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Introduction Convergence

Issues with existing methods: Deterministic algorithm: Suppose A1, A2, A5, and A6 be satisfied and

» Most existing methods rely on “black-box” methods for optimization, we run t iterations of (1) with a fixed step-size 5k = «/L for all k and an
and ignore the geometry of the variational-parameter space. exact gradient Vf(\), then we have

» Methods like stochastic variational inference (SVI) use natural - Dvees - A <
gradients to exploit the geometry, but only apply to conjugate models. ke{01,.t—1} K+1 kIl =

» Theoretical convergence rate of natural-gradient methods for where Cy = L* — L(Xo) is the initial (constant) sub-optimality.
variational inference is unclear.

26o

(2)

Stochastic algorithm: Let A1-A6 be satisfied and we run t iterations of (1)
Contributions: We propose a proximal-gradient framework that unifies for a fixed step-size g = ya./L (where 0 < v < 2 is a scalar) and fixed
most of the existing approaches. Our method, batch-size My = M for all k with a stochastic gradient V(), then we have
» can be stochastic to allow huge datasets, I o

. _ 2Cy ~cCo

» can exploit the geometry to improve performance, Rl — | (3)

» can yield a closed-form update even for non-conjugate models. i
where c¢ is a constant such that ¢ > 1/(2a), a, := a — 1/(2¢), and the

expectation is taken with respect to the noise & := {&,,&4,...,&;_1} and a
random variable R which follows the uniform distribution.

We also analyze the convergence rate of the proposed method, clearly
showing the conditions under which a natural-gradient method can enable
large steps than basic stochastic gradient methods.

Example: Gaussian Process Models

Variational Inference

We give an example for Gaussian-process models where we use q(z|\) =

In Bayesian inference, we need to marginalize the unknowns z over the N(zm,V), i.e. A = {m,V} with mean m and covariance V. Consider
joint.di.stribution p(y,z) of the mpdel, given datg y- Vgriational inference N input-output pairs {y,, X,} indexed by n. Let z, := f(x,) be the latent
maximizes a lower bound to the integral w.r.t. a distribution g(z|A) where A function drawn from a GP with mean 0 and covariance K. We use a non-
s the vector of variational parameters. Gaussian likelihood p(y,|z,) to model the output. We use the split,
p(y7 Z) _ p(y7 Z)- N
Iog/py,zdzzlog/qz)\ dz > max E log = L(N). ,Z N(z|0,K
( ) ( ‘ )Q(ZP\) X q(z|A) _ CI(Z‘A)_ ( ) p(y )\) _ Hp(yn|zn) < N( ‘ V) . (4)
qzln) — 14 N(zjm.V)
Existing methods for lower-bound optimization differ from each other in the e Pe(2|A)
choice of approximation and divergence functions (highlighted in red). By substituting in the lower bound, we obtain the following:
Gradient Descent: A1 = Ag + Bk V7 L(Ak) 1 —L(A) = Z Lol 109 P(YnlZn)] + Dy [N (ZIm, V) | M(2]0.K)].  (5)
— A1 = argmin =X [7L(A)] A A — A3, N h(A)
i1 = argr (VL] + 55112 = Al -
Natural Gradient: A1 = argmin —AT[7L(A)] + 1 DY™q(zIA) || g(z|Ae)] We randomly pick a data-term Eq[—.log p(ynlzn)] and denote |t. by f,(mp, v,:,)
A k where m, and v, are mean and variance of z,. We compute its stochastic
Mirror Descent: Ax.1 = argmin —AT[7L(A)] + %DBreg()\HAk); gradients and use a KL ollvergence function:
A k ~ ~ -
| | : AT [THO)| + hN) + DA = Mo { Vi FoMk) b+ v { Vifo(Ae) b
Trust Region: Ak, 1 = argmin —L(\) + 6—]D>KL[q(Z\)\) | g(z| k)], k 1
A k
| o 1 + Dy [NV (m, V) [[ N(0,K)] + 5—ID>KL[N (m, V) [[N(mg, V)],
KL proximal: Ag, 1 = argmin A" [\/f(Ax)] + hA(X) + =Dy, [q(z|\) || g(z| \k)]. o | | K |
A Ok The minimum of this function can be obtained as shown below:
Pros and cons: 2,22 1=/ r
. . . . N ken K Vi)™
» Gradient descent is generally applicable but ignores the geometry. N(2IMic1, Vi) o [e < N(20, )} N (zimy, Vi
» Natural-gradient methods exploit the geometry but only apply to where r := 1/(1 + f). This equation can be implemented Dy solving two
conjugate models. Mirror-descent does not cover all cases of linear systems (see the paper for details).

natural-gradient and may not give a closed-form solution.
» Trust-region method may also lead to a difficult optimization problem.
» The KL-proximal method requires exact gradients.

Experiments

Results for GP classification and Correlated topic model. We show that,

PFOXIma|-Gradlent SVI compared to existing methods, PG-SVI requires less number of passes

through the data to converge.

We propose a proximal-gradient framework that unifies many existing
approaches. Specifically, our method generalizes the KL-proximal method
by allowing stochastic gradients and general divergence functions.
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We split the ratio p(y,z)/q(z|\) = ¢ pgs(z|A\)pe(z|A), where py contains all
factors that make the optimization difficult while p, contains the rest.
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We linearize the difficult terms and solve the following subproblem: B =i R 0 SOS 130 150
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where f(\«) is the noisy gradient and D is a divergence function. We o 069 '  ADADELTA 0 0.6 Q ADADELTA
make the following assumptions: 7 068 o oo s oA AP
. _ ?o 57 O PG-svI ? O PG-svI
» (A1-A2) f is non-convex and L-smooth and h is convex. o 04!
» (A3-A4) s7f(\x) is an unbiased estimate and its variance < 0. & 00 &
» (A5-AB) D(X || \) > 0,V # X, and there exist an a > 0 such that for 0.65 | 3
all X\, \" generated by (1) we have: 064 - . S
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