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Syntax

n€Z, bveBoOOL, X eLoC, a€ AEXp, b€ BEXp, ce CoM,
a = X|nla+a|la—al|axa

b == truel|false|a=ala<a|-b|bAb|bDVD
¢ == skip| X:=a|cc]|ifbthen celse c|whilebdoc
bv == true | false

Big-step Semantics

o € STORE = LoC — Z
ACFG = AEXP x STORE, BCFG = BEXP x STORE, CCFG = COM x STORE

0, € STORE
0.,(X)=0

[+ ] : STORE x LOC x Z — STORE
o[Xo = n](Xo) =n
O’[XoHn](Xl):O'(Xl) ifX()?éXl

*© 2016 Ronald Garcia.
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’UAEXP C ACFG x Z‘

(enum) (eloc) <a1, ‘7> JAEXP M1 <a27 (7> JAExe M2 (eplus)
(n,o) bagxe (X,0) Yarxr 0(X) (a1 + az,0) Yapxe n1 + no
(a1,0) bapxe n1 (a2,0) Yapxe n2 (eminus) (a1,0) dapxe 1 (az,0) Yapxe N2 (ctimes)
(a1 - a2,0) UaExr N1 — N2 (a1 * ag, o) JaExe 11 * N2

NBEXP C BCFG x BOOL‘

¢ fal
(true, o) Upexe true (etrue) (false, o) Ippxe false (efalse)

(a1,0) dapxe 1 (az2,0) Jarxe N2
<a1 =ag, U> UBExp bV

(eeq) [bv =trueif ny =ny
bv = false if ny # no

(a1,0) bagxe 1 (az2,0) Jarxe N2
(a1 < ag,0) Ugexe bv

(eleq) [bv =trueifny < mny
bv = false if ny > no

<ba U> UBEXp bU1
(b, o) IBEXP bU2

(enot) [bv, = true if bv; = false
bvy = false if bv, = true

by, boir  (bo, b _
(b1, ) @F;XPA bvl ><U2 %) iizEXP v (eand) (bvs = true if bv; = buy = true
, O K . .
! 2 Bxe 7T bvs = false if otherwise

b1, b ba, b )
(b1, ) llbeXPv ;)1 ;j o) %EEXP v (eor) {bvg = true if bv; = true or bvy = true
1 2,0 ) VBEXP 3

bvs = false if otherwise

[ dcow € CCFG x STORE]

<a7 U> VAExe 1

_ (eski '
(skip, ) Jcom @ (eskip) (X = a,0) deow 01X o 71 (eassign)
(c1,0) UCO~M o' {ca,0") /l/}coM o (eseq) <b, o) Ipexe true  {c1,0) Ycom (/7’ (it
{erie2,0) bcom @ (if b then ¢ else co,0) Jcom &
(b, 0) Vpexe false  (c,0) bcom o’ (b, o) Ipexe false .
(b then ci o156 cz,0) Yo o' 0 (While b do ¢, o) oy o o hile-H

(b,o) Upexe true  (c,o) Ycom o’ {(while bdo ¢,c") com o’
(while b do ¢, o) Jcom o”

!
(ewhile-t)

Pcm = CoM, OBS =STOREU {oo}

d
evalyp : PGM E;s OBS
evalpp(c) = o if {¢,0,) bcom
eval rpp(c) = oo otherwise
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Re

asoning Principles

Proposition 1 (Backward Reasoning for (a, o) {}agxe n, Distinguishing a).

. VX € LoC.Vo € STORE.Vn € Z. (X, 0) Japxe n = n = o(X);
Vni,ne € Z.¥o € STORE. (n1,0) |aApxp N2 = Na = ny;

Vaj,ay € AEXP.Vo € STORE.Vn € Z. (a1 +a2,0) Yagxe 7 = Ing,na € Z. {(a1,0) Yapxr N1 A
(a2,0) Japxe n2 A0 = ny + ny;

Vaj,a; € AEXP.Vo € STORE.Vn € Z. (a1 — az,0) {apxe 7 = Iniy,ne € Z. {a1,0) Yapxe N1 A
(a2,0) Jagxe N2 A =ng —no;

Vaj,ap € AEXP.Yo € STORE.Vn € Z. {(aj*az,0) Jagxr 7 = Ini,ne € Z. {a1,0) Yapxewe n1 A
(a2,0) JaExe n2 A = nq * ng;

Proposition 2 (Principle of Derivation Induction for (a, o) JaAgxr n).
Let ® be a predicate on derivations D € DERIV[Ry,,..]. Then ®(D) holds for all derivations D € DERIV[Ry,,..] if:

1

. Vn € Z.Vo € STORE. ® <<n,a> Uaxe 10 (e””m)> ;

VX € LOC.Vo € STORE. & ((X, o) bapxe 0(X) (eloc)) :

Vai,as € AEXP.Vny,ne € Z.Vo € STORE.VD;, Dy € DERIV[Ry,,..]-

Dy = (a1, 0) dapxe m1 A D2 = {az,0) Jaexe n2 A ®(D1) A ®(D3) =
D1 Do

& [ (¢1,0) bapxe 1 (a2, 0) dapxe N2

(eplus) | °
(a1 + az,0) Yapxe 71 + N2 P

Vai,as € AEXP.Vny,ng € Z.Yo € STORE. VD1, Dy € DERIV[Ry,,..]-

Dy i {a1,0) agxe n1 A Dy :: {ag,0) Yapxe o A ®(D1) A ®(Ds) =
D Dy

o <a170> JAExr N1 <a2,0> JaExe N2

(eminus) |’
(Cbl -a2,0> YAExe 1 — N2

Vai,as € AEXP.Vny,ng € Z.Vo € STORE.VD;, Dy € DERIV[Ry,,..]-

D1 = {a1,0) Yapxe n1 A Dz i (a2, 0) Yapxe n2 A (D1) A ®(Ds) =
D4 Do

[0)) <a170> uAEXP ni <a270> JAEXP M2

(a1 * az,0) Japxe N1 * N2

(etimes)

Proposition 3 (Principle of Rule Induction for {(a, o) {apxe 7).
Let ® be a predicate on ({a,0) ,n) € ACFG x STORE. Then ®({a, o) ,n) holds for all (a,c) Japxe n if:

1.

2
3
4.
5

Vn € Z.Vo € STORE. ®((n,o) ,n);

. VX € LoC.Vo € STORE. ®({(X,0) ,0(X));

. Yay,as € AEXP.Vny,ng € Z.Vo € STORE. ®({a1,0),n1) A ®({az,0),n2) = ®({a1 + az,0) ,n1 + n2);

Vay,as € AEXP.Vny,ne € Z.Vo € STORE. ®((a1,0) ,n1) A ®({(az,0) ,n2) = ®({ay - as,0) ,n1 — na);

. Yay,ay € AEXP.Vni,ng € Z.Vo € STORE. ®((a1,0),n1) A ®({az, o) ,n2) = ®({ay * az, o) ,ny * na).
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Proposition 4 (Principle of Derivation Induction for (b, o) {pexe bv).
Let ® be a predicate on derivations D € DERIV[Ry,,..]. Then ®(D) holds for all derivations D € DERIV[Ry,,..| if:

1.

Yo € STORE. ® ((true, o) Unexe frue (etrue)> :

i
VYo € STORE. ((fa/se, o) Upexr false (efa S€)> ;

. Yai,as € AEXP.Vny,ny € Z.Vbv € BOOL.Vo € STORE. (n1 = ne = bv = true) A

(n1 # ng = bv = false) A (a1,0) Yagxe 11 A (a2, 0) Japxe no = @ <<a1 = 42,0 Vo bo (eeﬂ)) ;

Yay,as € AEXP.Vny,ng € Z.Vbv € BOOL.Vo € STORE. (n1 < ng = bv = true) A
(n1 >ng = bv = false) N <CL1,J> Uagxe N1 A <CL2, O’> Uagxp o = @ <<al < a2,0_> [T— (6164)) ;

Vb € BEXP.Vbuy, bug € BOOL.Vo € STORE. VD € DERIV[Ry,,..]- (bvi = false = bvs = true) A
D

(bvl true = bvy = fa/se) AD :: <b, O’> UBExe b1 A (I)(D) = ¢ <b’ 0> IBEXP DV1

(=b,0) UBEXe bU2

Vby,be € BEXP.Vbuy, bug, bug € BOOL. Vo € STORE. VD1, Dy, € DERIV[R ... |-
(bvy = true A bug = true = bug = true) A (—(bvy = true A bvy = true) = bvs = true) A
Dl o <b, O'> ‘U’BEXP b’Ul A DQ o <b, O’> ‘UBEXP b’l)1 AN (I)(Dl) AN @(Dg)
Dy Dy
<b17U> UBEXP b’U1<b27U> UBEXP buo
(b1 A b2,0) UpEXe bU3

Wby, be € BEXP.Vbvy, bug, bug € BOOL. Vo € STORE. VDy, Dy, € DERIV[R .. |-
(bvy = true V bvy = true = buz = true) A (—(bvy = true Vv bug = true) = bvs = true) A
Dy :: <b, O’> UBExp b1 A Ds i <b, O’> UBExp DUt A (I)(Dl) A @(Dg)

D, D,
[0} <b1,0'> IBEXP bvl<5270> IBEXP bU2

(b1 V b2, o) IBEXe bus

(enot) | °

(eand) |’

(eand)

Proposition 5 (Principle of Rule Induction for (b, o) {gexe bv).
Let @ be a predicate on ((b, o) , bv) € BCFG x STORE. Then ®((b, o), bv) holds for all (b, o) Jpgxp bv if:

1.
2.
3.

VYo € STORE. ®((true, o) , true);
Vo € STORE. ®((false, o) , false);

Vay,as € AEXP.Vny,ne € Z.Vbv € BOOL.Vo € STORE. (n1 = ne = bv = true) A
(n1 # ng = bv = false) A {ay,0) Jarxe 11 A {az,0) Japxe n2 = ®({ay = ag, o), bv);

Yaq,as € AEXP.Vni,ne € Z.Vbv € BOOL.Vo € STORE. (n1 < ng = bv = true) A
(n1 > ng = bv = false) A {a1,0) Jasxe 11 A {a2,0) Yapxe n2 = ®({a1 < ag,0), bv);

Vb € BEXP.Vbvq, bva € BOOL.Vo € STORE. (bv; = false = bvy = true) A
(bvy = true = buy = false) A ®((b, o), bvy) = ®((—b, o), bvs);

Vb1, by € BEXP. Vbvq, bus, bug € BOOL. Vo € STORE. (bvy = true A bvy = true = bvs = true) A
(=(bvy = true A buy = true) = bus = true) A
D((b,o),bv1) ANDP((b,0),bvy) = P({by A by, o), bus);

Vb1, by € BEXP. Vbuy, bua, bus € BOOL. Vo € STORE. (buy = frue V bvy = true = bus = true) A

(=(bvy = true V bvy = true) = buvs = true) A
D((b,c),bvy) AN®((b,o),bvy) = ®({(b1 V by, o), bus).
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Proposition 6 (Principle of Derivation Induction for (¢, o) {com o).
Let ® be a predicate on derivations D € DERIV[Ry..,,|. Then ®(D) holds for all derivations D € DERIV[Ry.,] if:

 (eski
1. Vo € STORE. ® ((skip, ) Voom @ (es zp))

7

2. Ya € AEXP.Vn € Z.VX € LOC.Vo € STORE. {(a,0) AExp N =
(eassign)
® (<X = ,0) Ucom 0[X — 7] & )

b

3. Vey, e € COM. Vo, 0’ 0" € STORE. VD, Dy € DERIV. Dy :: {c1,0) dcom 0’ A Ds :: {ca,0") Icom 0" A

D, Dy
O(D)NP(Dy) = P <<Cl70> Jcom o’ <C27UI>H com 0" (eseq)) ;
<01§C27U> Jcom o

4. Vb € BEXP.Vey,co € COM. Vo, 0’ € STORE.VD; € DERIV. (b, o) |pgxe true A Dy :: {c1,0) Jcom o' A
Dy

(D) = @ {e1,0) dcom o’
(ifb then ¢, else ca,0) Jcom o

- (eift) |

5. Vb € BEXP.Vey,co € COM. Vo, 0’ € STORE. VD € DERIV. (b, 0) Ipgxe false A Dy :: (ca,0) lcom 0’ A
Dy
!
®(Dy) =P [ _ (c2,0) dcom o eifp |
(ifb then ¢y else ca,0) Ycom o

6. Vb € BEXP.Ve € COM. Vo € STORE. (b,0) |lppxp false = @ ((Whi/e bdoc,o) (ewhile-f)) :

Icom o

7. ¥b € BEXP.Ve € COM. Vo, o', 0" € STORE. VD;, Dy € DERIV.
(b, o) UBExp true A Dy :: {c1,0) Ycom 0’ A Dy :: (while b do ¢, d’) com o A

1 D,
O(Dy) N P(Ds) = @ (¢,0) dcom o' (while b do c,o’) Vcom o . .
(while b do ¢, o) Jcom " (ewhile-t)

Proposition 7 (Principle of Rule Induction for (¢, o) {com 0’).
Let ® be a predicate on ({c,c) ,0’) € CCFG x STORE. Then ®({c, o) ,0’) holds for all {c, o) Jcom o’ if:

1. Yo € STORE. ®((skip, o) ,0);

2. Ya € AEXP.Yn € Z.VX € LOC.Vo € STORE. {(a,0) Japxe n = ®((X :=a,0),0[X — n]);
3. Vey,ca € COM.Vo,0’,0” € STORE. ®({c1,0),0") A ®({ca,0’),0") = ®({c1;¢2,0),0");
4

. Vb € BEXP.Vcy,co € COM. Vo, 0’ € STORE. (b, o) |pgxe true A ®({c1,0),0') =
O((ifb then ¢y else ca,0) ,0');

5. Vb € BEXP.Vey,co € COM. Vo, 0’ € STORE. (b, o) Ipexp false A ®({ca,0),0") =
O((ifb then ¢y else ca,0) ,0');

6. Vb € BEXP.Ve € COM. Vo € STORE. (b,c) |pexr false = ®({while b do c,o) ,0);

7. Vb € BEXP.Ve € COM. Vo, 0’, 0" € STORE. (b, o) {prxp true A
®({c1,0),0") N®({whileb do c,0’) ,0") = ®((while b do c,c) ,c").
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