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Syntax

n€Z, bveBooL, X eLloc, ae€ AEXP, beBExp, ce€ CoMm,
a = X|nla+a|la—al|axa

b == truel|false|a=ala<a|-b|bAb|DVD
= skip| X:=a|c¢c|ifbthen celse ¢ | while bdo ¢
bv == true | false

Big-step Semantics

o € STORE = LOoC - Z
ACFG = AEXP x STORE, BCFG = BEXP x STORE, CCFG = COM x STORE

0, € STORE
0.(X)=0

[+ ] : STORE x LOC x Z — STORE
O’[Xo — ’n](X()) =n
O’[Xo*—)TL](Xl):J(Xl) leO#Xl

*© 2019 Ronald Garcia.



IMP: Big-step Plus Divergence Time Stamp: 19:04, Friday 5" April, 2024

’UAEXP C ACFG x Z‘

<a1, ‘7> JAEXP M1 <a27 (7> JAExe M2

—— (enum eloc eplus
(n, o) baexe n ( ) (X,0) Japxe 0(X) (eloc) (a1 +az, 0) Yapew m1 + 2 e
(a1,0) bapxe m1 (a2,0) Yapxe n2 (eminus) (1, 0) bape m_{a2,0) $aswe 2 (etimes)

(ar-az,0) apxe 1 — N2 (a1 * az, o) dapxe n1 * N2
NBEXP C BCFG x BOOL‘
¢ fal
6.2} loms true (etrue) (false, o) Ipexp false (efalse)
(ay,0) U&Exi 21 aiaj, o) Ub/:)Exp N2 (eeq) [bv =trueif ny =ny
1=a2,0) IBExp bv = false if ny # no
(ay,0) U(ZExiT;l U<>ai’ o) llevEXP 2 (eleq) [bv =trueifny < mny
1 < ag, BExXP bv = false if ny > no
b, b
<< boz;ﬁfExr :; (enot) (bus = true if bu; = false
, BExp 0V2 bv, = false if bv; = true
by, b b, b i
o llfop/\ Ij}l 0><U2 . iijfxv = (eand) [bvg = true if bvy = buy = true
1 2, BExp 03 bvs = false if otherwise
by, b b, b i
o li?; ~ Z 1 ><u2 ’ iﬁ‘f 2 (eor) [bus = true if buy = true or bu, = true
O i i
1 2 BExp 0U3 bvs = false if otherwise
[ dcow € CCFG x STORE]
. (a,0) YaExe N :
_  (esk
(skip, ) Jcom 0 (eskip) (X :=a,0) Jcom o[X — n] (cassigr)
(c1,0) bcom 0" (c2,0”) Ycom o” (eseq) (b,0) Igexe true  {c1,0) com 0’ (eif-t)

(c15¢2,0) Ycom 0 (if b then ¢, else co,0) Jcom o’

(b, o) UpExe false
(while bdo ¢,0) {com o

(b,o) Ipexr false  (c2,0) dcom o
(if b then ¢; else ¢z, 0) Jcom o’

(eif-f)

(ewhile-f)

(b,o) Upexe true  (c,o) Ycom o’ {(while bdo ¢,c") com o’

’
(while bdo ¢, ) lcou o (ewhile-t)
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IMP: Big-step Plus Divergence Time Stamp: 19:04, Friday 5" April, 2024

m (c1,0) bcom 0’ (c2,0")

—— (dseql
Cericaoy 7 asedl) (cvi02,0) 1

(b,o) Upexe false  (c2,0)
(if b then ¢, else cz,0) 1

(b,o) Ipexp true  (c1,0) ft
(if b then ¢ else ca,0) A

i (dseq2) (dif-t)

(b,o) Upexe true {c,o)
(while bdo ¢, o) 1

f (dif-f) i (dwhile-c)

(b,o) Upexe true  {(c,0) Ycom o’ (while bdo ¢,o”)
(while bdo ¢, o)

i (dwhile-w)

PGM = CoM, OBS = STOREU {0}

evaljyp : PGM dg\)s OBS
evalpyp(c) = o if {(c,0,) Jcom o
eval pyp(c) = oo if (c,0,)
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Reasoning Principles

Convergence

Proposition 1 (Principle of Induction on Derivations D :: (c,o) {com ¢'). Let ® be a predicate on derivations

D :

. Yo € STORE. ® (W

(¢, 0) {bcom o’. Then ®(D) holds for all derivations D € DERIV if:

(eskip)\ .
lcom o P )’
Va € AEXP.Vn € Z.VX € LOC.Vo € STORE. {(a,0) Japxe N =

¢ ((X i=a,0) |com o[X — n] (eussign))

b

Veq,co € COM. Vo, o', 0" € STORE.VD;, Dy € DERIV. D :: {¢1,0) Jcom 0’ A Ds :: {c2,0") bcom oA

Dy Do
O(D)ANP(Dy) = P (c1,0) bcom 0" (c2,0") Jcom 0" (eseq) ;
(c1;¢2,0) Jcom 0"

Vb € BEXP.Vey, co € COM. Vo, 0’ € STORE.VD; € DERIV. (b, o) |pxp true A Dy :: {c1,0) Jcom o'A
Dy

@(Dl) =& <Cla 0> U’COM o (Elf-f) 5
(ifb then ¢, else ca,0) lcom o’

Vb € BEXP.Vey, co € COM. Vo, 0’ € STORE.VD, € DERIV. (b, o) |pexp false A Dy :: (c2,0) Jcom 0'A

Dy
O(Dy) = ® (c2,0) dcom o’ ifp |
(ifb then ¢, else ca,0) Jcom o’

Vb € BEXP.Vc € COM. Vo € STORE. (b, o) |pexr false = ® ((Whi/e bdoc,o) (ewhile—f)) :

Jcom o

Vb € BEXP. Ve € COM.Vo,0’,0"” € STORE. VD1, D> € DERIV.
(b,o) UBExp true ADy :: (c1,0) Ycom 0’ A Dy :: (while b do ¢, c’) {com oA

1 Dy
B(Dy) ADB(Dy) = & | (¢:0) Ycom o’ (whileb doc,a’) Ucom o” )
(while b do ¢, o) Jcom o (ewhile-t)

Proposition 2 (Principle of Rule Induction for (¢, o) {com 0’). Let ® be a predicate on CCFG x STORE. Then
®((c,0),0") holds for all (c, o) {com o’ if:

1.

Vo € STORE. ® ((skip, o) ,0);

2. Ya € AEXP.Yn € Z.VX € LOC.Vo € STORE. {(a,0) Japxe n = ® ((X :=a,0),0[X — n]);
3.
4

Vep,co € COM. Vo, o', 0" € STORE. ®({c1,0),0") A ®({ca,0"),0") = ® ({c1;¢2,0) ,0");

. Vb € BEXP.Vey, co € COM. Vo, 0’ € STORE. (b, o) |pexr true A ®({cy,0),0') =

® ((ifb then ¢y else cy,0),0');

Vb € BEXP.Vey,co € COM. Vo, 0’ € STORE. (b, o) |pexr false A ®({(c2,0),0’) =
® ((ifb then ¢y else cy,0),0');

Vb € BEXP.Ve € COM. Vo € STORE. (b,0) |pexp false = ® ((while b do ¢,c) ,0);

Vb € BEXP.Ve € COM.Vo,0’, 0" € STORE. (b, o) {pexp true A ®({cy,0),0’) A ®({whileb do ¢,o’) ,0") =
® ((while b do c,0) ,0").

Page 4



IMP: Big-step Plus Divergence Time Stamp: 19:04, Friday 5" April, 2024

Divergence
R4 = (dwhile-w) U (dwhile-c) U (dif-f) U (dif-t) U (dseq2) U (dseql)

Monotone Function Induced by R

M : P(CCFG) — P(CCEG)
!

M(S)z{(c,a}ECCFG'EI<C,SU,>€’R1T.CZC’/\U:U’/\S/QS}

Split by Rules
<Clv U/>
(c15¢0,0")
(c2,0")
(c15c2,07")
L )

)

,0) € CCFG | (if bthen ¢ else ca,0”)
)
)

ux (e

{ c=ifbthencyelseco Ao =0"A{{c1,0')} C S
U{(qa

U{(c

M(S) = {(qa € CCFG ‘ 3 6Rﬂ.c:01;02/\020’/\{<01,U’>}QS}

u { (¢,0) € CCFG ‘ 3 € Ry. {c1,0") dcom " Ne=cr5ea Ao =o' AN{{ca,0") } C S}

€ Rﬂ <b7 O'/> ‘U’BEXI’ true A

- <62’ 0J>
€ CCrG | ~(if bthen ¢; else ¢y, 0”)
c=ifbthencyelse co Ao =0 A{{c2,0")} C S

€ Rﬂ. <b, O’l> UsExp false A

{c1,0")

€ CCrG | ~(while bdo ¢;,0)
c=whilebdoci Ao =0c"A{{c1,0")} C S

_(while b do c1,0")

U{ (c,0) € CCFG | ~ (while bdo ¢y, 0)

c=whilebdo ¢; Ao =o' A{(whilebdoc;,6”)} C S

E Rﬂ. <b, 0/> ‘U’BEXP true /\
s O

S Rﬂ. <b, O'/> UBExe true A <61, J/> Jcom o’ A

Simplified

M(S) ={{c,0) € CCFG | Jc1,ca € COM, 0’ € STORE.c = c15ca Ao =0a' A{cy,0') €S}
U{ {c,0) € CCFG | Jc1,co € COM, 0’0" € STORE. (c1,0") lcom " ANc=ci;ca Ao =" A{ca,0") € S}

0! (6.0 e ccra 3b € BEXP, ¢1,co € COM, 0’ € STORE.
“7 (b,0’) IpExp true Ac=if bthency else co Ao =0’ Afcy,0') € S
3b € BEXP, ¢1,co € COM, 0’ € STORE.
U ,o) € CCFG .
e, ) (b,0’) Ipexp false Ac=if bthenci else co Ao =0’ A{ca,0’') € S
0! (6.0 e ccra 3b € BEXP, ¢; € COM, ¢’ € STORE.
“7 (b,0’) IpExp true Ac=whilebdocy Ao =0’ Alecy,0') €S

3b € BEXP, ¢; € COM, ¢’,0"” € STORE. (b,0’) ||gExp true A
{c1,0") Vcom 0" Ac=whilebdo ¢; Ao =0’ A{whilebdo ¢1,0”) € S

U { (c,0) € CCFG
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IMP: Big-step Plus Divergence Time Stamp: 19:04, Friday 5" April, 2024

More Simplified (resolve o/, rename o”/, reorder conjuncts)

M(S) ={{c,0) € CCFG | Jc1,c2 € COM.c = cy5¢2 A {e1,0) € S}
U { {(¢,0) € CCFG | Jc1,co € COM, 0’ € STORE. ¢ = c1;¢a A (c1,0) dbcom 0’ A {ca,0') € S}
3b € BEXP, ¢1, o € COM. }

U CCFG .
{ o c=ifbthen ¢, else ca A (b, 0) Ipexe true A {c1,0) €5

U

3b € BEXP, ¢1,co € COM.
(¢,0) € CCFG e }

c =if bthen ¢y else ¢y A (b, o) |pexpe false A {co,0) € S

U

db € BEXp Com.
(¢,0) € CCFG © 1 € }

¢ = while bdo ¢; A (b,0) IBexe true A {c1,0) € S

U { (c,0) € CCFG

— ——

b € BEXP, ¢; € COM, ¢’ € STORE. ¢ = while bdo ¢; A (b, o) |pexp true A
(c1,0) Ycom 0/ Ao =a A{whilebdocy,0’) € S
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IMP: Big-step Plus Divergence Time Stamp: 19:04, Friday 5" April, 2024

Proposition 3 (Principle of Rule Coinduction for (¢, o) ). Let S C CCFG. Then (c, o) 1 holds for all {c,co) € S
if for each (c,o) € S one of the following holds:

1.
2.

Jey,c0 € COM. ¢ = eq562 A {c1,0) € S
Jey, co € COM, 0’ € STORE. ¢ = ¢1;5¢3 A {c1,0) Jcom 0’ A {ca,0’) € S

db € BEXP, ¢, co € COM.
c = ifb then ¢, else ca A (b,c) |pexe true A {c1,0) € S;

db € BEXP, ¢q,c5 € COM.
c = ifb then c; else cy A (b, o) |pexr false A (ca,0) € S;

db € BEXP, ¢, € COM.
¢ = while b do ¢ A (b,0) IBExe true A {c1,0) € S;

3b € BEXP, c; € COM, ¢’ € STORE. ¢ = while b do c; A (b, ) |pexp true A
(e1,0) dcom o' A (whileb do ¢cy,0") € S.
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