we have

EGk [f(wk+1)] ≤ f(wk) +
Lη2

k

2

ρ− 1

(µSk + τ)2

n− bgk
(n− 1) bgk

‖∇f(wk)‖2

− ηk
〈
∇f(wk) , [HSk(wk)]

−1∇f(wk)
〉

+
Lη2

k

2

∥∥∥[HSk(wk)]
−1∇f(wk)

∥∥∥2

︸ ︷︷ ︸
:=Q

.
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Expanding
∥∥∥[HSk(wk)]

−1∇f(wk)
∥∥∥2

and decomposing [HSk(wk)]
−1 gives us

Q = −ηk
〈
∇f(wk) ,

(
[HSk(wk)]

−1 − Lηk
2

[HSk(wk)]
−2

)
∇f(wk)

〉
= −ηk

∥∥∥[HSk(wk)]
−1/2∇f(wk)

∥∥∥2(
I−Lηk

2 [HSk (wk)]
−1
)

≤ −ηk
(

1− Lηk
2 (µSk + τ)

)∥∥∥[HSk(wk)]
−1/2∇f(wk)

∥∥∥2

≤ − ηk
(LSk + τ)

(
1− Lηk

2 (µSk + τ)

)
‖∇f(wk)‖2 ,

where the second last inequality requires
(
I − Lηk

2 [HSk(wk)]
−1
)

to be positive

definite, which is true for step-sizes satisfying

ηk ≤
2 (µSk + τ)

L
. (A.2)

Then we have

EGk [f(wk+1)] ≤ f(wk)−
ηk

(LSk + τ)

(
1− Lηk

2 (µSk + τ)

)
‖∇f(wk)‖2

+
Lη2

k

2

ρ− 1

(µSk + τ)2

n− bgk
(n− 1) bgk

‖∇f(wk)‖2

= f(wk)−

[
ηk

(LSk + τ)

(
1− Lηk

2 (µSk + τ)

)

−
Lη2

k

2

ρ− 1

(µSk + τ)2

n− bgk
(n− 1) bgk

]
‖∇f(wk)‖2 .

Subtracting f(w∗) from both sides and using the fact that strong convexity implies
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‖∇f(x)‖2 ≥ 2µ(f(x)− f(x∗)) for all x, the above bound becomes

EGk [f(wk+1)]− f(w∗) ≤ f(wk)− f(w∗)− 2µ

[
ηk

(LSk + τ)

(
1− Lηk

2 (µSk + τ)

)

−
Lη2

k

2

ρ− 1

(µSk + τ)2

n− bgk
(n− 1) bgk

]
(f(wk)− f(w∗))

≤

(
1− 2µηk

(LSk + τ)
+

µLη2
k

(LSk + τ) (µSk + τ)

+
µL(ρ− 1)η2

k

(µSk + τ)2

n− bgk
(n− 1) bgk

)
(f(wk)− f(w∗))

Define constants c1 = µ

(LSk+τ)
, c2 = L

(µSk+τ)
, and c3 = µ(ρ−1)

(µSk+τ)
n−bgk

(n−1) bgk
using

constant batch-sizes for the subsampled gradient and Hessian, i.e. bgk = bg ≥ 1

and bsk = bs ≥ 1, we have

EGk [f(wk+1)]− f(w∗) ≤
(
1− 2c1ηk + c1c2η

2
k + c2c3η

2
k

)
(f(wk)− f(w∗)).

To ensure contraction, the step size needs to satisfy

(
1− 2c1ηk + c1c2η

2
k + c2c3η

2
k

)
∈ (0, 1],

which gives

0 < ηk ≤
2c1

c2(c1 + c3)
. (A.3)

Taking ηk ≤ c1
c2(c1+c3) , the above bound becomes

EGk [f(wk+1)]− f(w∗) ≤
(

1− c2
1

c2(c1 + c3)

)
(f(wk)− f(w∗))

≤

1− µ (µSk + τ)2

L (LSk + τ) (µSk + τ) + cgL (LSk + τ)︸ ︷︷ ︸
:=C

 (f(wk)− f(w∗)),

where we denote cg =
(ρ−1)(n−bg)

(n−1) bg
. Note that since cg ≥ 0, our bound for ηk
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simplifies to

ηk ≤
(µSk + τ)2

L ((µSk + τ) + (LSk + τ) cg)
≤ (µSk + τ)2

L (µSk + τ)
≤ (µSk + τ)

L
,

hence satisfies the earlier requirement in (A.2). Now we lower bound the term C,

C ≥ µ (µSk + τ)2(
L̃+ τ

)
L (µSk + τ + cg)

≥ µ (µSk + τ)2

2 max{cg, (µSk + τ)}
(
L̃+ τ

)
L
, (a+b

2 ≤ max{a, b})

which gives

EGk [f(wk+1)]− f(w∗)

≤

1− µ (µSk + τ)2

2 max{cg, (µSk + τ)}
(
L̃+ τ

)
L

 (f(wk)− f(w∗)).

Case 1: If cg ≥ (µSk + τ), then

EGk [f(wk+1)]− f(w∗) ≤

1− (µSk + τ)2 µ

2cg

(
L̃+ τ

)
L

 (f(wk)− f(w∗)).

Taking an expectation w.r.t. Sk yields

ESk,Gk [f(wk+1)]− f(w∗) ≤ ESk

1− (µSk + τ)2 µ

2cg

(
L̃+ τ

)
L

 (f(wk)− f(w∗))

≤

1− (ESk [µSk ] + τ)2 µ

2cg

(
L̃+ τ

)
L

 (f(wk)− f(w∗))

(By Jensen’s inequality)

≤

1− (µ̄+ τ)2 µ

2cg

(
L̃+ τ

)
L

 (f(wk)− f(w∗)).
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Case 2: If cg ≤ (µS + τ), then

EGk [f(wk+1)]− f(w∗) ≤

1− µ (µSk + τ)

2
(
L̃+ τ

)
L

 (f(wk)− f(w∗)).

Taking an expectation w.r.t. Sk yields

ESk,Gk [f(wk+1)]− f(w∗) ≤

1− µ(µ̄+ τ)

2
(
L̃+ τ

)
L

 (f(wk)− f(w∗)).

Putting the two cases together, we have

ESk,Gk [f(wk+1)]− f(w∗)

≤ max


1− (µ̄+ τ)2 µ

2cg

(
L̃+ τ

)
L

 ,

1− µ(µ̄+ τ)

2
(
L̃+ τ

)
L

 (f(wk)− f(w∗)).

Now we take expectation over all time steps, apply recursion, and simplify using

the definition for the condition number κ = L
µ

E[f(wT )]− f(w∗)

≤

1−min

 (µ̄+ τ)2

2κcg

(
L̃+ τ

) , (µ̄+ τ)

2κ
(
L̃+ τ

)

T

(f(w0)− f(w∗))

and the proof is complete.
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A.3 Proof of Theorem 2
We restate Theorem 2.

Theorem 2 (Local convergence). Suppose Assumptions 1 to 3 in Theorem 1 are

satisfied. Additionally, under theM -Lipschitz continuous Hessian, γ-bounded mo-

ments of the iterates, and σ2-bounded variance of the subsampled Hessian assump-

tions, the sequence {wk}k≥0 generated by R-SSN with unit step-size ηk = 1 and

growing batch-sizes satisfying

bgk ≥
n

(n−1
ρ−1 ) ‖∇f(wk)‖2 + 1

, bsk ≥
n

n
σ2 ‖∇f(wk)‖+ 1

(2.19)

converges to w∗ at a linear-quadratic rate

E ‖wk+1 − w∗‖ ≤
γ(M + 2L+ 2L2)

2(µ̃+ τ)
(E ‖wk − w∗‖)2 +

τ

µ̃+ τ
E ‖wk − w∗‖

(2.20)

in a local neighbourhood of the solution where ‖w0 − w∗‖ ≤ 2(µ̃+τ)
γ(M+2L+2L2)

. Fur-

thermore, when τ = 0 and µ̃ > 0, R-SSN can achieve local quadratic convergence

E ‖wk+1 − w∗‖ ≤ γ
(M + 2L+ 2L2

2µ̃

)
(E ‖wk − w∗‖)2 .
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Proof. From the update rule,

‖wk+1 − w∗‖

=
∥∥∥wk − w∗ − [HSk(wk)]

−1∇fGk(wk)
∥∥∥

=
∥∥∥[HSk(wk)]

−1 (HSk(wk)(wk − w∗)−∇fGk(wk))
∥∥∥

=
∥∥∥[HSk(wk)]

−1 (HSk(wk)(wk − w∗)−∇f(wk)−∇fGk(wk) +∇f(wk))
∥∥∥

≤
∥∥∥[HSk(wk)]

−1
∥∥∥ ‖HSk(wk)(wk − w∗)−∇f(wk)−∇fGk(wk) +∇f(wk)‖

≤ 1

(µSk + τ)
‖HSk(wk)(wk − w∗)−∇f(wk)−∇fGk(wk) +∇f(wk)‖

=
1

(µSk + τ)

∥∥HSk(wk)(wk − w∗)−∇2f(wk)(wk − w∗)

+∇2f(wk)(wk − w∗)−∇f(wk)−∇fGk(wk) +∇f(wk)
∥∥

where we repeatedly applied the triangle inequality. Then we have

‖wk+1 − w∗‖ ≤
1

(µSk + τ)

[ ∥∥∇2f(wk)(wk − w∗)−∇f(wk)
∥∥

+
∥∥(HSk(wk)−∇2f(wk)

)
(wk − w∗)

∥∥
+ ‖∇fGk(wk)−∇f(wk)‖

]
.

Taking the expectation Ek over all combinations of Sk and Gk, we have

Ek ‖wk+1 − w∗‖ ≤
1

(µ̃+ τ)

[ ∥∥∇2f(wk)(wk − w∗)−∇f(wk)
∥∥︸ ︷︷ ︸

(1) Bound using Lipschitz Hessian

+ Ek
∥∥(HSk(wk)−∇2f(wk)

)
(wk − w∗)

∥∥︸ ︷︷ ︸
(2) Bound using Hessian Variance

+ Ek ‖∇fGk(wk)−∇f(wk)‖︸ ︷︷ ︸
(3) Bound using SGC

]
.
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We bound the first term using M -Lipschitz continuity of the Hessian,

∥∥∇2f(wk)(wk − w∗)−∇f(wk)
∥∥

=
∥∥∇f(wk)−∇f(w∗)−∇2f(wk)(wk − w∗)

∥∥
=

∥∥∥∥∫ 1

0
∇2f(w∗ + t(wk − w∗))(wk − w∗)dt−∇2f(wk)(wk − w∗)

∥∥∥∥
=

∥∥∥∥∫ 1

0

(
∇2f(w∗ + t(wk − w∗)−∇2f(wk)

)
(wk − w∗)dt

∥∥∥∥
≤
∫ 1

0

∥∥(∇2f(w∗ + t(wk − w∗)−∇2f(wk)
)

(wk − w∗)dt
∥∥

(Jensen’s inequality)

≤
∫ 1

0

∥∥∇2f(w∗ + t(wk − w∗))−∇2f(wk)
∥∥ ‖wk − w∗‖ dt

(Cauchy–Schwarz inequality)

≤
∫ 1

0
M ‖w∗ + t(wk − w∗)− wk‖ ‖wk − w∗‖ dt (M -Lipschitz Hessian)

= ‖wk − w∗‖2
∫ 1

0
M (1− t) dt,

giving us

∥∥∇2f(wk)(wk − w∗)−∇f(wk)
∥∥ ≤ M

2
‖wk − w∗‖2 .

To bound the second term, we use

Ek
∥∥HSk(wk)−∇2f(wk)

∥∥ = Ek
∥∥∇2fSk(wk) + τI −∇2f(wk)

∥∥
≤ Ek

∥∥∇2fSk(wk)−∇2f(wk)
∥∥+ ‖τI‖ .

By the assumption that the subsampled Hessians have bounded variance, from

Harikandeh et al. [2015], Lohr [2019] we have that

Ek
[∥∥∇2fSk(wk)−∇2f(wk)

∥∥2
]
≤ n− bsk

n bsk
σ2
s .
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Using Jensen’s inequality for the square root function and combining with the

above, we have

Ek
∥∥HSk(wk)−∇2f(wk)

∥∥ ≤ σs
√
n− bsk
n bsk

+ τ.

Then by setting the subsampled Hessian batch-size according to

bsk ≥
n

‖∇f(wk)‖ n
σ2
s

+ 1
,

we can achieve

Ek
∥∥HSk(wk)−∇2f(wk)

∥∥ ≤ ‖∇f(wk)‖+ τ.

The second term can then be bounded as

Ek
∥∥(HSk(wk)−∇2f(wk)

)
(wk − w∗)

∥∥
≤ ‖wk − w∗‖Ek

∥∥HSk(wk)−∇2f(wk)
∥∥ (Cauchy-Schwarz)

≤ ‖wk − w∗‖ (‖∇f(wk)‖+ τ) (from above)

≤ L ‖wk − w∗‖2 + τ ‖wk − w∗‖ . (L-smoothness)

The third term can again be bounded using Lemma 1. Applying Jensen’s inequality,

this gives us

Ek ‖∇fGk(wk)−∇f(wk)‖ ≤

√
n− bgk

(n− 1) bgk

√
ρ− 1 ‖∇f(wk)‖ .

If we let bgk ≥ n(
n−1
ρ−1

)
‖∇f(wk)‖2+1

, then we have

Ek ‖∇fGk(wk)−∇f(wk)‖ ≤ ‖∇f(wk)‖2 ≤ L2 ‖wk − w∗‖2 ,

where the last inequality again comes from L-smoothness. Putting the above three
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bounds together gives us

Ek ‖wk+1 − w∗‖

≤ 1

(µ̃+ τ)

[
M

2
‖wk − w∗‖2 + L ‖wk − w∗‖2

+ τ ‖wk − w∗‖+ L2 ‖wk − w∗‖2
]

≤
(
M + 2L+ 2L2

)
2(µ̃+ τ)

‖wk − w∗‖2 +
τ

µ̃+ τ
‖wk − w∗‖ .

Using the γ bounded moments assumption by taking expectation over all k yields

E ‖wk+1 − w∗‖ ≤
γ
(
M + 2L+ 2L2

)
2(µ̃+ τ)

(E ‖wk − w∗‖)2 +
τ

µ̃+ τ
E ‖wk − w∗‖ ,

which gives us the linear-quadratic convergence. Moreover, if τ = 0 and µ̃ > 0,

we have the following quadratic convergence

E ‖wk+1 − w∗‖ ≤
γ(M + 2L+ 2L2)

2µ̃
(E ‖wk − w∗‖)2 ,

given that ‖w0 − w∗‖ ≤ 2µ̃
γ(M+2L+2L2)

. Here, convergence is guaranteed as

E ‖wk − w∗‖ ≤
2µ̃

γ(M + 2L+ 2L2)
for all k

by induction using the neighbourhood criterion.
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A.3.1 Proof of Corollary 1

We restate Corollary 1.

Corollary 1 (Local quadratic convergence). Under the same assumptions as Theo-

rem 2, if we decrease the regularization term according to τk ≤ ‖∇f(wk)‖, R-SSN

can achieve local quadratic convergence with ‖w0 − w∗‖ ≤ 2(µ̃+τk)
γ(M+4L+2L2)

:

E ‖wk+1 − w∗‖ ≤
γ(M + 4L+ 2L2)

2(µ̃k + τk)
(E ‖wk − w∗‖)2 ,

where µ̃k is the minimum eigenvalue of∇2fSk(wk) over all batches of size |Sk|.

Proof. By a similar analysis of Theorem 2 but replacing τ with τk and using µ̃k
instead of µ̃, we arrive at

Ek ‖wk+1 − w∗‖ ≤
1

(µ̃k + τk)

[ ∥∥∇2f(wk)(wk − w∗)−∇f(wk)
∥∥︸ ︷︷ ︸

(1) Bound using Lipschitz Hessian

+ Ek
∥∥(HSk(wk)−∇2f(wk)

)
(wk − w∗)

∥∥︸ ︷︷ ︸
(2) Bound using Hessian Variance

+ Ek ‖∇fGk(wk)−∇f(wk)‖︸ ︷︷ ︸
(3) Bound using SGC

]
.

The second term can then be bounded as

Ek
∥∥(HSk(wk)−∇2f(wk)

)
(wk − w∗)

∥∥
≤ ‖wk − w∗‖Ek

∥∥HSk(wk)−∇2f(wk)
∥∥

≤ ‖wk − w∗‖ [‖∇f(wk)‖+ τk]

≤ L ‖wk − w∗‖2 + τk ‖wk − w∗‖ ,

and if we decrease the regularization factor as τk ≤ ‖∇f(wk)‖,

≤ L ‖wk − w∗‖2 + ‖∇f(wk)‖ ‖wk − w∗‖

≤ 2L ‖wk − w∗‖2 .

63



The other two terms will be bounded similarly as in Theorem 2. Putting all three

bounds together,

Ek ‖wk+1 − w∗‖ ≤
1

(µ̃k + τk)

[M
2
‖wk − w∗‖2

+ 2L ‖wk − w∗‖2 + L2 ‖wk − w∗‖2
]

≤
(
M + 4L+ 2L2

)
2(µ̃k + τk)

‖wk − w∗‖2 .

Using the γ bounded moments assumption,

=⇒ E ‖wk+1 − w∗‖ ≤
γ
(
M + 4L+ 2L2

)
2(µ̃k + τk)

(E ‖wk − w∗‖)2 ,

which will converge in a local neighbourhood ‖wk − w∗‖ ≤ 2(µ̃+mink τk)
γ(M+4L+2L2)

.

A.3.2 Local quadratic convergence under the stronger SGC

Assumption 8 (Stronger SGC). A differentiable function f with a finite-sum struc-

ture satisfies the stronger-strong growth condition (SGC) if there exists ρ ≥ 1 such

that for all w,

Ei ‖∇fi(w)‖2 ≤ ρ ‖∇f(w)‖4 .

Corollary 2. Suppose we replace the SGC assumption by Stronger SGC in Theo-

rem 2 and let the rest be satisfied. Then the sequence {wk}k≥0 generated by R-SSN

with (i) unit step-size ηk = η = 1 and (ii) constant batch-size bgk = bg for the

gradients with a growing batch-size for Hessian such that

bsk ≥
n

n
σ2 ‖∇f(wk)‖+ 1

converges to w∗ with the quadratic rate

Ek ‖wk+1 − w∗‖ ≤ γ
(
M + 2L+ 2L2 cg

2(µ̃+ τ)

)
(E ‖wk − w∗‖)2
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from a close enough initialization w0 such that ‖w0 − w∗‖ ≤ 2(µ̃+τ)
γ (M+2L+2L2 cg)

,

where cg =
√

ρ(n−bg)
bg (n−1) .

Proof. Using Lemma 2 to bound the third term in the analysis of Theorem 2, we

obtain

Ek ‖∇fGk(wk)−∇f(wk)‖ ≤

√
ρ (n− bgk)

(n− 1) bgk
‖∇f(wk)‖2

≤ L2

√
ρ (n− bgk)

(n− 1) bgk
‖wk − w∗‖2 .

The first two terms are bounded the same way, giving us

Ek ‖wk+1 − w∗‖ ≤
1

(µ̃+ τ)

[M
2
‖wk − w∗‖2 + L ‖wk − w∗‖2

+ τ ‖wk − w∗‖+ L2cg ‖wk − w∗‖2
]

where cg =
√

ρ (n−bg)
(n−1) bg

and bg can remain fixed for all the iterations. Using the

γ-bounded moments assumption,

E ‖wk+1 − w∗‖ ≤
γ
(
M + 2L+ 2L2cg

)
2(µ̃+ τ)

(E ‖wk − w∗‖)2

+
τ

µ̃+ τ
E ‖wk − w∗‖

which gives us the linear-quadratic convergence. Furthermore if τ = 0, µ̃ > 0 and

‖w0 − w∗‖ ≤ 2(µ̃+τ)
γ (M+2L+2L2 cg)

yields the quadratic rate

E ‖wk+1 − w∗‖ ≤

(
γ
(
M + 2L+ 2L2 cg

)
2(µ̃+ τ)

)
(E ‖wk − w∗‖)2 .
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A.4 Proof of Theorem 3
We define the local norm of a direction h with respect to the local Hessian as

‖h‖x =
〈
∇2f(x)h , h

〉1/2
=
∥∥∥[∇2f(x)

]1/2
h
∥∥∥ .

The following two theorems are standard results for self-concordant functions

needed in our analysis. We refer the reader to Nesterov [2018] for the proofs.

Theorem 5 (Theorem 5.1.9 in Nesterov [2018]). Let f be a standard self-concordant

function, x, y ∈ domf , and ‖y − x‖x < 1. Then

f(y) ≤ f(x) + 〈∇f(x) , y − x〉+ ω∗ (‖y − x‖x) .

Here, ω∗ (t) = −t− log(1− t).

Theorem 6 (Theorem 5.2.1 in Nesterov [2018]). Let the unregularized, determin-

istic Newton decrement at w be defined as

λ0(w) :=
〈
∇f(w) ,

[
∇2f(w)

]−1∇f(w)
〉1/2

.

If f is standard self-concordant and λ0(w) < 1, then

f(w)− f(w∗) ≤ ω∗
(
λ0(w)

)
.

We now restate Theorem 3 and proceed to its proof.
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Theorem 3 (Two-phased analysis). Suppose f is self-concordant and satisfies L-

smoothness, and that the subsampled Hessians have bounded eigenvalues in the

range [µ̃ + τ, L̃ + τ ] with µ̃ ≥ 0. Suppose Newton decrement SGC holds with

parameter ρnd = ρL
µ̃+τ . Then if the sequence {wk}k∈[0,m] generated by R-SSN in

Eq. (3.8) stay in the bounded set with radius D with

η ∈
(

0,
c

ρnd(1 + L̃D/(µ̃+ τ))

]
where c =

√
µ̃+ τ

L
, (3.9)

and constant batch sizes converges to w∗ from an arbitrary initialization w0 at a

rate characterized by

E [f(wk+1)] ≤ f(wk)− η δ ω (λk) .

Here δ ∈ (0, 1] and the univariate function ω is defined as ω (t) = t − ln(1 + t).

Furthermore, in the local neighbourhood where λm ≤ 1/6, the sequence {wk}k≥m
converges to w∗ at a Q-linear rate, given by

E [f(wT )]− f(w∗) ≤
(

1− ηδ

1.26

)T−m
(E [f(wm)]− f(w∗)). (3.10)

Proof. We first analyze the norm of the update direction wrt the local Hessian,

‖wk+1 − wk‖wk
=

cη

1 + ηλ̃k

∥∥∥[∇2f(wk)
]1/2

[HSk(wk)]
−1∇fGk(wk)

∥∥∥
=

cη

1 + ηλ̃k

∥∥∥[∇2f(wk)
]1/2

[HSk(wk)]
−1/2 [HSk(wk)]

−1/2∇fGk(wk)
∥∥∥

≤ cη

1 + ηλ̃k

∥∥∥[∇2f(wk)
]1/2

[HSk(wk)]
−1/2

∥∥∥∥∥∥[HSk(wk)]
−1/2∇fGk(wk)

∥∥∥
≤ cηλ̃k

1 + ηλ̃k

√
L

µ̃+ τ
,

where the last inequality follows from our definition of the regularized stochastic

Newton decrement and regularized subsampled Hessian. Substituting in the choice
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of c gives us,

‖wk+1 − wk‖wk ≤
ηλ̃k

1 + ηλ̃k
≤ 1. (A.4)

This allows us to analyze the sub-optimality in terms of objective values using

Theorem 5,

f(wk+1) ≤ f(wk)−
cη

1 + ηλ̃k

〈
∇f(wk) , [HSk(wk)]

−1∇fGk(wk)
〉

+ ω∗

(
‖wk+1 − wk‖wk

)
.

We know that ω∗ is strictly increasing on the positive domain, using Eq. (A.4),

f(wk+1) ≤ f(wk)−
cη

1 + ηλ̃k

〈
∇f(wk) , [HSk(wk)]

−1∇fGk(wk)
〉

+ ω∗

(
ηλ̃k

1 + ηλ̃k

)
≤ f(wk)−

cη

1 + ηλ̃k

〈
∇f(wk) , [HSk(wk)]

−1∇fGk(wk)
〉

+ ω∗

(
ω′
(
ηλ̃k

))
since ω′(t) = t

1+t . Now take expectation on both sides with respect to Gk and Sk
conditioned on wk,

EGk,Sk [f(wk+1)]

≤ f(wk)− EGk,Sk

[
cη

1 + ηλ̃k

〈
∇f(wk) , [HSk(wk)]

−1∇fGk(wk)
〉]

+ EGk,Sk
[
ω∗

(
ω′
(
ηλ̃k

))]
. (A.5)
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To lower bound the middle term, observe that

λ̃k ≤
1√
µ̃+ τ

‖∇fGk(wk)‖

=
1√
µ̃+ τ

‖∇fGk(wk)−∇fG(w∗)‖ (by interpolation assumption)

≤ L̃+ τ√
µ̃+ τ

‖wk − w∗‖ (by smoothness on the batch)

≤ (L̃+ τ)D√
µ̃+ τ

:= λmax,

which combined with Eq. (A.5) gives

EGk,Sk [f(wk+1)] ≤ f(wk)−
cηλ2

k

1 + ηλmax
+ EGk,Sk

[
ω∗

(
ω′
(
ηλ̃k

))]
.

Using ω∗ (ω′ (t)) = tω′ (t)− ω (t) for t ≥ 0, the last term can be bounded as

E
[
ω∗

(
ω′
(
ηλ̃k

))]
= E

[
ηλ̃kω

′
(
ηλ̃k

)
− ω

(
ηλ̃k

)]
≤

η2E
[
λ̃2
k

]
1 + ηλ̃min

− E
[
ω
(
ηλ̃k

)]
,

where λ̃min = minwk,Gk,Sk λ̃k. Applying the Newton decrement SGC gives us

E
[
ω∗

(
ω′
(
ηλ̃k

))]
≤

η2ρndλ
2
k

1 + ηλ̃min

− E
[
ω
(
ηλ̃k

)]
with ρnd = ρL

µ̃+τ . Combining this with Eq. (A.5) gives us

E [f(wk+1)] ≤ f(wk)−
cηλ2

k

1 + ηλmax
+

η2ρndλ
2
k

1 + ηλ̃min

− E
[
ω
(
ηλ̃k

)]
= f(wk)− ηλ2

k

(
c

1 + ηλmax
− ηρnd

1 + ηλ̃min

)
︸ ︷︷ ︸

(∗)

−E
[
ω
(
ηλ̃k

)]
.

(A.6)
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For η in the range 0 < η ≤ c
ρnd(1+λmax)−cλmin

(≤ 1), we have

ηρnd(1 + λmax)− ηcλmin ≤ c

=⇒ ηρnd(1 + ηλmax) ≤ ηρnd(1 + λmax) ≤ c(1 + ηλmin)

=⇒ ηρnd

1 + ηλmin
≤ c

1 + ηλmax
.

The η ≤ 1 claim comes from substituting in our choice of c and definition of ρnd,

which gives us

η ≤ c

ρnd(1 + λmax)− cλmin

=
1

ρ(1+λmax)

( µ̃+τL )
3/2 − λmin

,

which is less than 1 since ρ > 1 and λmax > λmin for τ chosen small enough.

Thus we can choose 0 < η ≤ c
ρnd(1+λmax) (≤ c

ρnd(1+λmax)−cλmin
) and upper bound

(*) in (A.6) by 0. Now we have the following expected decrease of the function

value for one update,

E [f(wk+1)] ≤ f(wk)− E
[
ω
(
ηλ̃k

)]
by the convexity of ω and using Jensen’s inequality,

≤ f(wk)− ω
(
ηE
[
λ̃k

])
= f(wk)− ω

(
ηE
∥∥∥HSk(wk)

−1/2∇fGk(wk)
∥∥∥)

apply Jensen’s inequality using the convexity of ‖·‖H for some H � 0 and that ω

is monotonically increasing on the positive domain and the fact that Gk and Sk are

independent batches,

≤ f(wk)− ω
(
η
∥∥∥EHSk(wk)

−1/2E∇fGk(wk)
∥∥∥) .
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Using the fact that the inverse square root function is operator convex (Löwner-

Heinz Theorem) [Carlen, 2010, Tropp, 2015] on a positive spectrum, we can apply

the operator Jensen inequality to bound the inner term, implying

E[f(wk+1)] ≤ f(wk)− ω
(
η
∥∥∥[∇2f(wk) + τId

]−1/2∇f(wk)
∥∥∥)

= f(wk)− ω (ηλk) . (A.7)

Note that for any c, δ ∈ (0, 1] and t ≥ 0,

ω (ct)− cδω (t) = ct− log(1 + ct)− cδt+ cδ log(1 + t)

≥ ct− c log(1 + t)− cδt+ cδ log(1 + t)

= (c− cδ)t− (c− cδ) log(1 + t)

= (c− cδ)(t− log(1 + t))

= (c− cδ)ω (t)

≥ 0

=⇒ ω (ct) ≥ cδω (t) .

Combining this with Eq. (A.7) yields the global R-linear convergence rate,

E [f(wk+1)] ≤ f(wk)− ηδω (λk)

=⇒ E [f(wT )]− f(w∗) ≤ f(w0)− f(w∗)− ηδ

(
T−1∑
k=0

ω (λk)

)
.

Note that λk =
〈
∇f(wk) ,

[
∇2f(wk) + τI

]−1∇f(wk)
〉1/2

≤ λ0
k, and since

ω∗ (t) is a decreasing function for t ≤ 1/6, then ω∗ (λk) ≥ ω∗
(
λ0
k

)
. As shown in

Zhang and Lin [2015], for all t ≤ 1/6, ω∗ (t) ≤ 1.26ω (t), then for λk ≤ λ0
k ≤

1/6, we can bound the above as

E [f(wk+1)] ≤ f(wk)−
ηδ

1.26
ω∗
(
λ0
k

)
.
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Subtract f(w∗) from both sides,

≤ f(wk)− f(w∗)− ηδ

1.26
ω∗
(
λ0
k

)
and apply Theorem 6,

≤ f(wk)− f(w∗)− ηδ

1.26
(f(wk)− f(w∗))

E [f(wk+1)]− f(w∗) ≤
(

1− ηδ

1.26

)
(f(wk)− f(w∗))

which completes the proof.
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A.5 Proof of Theorem 4
We restate Theorem 4.

Theorem 4 (Global linear convergence of stochastic BFGS). Let µ-strong con-

vexity, L-smoothness, and ρ-SGC be satisfied, and suppose the eigenvalues of Bk

are bounded in [λ1, λd]. Then the sequence {wk}k≥0 generated by stochastic BFGS

with constant step-size ηk = η = λ1
cgLλ2d

and constant batch size bgk = bg converges

to w∗ at a linear rate from an arbitrary initialization w0,

E[f(wT )]− f(w∗) ≤
(

1− µλ2
1

cg Lλ2
d

)T
(f(w0)− f(w∗))

where cg =
(n−bg) (ρ−1)

(n−1) bg
+ 1.

Proof. From the L-smoothness assumption, we have

EGk [f(wk+1)] ≤ f(wk)− ηk 〈∇f(wk) , Bk EGk [∇fGk(wk)]〉+
L

2
η2
k EGk ‖Bk∇fGk(wk)‖2

≤ f(wk)− ηk 〈∇f(wk) , Bk∇f(wk)〉+
Lλ2

d η
2
k

2
EGk ‖∇fGk(wk)‖2 .

Bounding the last term using Lemma 1,

EGk ‖∇fGk(wk)‖2 ≤
(

(n− bg) (ρ− 1)

(n− 1) bg
+ 1

)
‖∇f(wk)‖2 .

Denoting
(

(n−bg) (ρ−1)
(n−1) bg

+ 1
)

as ρ′, the expected decrease becomes

EGk [f(wk+1)] ≤ f(wk)− ηkλ1 ‖∇f(wk)‖2 +
ρ′Lλ2

d η
2
k

2
‖∇f(wk)‖2 .
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Let ηk = η = λ1
ρ′Lλ2d

,

=⇒ EGk [f(wk+1)] ≤ f(wk)−
λ2

1

ρ′Lλ2
d

‖∇f(wk)‖2 +
ρ′Lλ2

d

2

λ2
1

ρ′2L2λ4
d

‖∇f(wk)‖2

= f(wk)−
(

λ2
1

ρ′Lλ2
d

− λ2
1

2ρ′Lλ2
d

)
‖∇f(wk)‖2

= f(wk)−
λ2

1

2ρ′Lλ2
d

‖∇f(wk)‖2 .

Subtracting f(w∗) from both sides and apply strong convexity,

EGk [f(wk+1)]− f(w∗) ≤ f(wk)− f(w∗)− µλ2
1

ρ′Lλ2
d

(f(wk)− f(w∗))

=

(
1− µλ2

1

ρ′Lλ2
d

)
(f(wk)− f(w∗))

≤

1− µλ2
1(

(n−bg) (ρ−1)
(n−1) bg

+ 1
)
Lλ2

d

 (f(wk)− f(w∗)).

After applying recursion gives us the desired result,

E[f(wT )]− f(w∗) ≤

1− µλ2
1(

(n−bg) (ρ−1)
(n−1) bg

+ 1
)
Lλ2

d

T

(f(w0)− f(w∗)).
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A.6 Notes on convergence rates
Suppose a sequence {xk}k≥0 converges to x∗, for q = 1, define the limit of the

ratio of successive errors as

p := lim
k→∞

‖xk+1 − x∗‖
‖xk − x∗‖q

.

The rate is referred to as Q-sublinear when p = 1, Q-linear when p ∈ (0, 1), and

Q-superlinear when p = 0, where Q stands for quotient. If q = 2 and p <∞, it is

referred to as Q-quadratic convergence. We say the rate is linear-quadratic if

‖xk+1 − x∗‖ ≤ p1 ‖xk − x∗‖+ p2 ‖xk − x∗‖2

for p1 ∈ (0, 1) and p2 <∞. See Fig. A.1 for an illustration.

0 5 10 15 20

10- 8 

10- 6 

10- 4 

10- 2 

100 

Convergence Rates

Sublinear
Linear
Quadratic

Figure A.1: Sequences constructed to depict different types of convergence
rates in the quotient sense. For k ≥ 0 and c = 1/2, the sublinear
sequence is constructed as {1/(k + 1)}, and {ck} and {2 · c2k} for
linear and superlinear, respectively.

Moreover, the R-linear convergence is a weaker notion, where R stands for

root. It is characterized as the following: xk is said to converge to x∗ R-linearly if
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there exists a sequence {εk} such that for all k ≥ 0,

‖xk − x∗‖ ≤ εk

where {εk} converges Q-linearly to 0. Note that this is a less steady rate as it does

not enforce a decrease at every step [Nocedal and Wright, 2006].
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