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Syntax

Presented as BNF
t ∈ TERM, v ∈ VALUE,
t ::= true | false | if t then t else t
v ::= true | false

Equivalent Presentation as Inductive Definitions

a ∈ ATOM,

true, false, if ∈ ATOM, true ̸= false, true ̸= if-then-else, false ̸= if-then-else
r ∈ TREE[ATOM]

TERM ⊆ TREE[ATOM]

true ∈ TERM
(rtrue)

false ∈ TERM
(rfalse)

r1 ∈ TERM r2 ∈ TERM r3 ∈ TERM

if r1 then r2 else r3 ∈ TERM
(rif)

RTERM := (rtrue) ∪ (rfalse) ∪ (rif)
TERM := { r ∈ TREE[ATOM] | ∃D ∈ DERIV[RTERM].D :: r }

VALUE ⊆ TREE[ATOM]

true ∈ VALUE
(vtrue)

false ∈ VALUE
(vfalse)

RVALUE := (vtrue) ∪ (vfalse)
VALUE := { r ∈ TREE[ATOM] | ∃D ∈ DERIV[RVALUE].D :: r }
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Total-Function Semantics

PGM = TERM, OBS = VALUE

eval : PGM → OBS

eval(true) = true
eval(false) = false

eval(if t1 then t2 else t3) = eval(t2) if eval(t1) = true
eval(if t1 then t2 else t3) = eval(t3) if eval(t1) = false

Equivalent Presentation as a Definite Description

eval ≡ ιF ∈ PGM → OBS.
F (true) = true ∧
F (false) = false ∧Å
∀t1, t2, t3 ∈ TERM. F (t1) = true ⇒ F (if t1 then t2 else t3) = F (t2)

ã
∧Å

∀t1, t2, t3 ∈ TERM. F (t1) = false ⇒ F (if t1 then t2 else t3) = F (t3)

ã
Reasoning Principles

Proposition 1 (Forward-Reasoning for TERM ⊆ TREE[ATOM]).

(rtrue) true ∈ TERM;

(rfalse) false ∈ TERM;

(rif) ∀r1, r2, r3 ∈ TREE[ATOM]. r1, r2, r3 ∈ TERM ⇒ if r1 then r2 else r3 in TERM.

Proposition 2 (Backward-Reasoning for TERM ⊆ TREE[ATOM]).
∀r ∈ TREE[ATOM]. r ∈ TERM ⇒

r = true ∨ r = false ∨ (∃r1, r2, r3 ∈ TREE[ATOM]. r1, r2, r3 ∈ TERM ∧ r = if r1 then r2 else r3 in TERM).

Proposition 3 (Backward-Reasoning for TERM ⊆ TREE[ATOM], Distinguishing TERM).

(inv-t-true) true ∈ TERM ⇒ ⊤;

(inv-t-false) false ∈ TERM ⇒ ⊤;

(inv-t-if) ∀r1, r2, r3 ∈ TREE[ATOM]. if r1 then r2 else r3 in TERM ⇒ r1, r2, r3 ∈ TERM.

Proposition 4 (Principle of Derivation Induction for TERM ⊆ TREE[ATOM]).
Let Φ be a predicate on derivations D ∈ DERIV[RTERM]. Then Φ(D) holds for all derivations D if:

1. Φ
Ä
true ∈ TERM

(rtrue)
ä

holds;

2. Φ
(

false ∈ TERM
(rfalse)

)
holds;

3. ∀D1, D2, D3 ∈ DERIV, r1, r2, r3 ∈ TREE[ATOM].

D1 :: r1 ∧ D2 :: r2 ∧ D3 :: r3 ∧ Φ(D1) ∧ Φ(D2) ∧ Φ(D3) ⇒

Φ

Ñ
D1

r1 ∈ TERM
D2

r2 ∈ TERM
D3

r3 ∈ TERM

if r1 then r2 else r3 ∈ TERM
(rif)

é
.
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Proposition 5 (Principle of Rule Induction for TERM ⊆ TREE[ATOM]).
Let Φ be a predicate on TREE[ATOM]. Then Φ(t) holds for all t ∈ TERM if:

1. Φ(true) holds;

2. Φ(false) holds;

3. For all r1, r2, r3 ∈ TREE[ATOM], if Φ(r1), Φ(r2), and Φ(r3) hold then Φ(if r1 then r2 else r3) holds.
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Proposition 6 (Principle of Definition by Recursion for t ∈ TERM). Let S be some set and st, sf ∈ S be two of
its elements and

Hif : S × S × S → S

be a function on S. Then there exists a unique function

F : TERM → S

such that

1. F (true) = st;

2. F (false) = sf ;

3. F (if t1 then t2 else t3) = Hif (F (t1), F (t2), F (t3)).

Proposition 7 (Forward-Reasoning for VALUE ⊆ TREE[ATOM]).

(vtrue) true ∈ VALUE;

(vfalse) false ∈ VALUE.

Proposition 8 (Backward-Reasoning for VALUE ⊆ TREE[ATOM]). ∀r ∈ TREE[ATOM]. r ∈ VALUE ⇒ r =
true ∨ r = false.

Proposition 9 (Principle of Derivation Induction for VALUE ⊆ TREE[ATOM]).
Let Φ be a predicate on derivations D ∈ DERIV[RVALUE]. Then Φ(D) holds for all derivations D if:

1. Φ
Ä
true ∈ VALUE

(vtrue)
ä

holds;

2. Φ
(

false ∈ VALUE
(vfalse)

)
holds.

Proposition 10 (Principle of Rule Induction for VALUE ⊆ TREE[ATOM]).
Let Φ be a predicate on TREE[ATOM]. Then Φ(r) holds for all v ∈ VALUE if:

1. Φ(true) holds;

2. Φ(false) holds.
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