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Syntax

Presented as BNF
t € TERM, v € VALUE,
t == true|false |ift thent else ¢
v == true | false

Equivalent Presentation as Inductive Definitions

a € ATOM,
true, false, if € ATOM, true # false, true # if-then-else, false # if-then-else
r € TREE[ATOM]

TERM C TREE[ATOM] ‘

r1 € TERM 7y € TERM r3 € TERM

fal .
(rfalse) if r1 then ry else r3 € TERM

(rif)

(rtrue)

true € TERM false € TERM

Rrerm = (rtrue) U (rfalse) U (rif)
TERM := {r € TREE[ATOM] | 3D € DERIV[R1gru].- D :: 7 }

VALUE C TREE[ATOM] ‘

(vtrue) (vfalse)

true € VALUE false € VALUE

Rvarus := (vtrue) U (vfalse)
VALUE := {r € TREE[ATOM] | 3D € DERIV[Ryarug).- D :: 7 }
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Total-Function Semantics

PGMm = TERM, OBS = VALUE
eval : PGM — OBS
eval(true) = true
eval(false) = false
eval(if t; then ¢ else t3) val(ta) if eval(t;) = true
)

=e
eval(if ¢, then t5 else t3) = eval(t3) if eval(t,) = false

Equivalent Presentation as a Definite Description

eval = 1F € PGM — OBS.
F(true) = true A
F(false) = false A

(th,tg,tg € TERM. F'(t1) = true = F(if t; then t; else t3) = F(tQ)) A

(th,tg,tg € TERM. F(t,) = false = F(if t; then ¢, else t3) = F(t3)>

Reasoning Principles

Proposition 1 (Forward-Reasoning for TERM C TREE[ATOM)).
(rtrue) true € TERM;
(rfalse) false € TERM;
(rif) Vry,72,r3 € TREE[ATOM]. 71,719,735 € TERM = ifry then ry else rs in TERM.

Proposition 2 (Backward-Reasoning for TERM C TREE[ATOM]).
Vr € TREE[ATOM].r € TERM =

r = trueV r = falseV (3ry,rq,r3 € TREE[ATOM]. r1, 79,73 € TERM A r = ifry then ry else r3 in TERM).
Proposition 3 (Backward-Reasoning for TERM C TREE[ATOM], Distinguishing TERM).
(inv-t-true) true € TERM = T;
(inv-t-false) false € TERM = T;
(inv-t-if) Vr1,72, 73 € TREE[ATOM]. if 1 thenry else rs in TERM = 11,712,735 € TERM.

Proposition 4 (Principle of Derivation Induction for TERM C TREE[ATOM]).
Let @ be a predicate on derivations D € DERIV[Rrerm]. Then ®(D) holds for all derivations D if:

1. @ (frue € TERM (rtrue) ) holds;

2. ® (aise  Tern ) holds;

3. VYD1, Dy, D3 € DERIV, 11, 12,75 € TREE[ATOM].
Dy:ri ANDyiirg ADg iirg A @(Dl) N @(Dg) N @(Dg) =

Dy Dy D3
d| 1€ TERM ry; € TERM r3 € TERM

ifry then ro else r3 € TERM

(rif)
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Proposition 5 (Principle of Rule Induction for TERM C TREE[ATOM)).
Let ® be a predicate on TREE[ATOM]. Then ®(t) holds for all t € TERM if:

1. ®(true) holds;
2. ®(false) holds;

3. Forall r1,79,73 € TREE[ATOM)], if ®(r1), (r2), and ®(rs) hold then ®(ifr, then ro else rs) holds.
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Proposition 6 (Principle of Definition by Recursion for ¢t € TERM). Let S be some set and s;, sy € S be two of
its elements and
Hy:SxSx8—=58

be a function on S. Then there exists a unique function
F:TERM — §

such that
1. F(true) = sy;
2. F(false) = sy,
3. F(ift, thent, elsets) = Hyf(F(t1), F(t2), F(t3)).
Proposition 7 (Forward-Reasoning for VALUE C TREE[ATOM]).
(vtrue) true € VALUE;
(vfalse) false € VALUE.

Proposition 8 (Backward-Reasoning for VALUE C TREE[ATOM]). Vr € TREE[ATOM].r € VALUE = r =
frue v r = false.

Proposition 9 (Principle of Derivation Induction for VALUE C TREE[ATOM)).
Let ® be a predicate on derivations D € DERIV[Ryaruz]. Then ®(D) holds for all derivations D if:

L. @ (frue € varue (©179)) holds;

2. @ (faise e Varue ) holds,

Proposition 10 (Principle of Rule Induction for VALUE C TREE[ATOM]).
Let ® be a predicate on TREE[ATOM|. Then ®(r) holds for all v € VALUE if:

1. ®(true) holds;
2. ®(false) holds.

Page 4



