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Syntax

t € TERM, v € VALUE
t true | false | if ¢ then ¢ else ¢
v true | false

Small-step Semantics

| — C TERM x TERM|

t1 — t/l
if 1 then t, else t3 — if ¢} then ¢, else t3

(sif)

. if-t . if-f
if true then ¢, else t3 — to (sif-t if false then ¢5 else t3 — t3 (sif-f)

—* C TERM X TERM‘

. (reﬂ) t —* to 1o —* t3
o, )y gy pp—— th— 1y

(trans)

PGM = TERM, OBS = VALUE

evalss : PGM — OBS
evalss(t) = true if t —* true
evalss (t) = false if t —* false
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Reasoning Principles

Proposition 1 (Forward Reasoning for t — ).
(sif) Vti1,t12,t2,t3 € TERM.t11 —> t12 = ift11 thenty elsets — ift1 thent, else ts;

(sif-t) Vto,t3 € TERM. if true then ty else t; — to;
(sif-f) Vta,ts € TERM. If false then ty else ts — t3;
Proposition 2 (Backward Reasoning for ¢ — ¢/, Distinguishing t).

(inv-ss-true) Vt' € TERM. true -/~ t';

(inv-ss-false) Yt' € TERM. false -/~ t';

(inv-ss-if) Viti,ta,ts,ts € TERM.ift) thent, elsets — t4 =
(t1 = true Nty =ta) V (t1 = false Nty = t3) V (Tts € TERM. t; — t5 Aty = ifts then ty else ts).
Proposition 3 (Forward Reasoning for ¢t —* t/).
(incl) Vity,ts € TERM.t] — to = t1 —>* to;
(refl) ¥Vt € TERM.t —* ¢;
(trans) Vtq,ta,t3 € TERM.t; —* to Aty —* t3 = t] —>* t3;

Proposition 4 (Backward Reasoning for t —* t'.).
Vt,t' € TERM.t —*t' =t =t Vt — t' V Ity € TERM.t —* tg A tg —* t.

Proposition 5 (Backward Reasoning for t —* t/, Distinguishing ¢.). E|
(inv-ms-true) Vt' € TERM. true —* t' = true =t' V true — t' v Ity € TERM. true —* tg Aty —* .
(inv-ms-false) Vt' € TERM. false —* t' = false =t' V false — ¢’ v 3ty € TERM. false —* to Atg —* t/.
(inv-ms-if) Vi1, ta,t3,t' € TERM. ift; thenty else ts —* ' =
ift, thenty elsets =tV ift, thenty elset; — t'v
Jto € TERM. ift, thent, elsets —* tg Aty —* t'.

Proposition 6 (Principle of Induction on Derivations D € DERIV[R __,]).
Let ® be a property of derivations D € DERIV[R __,+]. Then

t1 —> 1o .
Vt1,to € TERM.t; — ty = P m (inch) | | A

(Vt € TERM. @ (m Wﬂ))) A

Vi1, ta,t3 € TERM.VDy, Dy € DERIV[R ). (Dy :: 61 —* t2) A (Dg i: toa —* t3)A

Dy Do
PDIAD(Dy) = O Lr— "t to —"13
tq —* t3

(trans)

= VD € DERIV[R _,+].®(D).
Proposition 7 (Principle of Rule Induction on —*).
Let ® be a property of TERM x TERM. Then
(Vt1,t2 € TERM.t; — to = P(t1,t2)) A
(Vt € TERM. @ (¢,%)) A
(Vt1,to,t3 € TERM. ®(t1,t2) A B(t2,t3) = @ (t1,13))
= Vit1,ta € TERM.t; —" tg = D(ty,ta).

Notice how essentially nothing was gained by distinguishing ¢. Deeper reasoning will get us better principles.
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