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Syntax
t € TERM, v € VALUE,
t == true|false|iftthentelset
v == true | false
Big-step Semantics
]i} C TERM x VALUE‘
ty | true ts | vo .
_— ————— (efal - f-t
true | true (etrue) false |} false (cfalse) if t, then t, else t3 |} vo (cif-t)
tq l} false t3 U V3 .
. f-f
if t; then t5 else t3 | v3 (eif-£)
PGM = TERM, OBS = VALUE
evalg : PGM — OBS
eval g (t) = true if ¢t |} true
evalp(t) = false if ¢ || false
*© 2015 Ronald Garcia.
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Reasoning Principles

Proposition 1 (Forward-Reasoning for TERM C TREE[ATOM]).
(rtrue) true € TERM;
(rfalse) false € TERM;
(rif) ¥rq,72,r3 € TREE[ATOM]. r1,79,73 € TERM = ifry then ro else r3 in TERM.

Proposition 2 (Backward-Reasoning for TERM C TREE[ATOM]).
Vr € TREE[ATOM].r € TERM =
r=trueV r = falseV (3r1,re,r3 € TREE[ATOM]. r1,79,73 € TERM A r = ifry then ry else r3 in TERM).

Proposition 3 (Backward-Reasoning for TERM C TREE[ATOM], Distinguishing TERM).
(inv-t-true) true € TERM = T;
(inv-t-false) false € TERM = T;
(inv-t-if) Vr1,72,73 € TREE[ATOMY]. if 1 then ro else rs in TERM = r1,72,73 € TERM.

Proposition 4 (Principle of Derivation Induction for TERM C TREE[ATOM]).
Let @ be a predicate on derivations D € DERIV[Rrery]. Then ®(D) holds for all derivations D if:

1. @ (frue € TERM (rtrue) ) holds;

2. @ (faise e Torw M) holds;

3. VD1, Dy, D3 € DERIV, 11, 19,735 € TREE[ATOM].
Dy ::r1 ANDg g A D3 i3 A @(Dl) A\ @(Dg) A\ @(Dg) =

D Dy D3
d| 1€ TERM ry, € TERM r3 € TERM

ifry thenry else r3 € TERM

(rif)
Proposition 5 (Principle of Rule Induction for TERM C TREE[ATOM)).
Let ® be a predicate on TREE[ATOM]. Then ®(r) holds for all t € TERM:
1. ®(true) holds;
2. ®(false) holds;
3. Forall r1,79,73 € TREE[ATOM)], if ®(r1), (r2), and ©(rs) hold then ®(ifr, then ro else rs) holds.
Proposition 6 (Forward-Reasoning for VALUE C TREE[ATOM]).
(vtrue) true € VALUE;
(vfalse) false € VALUE.

Proposition 7 (Backward-Reasoning for VALUE C TREE[ATOM]). Vr € TREE[ATOM].r € VALUE = r =
tfrue v r = false.

Proposition 8 (Principle of Derivation Induction for VALUE C TREE[ATOM)).
Let ® be a predicate on derivations D € DERIV[Ryarue]. Then ®(D) holds for all derivations D if:

L. @ (frue e varue (V7)) holds;

2. @ (faise e Varue (") hotds

Proposition 9 (Principle of Rule Induction for VALUE C TREE[ATOM]).
Let ® be a predicate on TREE[ATOM)|. Then ®(r) holds for all v € VALUE if:

1. ®(true) holds;
2. ®(false) holds.
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Proposition 10 (Forward Reasoning for (- || -) C TERM x VALUE).

(etrue) truel true;

(efalse) false | false;
(eif-t) Vt1,ta,t3 € TERM, vy € VALUE. ¢ || true Aty || vo = ifty thent, elsets | vs.
(eif-f) Vti,te,t3 € TERM, v, € VALUE. t; || false Ats |} vs = ifty thenty else ts || vs.

Proposition 11 (Backward Reasoning for (- |} -) C TERM x VALUE).

Vt € TERM, v € VALUE.t | v =
(t = true Nv = true) v
(t = false A v = false) v
(3t1,t0,t5 € TERM. Lt = ift; thenty else ts Aty | true Ats |} v) V
(3t1,ta,t3 € TERM. t = ifty thents elsets Aty || false A ts || v).

Proposition 12 (Backward Reasoning for (- || -) C TERM x VALUE, Distinguishing TERM).
1. Yv € VALUE. true |} v = v = true;
2. Yv € VALUE. false || v = v = false;

3. Vti,ta,t3 € TERM,v € VALUE. ift; thents elsets || v = (t; | true At |} v) Vv (t1 | false Atz | v).
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Proposition 13 (Backward Reasoning for (- |} -) C TERM x VALUE, Distinguishing VALUE).E|

1. V¢t € TERM. ¢ || true = (t = true) v
(3t1,te,t5 € TERM. Lt = ifty thents else ts A (t1 | true A ts || true) v (t1 || false A ts || true)

2. Vt € TERM. t |} false = (t = false) v
(3t1,ta,t3 € TERM. t = ifty thents else ts A (t1 |} true At |} false) Vv (t1 | false At || false)

Proposition 14 (Principle of Derivation Induction for (- |} -) € TERM x VALUE). Let ® be a predicate on
derivations D € DERIV[Ry]. Then ®(D) holds for all D € DERIV if:

1. ¢ (true I true);

2.0 (fa/se I false);

3. VD1, Dy € DERIV, t1,t9,t3 € TERM, vy € VALUE.
Dy Dy
(D1 ::ty | true) A (Dy =ty L vg) A ®(Dy) A B(Dy) = ty | true 15§ vy
ift; thenty elsets || vy

4. YDy, Dy € DERIV, tq,to,t3 € TERM, v9 € VALUE.
Dl Dg
(D1 ::ty | false) A (Dy = t3 |l v3) A ®(Dy) A B(Dy) = @ t1 | false i3 | vs
ift, thenty elsets | vs

Proposition 15 (Principle of Rule Induction for (- || -) C TERM x VALUE).
Let ® be a predicate on TERM x VALUE. Then ®(t,v) holds for all (¢t,v) € (- | -) if:

1. ®(true, true);
2. ®(false, false);

3. Vty,to,t3 € TERM, vy € VALUE.
ti1d true ANty | vo A (I)(tl, true) AN (I)(tg, UQ) = (b(iftl then t, else ts, ’1}2).

4. Vti,ta,t3 € TERM,v3 € VALUE.
t1 | false A ts |} vs A ®(tq, false) A ®(ts,vs) = P(ift, thenty else ts, vs).

IThis principle is weak, but it is meaningful, and demonstrates that sone useful reasoning can come of knowing v.
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