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Gradient and Critical Points in d-Dimensions

ÅDŜƴŜǊŀƭƛȊƛƴƎ άǎŜǘ ǘƘŜ ŘŜǊƛǾŀǘƛǾŜ ǘƻ л ŀƴŘ ǎƻƭǾŜέ ƛƴ Ř-dimensions:

ïCƛƴŘ ΨǿΩ ǿƘŜǊŜ ǘƘŜ gradient vectorequals the zero vector.

ÅGradientƛǎ ǾŜŎǘƻǊ ǿƛǘƘ ǇŀǊǘƛŀƭ ŘŜǊƛǾŀǘƛǾŜ ΨƧΩ ƛƴ Ǉƻǎƛǘƛƻƴ ΨƧΩΥ 

http://msemac.redwoods.edu/~darnold/math50c/matlab/pderiv/index.xhtml



Least Squares Partial Derivatives

ÅThe linear least squares model in d-dimensions minimizes:

ÅComputing the partial derivative:
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Matrix/Norm Notation (MEMORIZE/STUDY THIS)

ÅTo solve the d-dimensional least squares, we use matrix notation:

ïWe use ΨȅΩ ŀǎ ŀƴ άƴ ǘƛƳŜǎ мέ ǾŜŎǘƻǊ ŎƻƴǘŀƛƴƛƴƎ ǘŀǊƎŜǘ ΨyiΩ ƛƴ Ǉƻǎƛǘƛƻƴ ΨiΩ.

ïWe use ΨȄiΩ ŀǎ ŀ άŘ ǘƛƳŜǎ мέ ǾŜŎǘƻǊ ŎƻƴǘŀƛƴƛƴƎ ŦŜŀǘǳǊŜǎ ΨƧΩ ƻŦ ŜȄŀƳǇƭŜ ΨiΩ.

Å²ŜΩǊŜ ƴƻǿ ƎƻƛƴƎ ǘƻ ōŜ ŎŀǊŜŦǳƭ ǘƻ ƳŀƪŜ ǎǳǊŜ ǘƘŜǎŜ ŀǊŜ column vectors.

ïSo Ψ·Ω ƛǎ ŀ ƳŀǘǊƛȄ ǿƛǘƘ ǘƘŜ xi
Tƛƴ Ǌƻǿ ΨiΩ.
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ïThe residual vector r gives wTxi minus yiŦƻǊ ŀƭƭ ΨiΩ όƴ ǘƛƳŜǎ м ǾŜŎǘƻǊύΦ

ïLeast squares can be written as the squared L2-norm of the residual.



Matrix Algebra Review (MEMORIZE/STUDY THIS)

ÅReview of linear algebra operations ǿŜΩƭƭ ǳǎŜΥ

ïLŦ ΨŀΩ ŀƴŘ ΨōΩ ōŜ ǾŜŎǘƻǊǎΣ ŀƴŘ Ψ!Ω ŀƴŘ Ψ.Ω ōŜ ƳŀǘǊƛŎŜǎ ǘƘŜƴΥ



Linear Least Squares



Linear and Quadratic Gradients

Å²ŜΩǾŜ ǿǊƛǘǘŜƴ ŀǎ ŀ d-dimensional quadratic:

ÅHow do we compute gradient?



Linear and Quadratic Gradients

Å²ŜΩǾŜ ǿǊƛǘǘŜƴ ŀǎ ŀ d-dimensional quadratic:

ÅGradient is given by:

Å¦ǎƛƴƎ ŘŜŦƛƴƛǘƛƻƴǎ ƻŦ Ψ!Ω ŀƴŘ ΨōΩΥ



Normal Equations

ÅSet gradient equal to zero ǘƻ ŦƛƴŘ ǘƘŜ άŎǊƛǘƛŎŀƭέ ǇƻƛƴǘǎΥ

ÅWe now ƳƻǾŜ ǘŜǊƳǎ ƴƻǘ ƛƴǾƻƭǾƛƴƎ ΨǿΩ ǘƻ ǘƘŜ ƻǘƘŜǊ ǎƛŘŜ:

ÅThis is a ǎŜǘ ƻŦ ΨŘΩ ƭƛƴŜŀǊ Ŝǉǳŀǘƛƻƴǎcalled the normal equations.

ïThis a linear system ƭƛƪŜ ά!Ȅ Ґ ōέ ŦǊƻƳ aŀǘƘ мрнΦ

Å̧ ƻǳ Ŏŀƴ ǳǎŜ Dŀǳǎǎƛŀƴ ŜƭƛƳƛƴŀǘƛƻƴ ǘƻ ǎƻƭǾŜ ŦƻǊ ΨǿΩΦ

ïLƴ WǳƭƛŀΣ ǘƘŜ ά\έ ŎƻƳƳŀƴŘ Ŏŀƴ ōŜ ǳǎŜŘ ǘƻ ǎƻƭǾŜ ƭƛƴŜŀǊ ǎȅǎǘŜƳǎΥ



Incorrect Solutions to Least Squares Problem



Least Squares Issues

ÅIssues with least squares model:

ïSolution might not be unique.

ïIt is sensitive to outliers.

ïIt always uses all features.

ïData can might so big we ŎŀƴΩǘ ǎǘƻǊŜ ·TX.

ïIt might predict outside range of yi values.

ïIt assumes a linear relationship between xi and yi.



Non-Uniqueness of Least Squares Solution

Å²Ƙȅ ƛǎƴΩǘ ǎƻƭǳǘƛƻƴ ǳƴƛǉǳŜΚ

ïImagine have two features that are identical for all examples.

ï¢Ƙƛǎ ƛǎ ǎǇŜŎƛŀƭ ŎŀǎŜ ƻŦ ŦŜŀǘǳǊŜǎ ōŜƛƴƎ άcollinearέ

ÅOne feature is a linear function of another.

ïI can increase weight on one feature, and decrease it on the other,
without changing predictions.

ïThus, if (w1,w2) is a solution then (w1+w2, 0) is a solution.

Å.ǳǘΣ ŀƴȅ ΨǿΩ ǿƘŜǊŜ ᶯ f(w) = 0 is a global optimum, due to convexity.



Convex Functions

ÅIs finding ŀ ΨǿΩ ǿƛǘƘ fɳ(w) = 0 good enough?

ïYes, for convex functions.

ÅA function is convexif the area above the function is a convex set.

ïAll values between any two points above function stay above function.



Convex Functions

Å!ƭƭ ΨǿΩ ǿƛǘƘ ᶯ f(w) = 0 for convex functions are global minima.

ïNormal equations finds a global minimum because of convexity.



How do we know if a function is convex?

ÅSome useful tricks for showing a function is convex:

ï1-variable, twice-differentiable function is convex iff ŦΩΩόǿύ җ л ŦƻǊ ŀƭƭ ΨǿΩΦ



How do we know if a function is convex?

ÅSome useful tricks for showing a function is convex:

ï1-variable, twice-differentiable function is convex iff ŦΩΩόǿύ җ л ŦƻǊ ŀƭƭ ΨǿΩΦ

ïA convex function multiplied by non-negative constant is convex.




