Assignment 6




Question 1.1
i €1—1,1
Odds ratio d { }

p(yi|w! ;)
p(—y;i|w! z;)

Linear model

NopT o
log( plyilw i) ) = wlz.

p(—yi|lwTz;)

Objective function

n
argrﬁciin > —log(p(yslw"z:)).
wek® =1




Question 1.1

Starting from equation 1

Odds ratio )
> First step
p(yilw” i) ooz
P\ —Yi|w” T4 i NwT .
p(—-y@'|’me@) replace with  p(y;|wT z;)
Linear model using the fact that,
p(yilw”z;) + p(—yilwTz;) = 4
T
log< p(yi|w T%') ) o Second step
p(—yi|whz;)
Apply “exp” on both sides to get rid
Objective function of the log
argmin Z —log(p(y;|w” z;)). Third step

Solve for p(y;|wTz;) and plug it into
the objective function




Question 1.2 One-vs-all Logistic Regression

[n,d] = size(X);
k = max(y);

W = zeros(d,k);

c = 1:k

yc = ones(n,1);

yc(y ~= ¢) = -1;

W(:,c) = (XTX)\(X"*ye);
end

model.W = W;
model.predict = @predict;
end

19 function [yhat] = (model, X)
280 W = model.W;
[~,yhat] = max(X*W,[],2);
end




Question 1.2 One-vs-all Logistic Regression

Matrix X Matrix W Matrix y

[n,d] = size(X);
k = max(y);

W = zeros(d,k);

c = 1:k

yc = ones(n,1);

yely == ¢} = -1

W(:,c) = (X"*X)\(X"*yc);
il dimensions = ? dimensions = ? dimensions = ?

model.W = W;
model.predict = @predict; n samples, k classes, p features

end

unction [yhat] = (model, X)
e use findMin with LogisticLoss instead
end (see assignment 4 for the

LogisticLoss function)




Question 1.2 One-vs-all Logistic Regression

Matrix X Matrix W Matrix y

[n,d] = size(X);
k = max(y);

W = zeros(d,k);
¢ = Lk
yc = ones(n,1);
ye(y ~= ¢) = -1;
W(:,c) = (XTX)\N(X" *ye);
=ad dimensions =n xp dimensions =p x k dimensions = n x k

model.W = W;
model.predict = @predict; n samples, k classes, p features

end

unction [yhat] = (model, X)
e use findMin with LogisticLoss instead
end (see assignment 4 for the

LogisticLoss function)




Question 1.3 Softmax Loss and derivative

e The softmax probability function is given as,

g exp(wy], z;)
p(ye H’{/? .’I.-'z') — ) Y — -
o—1 exp(wy’ ;)

e Assume yi€f{l,2,3}

e Convert y to binary form; i.e.
Yi=1100,1,0] ify;=2
[0,0,1] ify;=3



Question 1.3 Softmax Loss and derivative

The softmax probability function is given as,

p(yi|W,x;) =

exp( 'w;: ;)

fle exp(wilz;)

Assume yi€1{l1,2,3}

Convert y to binary form; i.e.

yi=

/

Yi1

(0,1,0] ify; =2

[0, ify;=3

Yi2. Vi3

=i +¥ig
Uk expgWe) 7T explaWe)

Therefore,

P(yiIlW, x) = p(yi|W, x)

exp (x;Wh _ exp(x W) _ exp(xiw©)
+ e, + yi{:‘ k z

C is the number of classes

W/ refers to column j of W

Yic is the binary predicted target value for class ‘¢’ of
sample 7’



Question 1.3 Softmax Loss and derivative

e The softmax probability function is now formulated as,

exp (x; W1 il exp (x; W?) oo exp (x; WO)

P : W’ = = W, — 1r: : ein T 1 .
{}’zl I} p[]”’i | I} il Ef:] EXP(IF'WE:) yEEZle exp[x;-Wf") yICZle exp[x:.Wf,]



Question 1.3 Softmax Loss and derivative

e The softmax probability function is now formulated as,

exp (x; WO)
TE_ explx; We)

exp (x; W1

_ explx WA
P e

lrdW, 2= plalWeR) Sl EZf:, exp(x; W¢)

+.,.+

E_ explxiWe)

Only one of these terms is non-zero for any training example '



Question 1.3 Softmax Loss and derivative

e The softmax probability function is now formulated as,

exp (x; W1 P JC7 w?) _ exp(x W9

i +... T+ Yic
SE_ expaWe) T CEF_ explaWe) Tk exp(xWo)

P(yilW,x) = p(y:|W, x) = ¥i1

e The negative logarithm of the probability:

log(p(y;|W,x)) =7 (apply log)

—log(p(yilW,x)) =7 (multiply by -1)

e The derivative of the negative log probability with respect to Wj‘? can be broken into two cases :

0—log(p(yiIW,x)) |? ifyi=cie. yic=1
oW ? ify;Zcie. ;=0




Question 1.3 Softmax Loss and derivative

e The softmax probability function is now formulated as,

exp(iWh g XD w?)
2
Yk expxWe) XK exp(x; We)

P(yilW,x) = p(y:|W, x) = ¥i1

e The negative logarithm of the probability:

log(p(y;|W,x)) =7 (apply log)
—log(p(yiIW,x)) =7 (multiply by -1)

exp (x; WO)

+ Yic
YCTE  expaWe)

e The derivative of the negative log probability with respect to Wj‘? can be broken into two cases :

0—log(p(yiIW,x)) |? ifyi=cie. yic=1
oW ? ify;Zcie. ;=0

W Eis column ¢ of row j of W
which corresponds to
the coefficient of
feature j of class ¢



Question 1.3 Softmax Loss and derivative

e The softmax probability function is now formulated as,

exp (x; W1 P JC7 w?) _ exp(x W9

Yiz +... T+ Yic
Tk expWe) Tk explx We) Tk exp(xWo)

P(y;|W, x) = p(y;|W, x) = Vi1

e The negative logarithm of the probability:

log(p(y;|W,x)) =7 (apply log)

—log(p(yilW,x)) =7 (multiply by -1)
e The derivative of the negative log probability with respect to Wj‘?

0 —log(p(y;|W, x)) ? ifyi=cie Vic=1 Hint: Use the indicator
5 = _ ] _ function to distinguish
aW}. e Hy;#cie yic=0 between the two cases




Question 1.4 - Softmax Classifier

1 function [model] =

. [n,d] = size(X);
6 k = max(y);

8 W = zeros(d,k);

v for ¢ = 1:k
yc = ones(n,1);
yc(y ~= ¢c) = -1;
W(:;c) = (X" X)X "*yc);
13 end

model.W = W;
model.predict = @predict;
end




Question 1.4 - Softmax Classifier

function [model] =

,d] = size(X);
max(y);

zeros (d,k); Use findMin instead with the softmax
c = 1:k loss grad function

ye~s_ongs(n,l1);
ye(y A=¢) = -1;
(Ze) = DREO\(X *ye);

model.W = W;
model.predict =
end




Question 1.4 - Softmax Classifier

zeros(d,k);

function [model] = ier(X,y) i
14 |W(:) = findMin(@yourSoftmaxLossFunction, W(:), ....)

model.W = W;
model.predict = @predict;
end

[n,d] = size(X);
k = max(y);

W = zeros(d,k);

2k et o = dia function [loss, grad] = (w, X, y, k)
yc = ones(n,1);
ye(y ~= ¢) = -1;
) W(:,c) = (X" ®X)I\(X"*yc); W = reshape(w, [p k]);
3 | end
model.W = W; loss = the softmax loss function derived for Q1.3
model.predict = @predict;
end
grad = the softmax gradient function derived for Q1.3

reshape(grad, [p*k 1]);

Change the contents of the green box on the left using that of the green boxes on the right



Question 1.4 - Softmax Classifier

zeros(d,k);

function [model] = ier(X,y) i
14 |W(:) = findMin(@yourSoftmaxLossFunction) W(:), ....)

model.W = W;
model.predict = @predict;
end

[n,d] = size(X);
k = max(y);

W = zeros(d,k);

2k et o = dia function [loss, grad] = (w, X, y, k)
yc = ones(n,1);
ye(y ~= ¢) = -1;
) W(:,c) = (X" ®X)I\(X"*yc); W = reshape(w, [p k]);
3 | end
model.W = W; loss = the softmax loss function derived for Q1.3
model.predict = @predict;
end
grad = the softmax gradient function derived for Q1.3

reshape(grad, [p*k 1]);

Change the contents of the green box on the left using that of the green boxes on the right



Question 1.5 - Cost of Multinomial Logistic Regression

oy for t =1 tolT Time complexity for processing one example = ?
for i =1 ton
for k = 1 to K
softmax_value(i,k) = compute softmax for class k for training example i over the 'd’ features
for g =" 1 taoid
for k = 1 to K
softmax_gradient(j, k) = compute the gradient for the cofficient of feature j of class k using softmax_value
for j =1 to d
for k = 1 to K

update w(j,k) using softmax_gradient(j, k)|

Time complexity for predicting one example = ?

3v for i = 1 to n_test
for k = 1 to K
softmax_value(i,k) = compute softmax for class k for test example i over the 'd' features

end for

for i = 1 to n_test
yhat(i) = argmax of softmax _value(i,k) over 'k’
end for



Question 1.5 - Cost of Multinomial Logistic Regression

for t =1 to T
for i =1 ton
for k = 1 to K
softmax_value(i,k) = compute softmax for class k for training example i over the 'd’ features
for g =" 1 taoid
for k = 1 to K
softmax_gradient(j, k) = compute the gradient for the cofficient of feature j of class k using softmax_value
for j =1 to d
for k =1 te kK

update w(j,k) using softmax_gradient(j, k)|

33v for 1 = 1 to n_test
' for k = 1 to K
softmax_value(i,k) = compute softmax for class k for test example i over the 'd' features
end for

for i = 1 to n_test
yhat(i) = argmax of softmax _value(i,k) over 'k’
end for



Question 2
random walk

load simpleGraph.mat

matrix A
Adjacency matrix

1 2 3 4 5 6
1010001

length(A);
zeros(n,2);

LY,

matrix labelList

io: %:T I:r 3 1
Lo 1 /0 1 o |0 |0
yhat = runRandomWalk(A,labellist,i);
e Ylakie ==l 4 1
p(i,1) = p(i,1) + 1;
elseif yhat == -1

p(i,2) = p(i,2) + 1;
end 5 -1

(o2 TN ) I w N
o
o
o
o
N
o

probabilities = p/r



Question 2 : /@ ’

random walk

un

matrix A
Adjacency matrix

1 2 3 4 5 6
1010001

matrix labelList

3 1
1 0 1 0 0 0

yhat = runRandomWalk(A,labellist,i);
if yhat == 1 5 -1

p(i,1) = p(i,1) + 1;
elseif yhat == -1

p(i,2) = p(i,2) + 1;
end

o o0~ WN
o
o
o
o
N
o




. 2 3
Question 2 /@
v=1 ~1/2

random walk prob ~

matrix A
Adjacency matrix

1 2 3 4 5 6
1010001

matrix labelList

3 1
1 0 1 0 0 0

yhat = runRandomWalk(A,labellist,i);
if yhat == 1 5 -1

p(i,1) = p(i,1) + 1;
elseif yhat == -1

p(i,2) = p(i,2) + 1;
end

o o0~ WN
o
o
o
o
N
o




) 2 3
Question 2 1 /@

random walk

matrix A
Adjacency matrix

1 2 3 4 5 6
1010001

matrix labelList

3 1
1 0 1 0 0 0

yhat = runRandomWalk(A,labellist,i);
if yhat == 1 5 -1

p(i,1) = p(i,1) + 1;
elseif yhat == -1

p(i,2) = p(i,2) + 1;
end

o o0~ WN
o
o
o
o
N
o




) 2 3
Question 2 1 /@

random walk

matrix A
Adjacency matrix

1 2 3 4 5 6
1010001

matrix labelList

3 1
1 0 1 0 0 0

yhat = runRandomWalk(A,labellist,i);
if yhat == 1 5 -1

p(i,1) = p(i,1) + 1;
elseif yhat == -1

p(i,2) = p(i,2) + 1;
end

o o0~ WN
o
o
o
o
N
o




Question 2
random walk

yhat = runRandomWalk(A,labellist,i);

if yhat == 1

p(i,1) = p(i,1) + 1;
elseif yhat == -1
p(i,2) = p(i,2) + 1

end

yhat = -1 with
prob = 1/(1+2) = 1/3

v=5 /NA

0
0
" matrix A

Adjacency matrix
1 2 3 4 5 6
110 1 0 0 0 1

prob = 1/3

matrix labelList

3 1
51 /0 |1 0 [0 |0
4 1 3/0 |1 0 |0 (0 |O
4/0 |0 0 0 |1 |0
> - 50 (0 (O 1 |0 |1
6/1 (0 |0 [0 |1 |0



: 2 3
Question 2 ~ /@

random walk

yhat = -1 with
prob = 1/(1+2) = 1/3

V=5 R

<
0

O )

¢ matrix A

Adjacency matrix

1 2 3 4 5 6
1010001

prob = 1/3

matrix labelList

3 1
1 0 1 0 0 0

yhat = runRandomWalk(A,labellist,i);
if yhat == 1 5 -1

p(i,1) = p(i,1) + 1;
elseif yhat == -1

p(i,2) = p(i,2) + 1;
end

o o0~ WN
o
o
o
o
N
o




