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Syntax

x ∈ VAR, n ∈ Z, t ∈ TERM, v ∈ VALUE ⊆ PGM, F ∈ FRAME, r ∈ REDEX ⊆ PGM
f ∈ FAULTY ⊆ REDEX, err ∈ ERROR, c ∈ CONFIG, w ∈ CANON
p ∈ PGM = { t ∈ TERM | FV (t) = ∅ } , OBS = {procedure,∞} ∪ Z ∪ ERROR

t ::= x | n | t t | λx.t | let x = t in t | t + t
v ::= n | λx.t
F ::= □ p | v □ | let x = □ in t | □ + p | v + □
r ::= v v | let x = v in t | v + v
f ::= v1 v2 v1 /∈ {λx.t ∈ TERM }

| v1 + v2 { v1, v2 } ⊈ Z
err ::= mismatch
c ::= p | err
w ::= v | err

Note: Terms are identified up to α-equivalence

[t/x] : TERM → TERM Substitution (w/ Barendregt’s Variable Convention)

[t/x]x = t

[t/x]x0 = x0 if x0 ̸= x

[t/x]n = n

[t/x]t1 t2 = ([t/x]t1) ([t/x]t2)

[t/x]t1 + t2 = ([t/x]t1) + ([t/x]t2)

[t/x]let x0 = t1 in t2 = let x0 = ([t/x]t1) in ([t/x]t2) if x ̸= x0

[t/x]λx0.t0 = λx0.[t/x]t0 if x ̸= x0

(• −→ •) ⊆ PGM × CONFIG Single-step Reduction

(λx.t) v −→ [v/x]t
(sapp)

let x = v in t −→ [v/x]t
(slet) n3 = n1 + n2

n1 + n2 −→ n3
(splus)

f −→ mismatch
(serr)

p1 −→ p2
F [p1] −→ F [p2]

(Fstep)
p1 −→ err

F [p1] −→ err
(Ferr)

*© Ronald Garcia.

1



TFL Structural Operational Semantics Time Stamp: 16:03, Saturday 30th March, 2024

(• ∞−→ ) ⊆ PGM Divergence

p1 −→ p2 p2
∞−→

p1
∞−→

eval : PGM
dens→ OBS

eval(p) = n if p −→∗ n

eval(p) = procedure if p −→∗ λx.t

eval(p) = err if p −→∗ err

eval(p) = ∞ if p ∞−→

Proposition 1 (Principle of Rule Coinduction for (• ∞−→ )).
Let S ⊆ PGM. Then ∀p ∈ S.p

∞−→ if ∀p1 ∈ S.∃p2 ∈ PGM. p −→ p2 ∧ p2 ∈ S.

SAFE ⊆ CONFIG Safety

v ∈ SAFE err ∈ SAFE

p1 −→ c2 c2 ∈ SAFE

p1 ∈ SAFE

Proposition 2 (Principle of Rule Coinduction for SAFE). Let S ⊆ CONFIG. Then S ⊆ SAFE if for every c ∈ S
one of the following holds:

1. c ∈ ERROR;

2. c ∈ VALUE;

3. ∃p1 ∈ PGM, c2 ∈ CONFIG. c = p1 ∧ p1 → c2 ∧ c2 ∈ S.

Proposition 3 (Safety). PGM ⊆ SAFE.

(• ⋆−→ •) ⊆ CONFIG × CANON Convergence

v
⋆−→ v err

⋆−→ err

p1 −→ c2 c2
⋆−→ w3

p1
⋆−→ w3

Proposition 4. ∀c1 ∈ CONFIG, w2 ∈ CANON. c1 −→∗ w2 ⇔ c1
⋆−→ w2.
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