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Syntax

Presented as BNF
t € TERM, v € VALUE,

t u= true|false |iftthentelset

Equivalent Presentation as Inductive Definitions

a € ATOM,
true, false, if € AToM, true # false, true # if-then-else, false # if-then-else
r € TREE[ATOM]

TERM C TREE[ATOM] ‘

r1 € TERM ro € TERM 1r3 € TERM

fal .
(rfalse) if r1 then ry else r3 € TERM

(rif)

(rtrue)

true € TERM false € TERM
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Same Syntax, but Factored

ttrue : { () } — TREE[ATOM
tfalse : { () } — TREE[ATOM],
tif : TREE[ATOM] x TREE[ATOM]| x TREE[ATOM] — TREE[ATOM]

)

ttrue() = true
tfalse() = false
tif (r1,ro,73) = if r1 then ro else r3

Some Properties
Proposition 1 (Tree Functions Serve As Constructors).
1. Vry,re,r3 € TREE[ATOM]. ttrue() # tfalse() A ttrue() # tif (r1, 2, r3) A tfalse() # tif (r1, ra, 73);

2. V71,712,713, 721, T22, T'23. ﬁif(T11,7’1277"13) = tif(T2177"22,7’23) = 111 = 121 AT12 = T22 AT13 = T23.

’TTERM C TREE[ATOM] ‘

r1 € TTERM 79 € TTERM r3 € TTERM
ﬁif(?“lﬂ”g,’l“?,) € TTERM

(ttrue) (tfalse) (tif)

ttrue() € TTERM tfalse() € TTERM

Different Syntax, but Who’s Counting?

ntrue : { () } = N,
nfalse : {() } = N,
nif :NxNxN-—=>N

ntrue() =20 =1
nfalse() = 2! =2

nif (n1,ng,nz) = 22 % 3™ % 512 x 7"

Some Properties
Proposition 2 (Number Functions Serve As Constructors).
1. Vni,n2,ng € N.ntrue() # nfalse() A ntrue() # nif (n1, ne, ng) A nfalse() # nif (n1, na, n3);

2. Vni1,n12,n13, N21, N22, N23. mf(nu, 71127”13) = nif(n21,n22,n23) = N11 = N21 ANiz = N2z ANiz = Nag.

(ntrue) (nfalse)

ntrue() € NTERM nfalse() € NTERM

ny € NTERM no € NTERM ng € NTERM
nif (n1,ng,n3) € NTERM

(nif)
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Term and NTerm are Equivalent in All Ways That Matter

toNTerm : TTERM — NTERM
toNTerm(ttrue()) = ntrue()
toNTerm(tfalse()) = nfalse()
toNTerm(tif (r1,72,7r3)) = nif (loNTerm(ry), toNTerm(rs), toNTerm(rs))

toTTerm : TTERM — NTERM
toTTerm(ttrue()) = ntrue()
toTTerm(tfalse()) = nfalse()
toTTerm(tif (n1,n2,n3)) = nif (toTTerm(ny), toTTerm(ns), toTTerm(ng))

Proposition 3 (TTERM and NTERM are Isomorphic).
1. ¥n € NTERM. toNTerm(toTTerm(n)) = n;
2. Vr € TTERM. toTTerm(toNTerm(r)) = r.

1 Initial Algebra Interpretation of BNF

Presented as BNF
t € TERM, v € VALUE,

t == true|false|iftthentelset

Interpretation Let A be a set

true: {()} — A4,
false: { ()} — A4,
if :tAxAxA— A
1. Vai,as,a3 € A.true() # false() A true() # if (a1, as,a3) Afalse() #if (a1, a2, as3);

2. Yaii,a12,a13,a21, 22, G23- if (an, a12,a13) = if (a21, a22, 623) = a11 = a21 N a1z = @22 A\ a13 = G23.

ay; € TERM as € TERM a3 € TERM
if (a1,a2,a3) € TERM

(atrue) (afalse) (aif)

true() € TERM false() € TERM

Proposition 4 (Principle of Size Induction for ¢ € TERM).
Let ® be a predicate on TERMSs t. Then the following holds:

<Vt1 € TERM. <Vt2 € TERM. size(ts) < size(t1) = <I>(t2)> = <I>(t1)> = Vt € TERM. ®(¢)
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