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Static vs. Dynamic?

early error detection
enforced discipline

rapid prototyping
flexible idioms

static dynamic
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Gradual Typing!

early error detection  
enforced discipline

    rapid prototyping
    flexible idioms

gradual

programmer-controlled!
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Outline
• Motivating Example (In Two Acts) 

• Gradual Typing For All! 

• Typing in Small Pieces 

• Meat 

• Strands and Related Works
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Motivating Example 
Act 1: A New Type
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A Dynamic Language
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Standard ML: dynamically typed?
datatype nat = Zero | Succ of nat

case x : nat of

Zero ) . . .

| Succ y ) . . .

But the Definition requires compilers to accept
nonexhaustive matches:

case x : nat of

Succ y ) . . .

If x = Zero, then the exception Match is raised.

This nonexhaustive match is fine,
if we know that x will never be Zero.

5

Adapted from Jafery and Dunfield [POPL17]
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Well, actually Milner [1978] said that (about LISP).

JOURNAL OF COMPUTER AND SYSTEM SCIENCES 17, 348-375 (1978) 

A Theory of Type Polymorphism in Programming 

ROBIN MILNER 

Computer Science Department, Vm+ersity of Edinburgh, Edinburgh, Scotland 

Received October 10, 1977; revised April 19, 1978 

The aim of this work is largely a practical one. A widely employed style of programming, 
particularly in structure-processing languages which impose no discipline of types, 
entails defining procedures which work well on objects of a wide variety. We present a 
formal type discipline for such polymorphic procedures in the context of a simple pro- 
gramming language, and a compile time type-checking algorithm w which enforces the 
discipline. A Semantic Soundness Theorem (based on a formal semantics for the language) 
states that well-type programs cannot “go wrong” and a Syntactic Soundness Theorem 
states that if fl accepts a program then it is well typed. We also discuss extending these 
results to richer languages; a type-checking algorithm based on w is in fact already 
implemented and working, for the metalanguage ML in the Edinburgh LCF system, 

1. INTRODUCTION 

The aim of this work is largely a practical one. A widely employed style of programming, 
particularly in structure-processing languages which impose no discipline of types 
(LISP is a perfect example), entails defining procedures which work well on objects of 
a wide variety (e.g., on lists of atoms, integers, or lists). Such flexibility is almost essential 
in this style of programming; unfortunately one often pays a price for it in the time taken 
to find rather inscrutable bugs-anyone who mistakenly applies CDR to an atom in 
LISP, and finds himself absurdly adding a property list to an integer, will know the 
symptoms. On the other hand a type discipline such as that of ALGOL 68 [22] which 
precludes the flexibility mentioned above, also precludes the programming style which 
we are talking about. ALGOL 60 was more flexible-in that it required procedure 
parameters to be specified only as “procedure” (rather than say “integer to realprocedure”) 
-but the flexibility was not uniform, and not sufficient. 

An early discussion of such flexibility can be found in Strachey [19], who was probably 
the first to call it polymorphism. In fact he qualified it as “parametric” polymorphism, 
in contrast to what he called “adhoc” polymorphism. An example of the latter is the use 
of “+” to denote both integer and real addition (in fact it may be further extended to 
denote complex addition, vector addition, etc.); this use of an identifier at several distinct 
types is often now called “overloading,” and we are not doncerned with it in this paper. 

In this paper then, we present and justify one method of gaining type flexibility, but 
also retaining a discipline which ensures robust programs. We have evidence that this 

348 
0022-0000/78/0173-0348$02.00/0 
Copyright 8 1978 by Academic Press, Inc. 
All rights of reproduction in any form reserved. 
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Refined Standard ML
Datasort refinements [Freeman & Pfenning 1991, Davies 2005, . . . ]
push the knowledge that x is not Zero into the type system.

case x : nonzero of

Succ y ) . . .

This is exhaustive, because x has datasort nonzero.

6
Frank Pfenning

Adapted from Jafery and Dunfield [POPL17]
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Motivating Example 
Act 2: Adoption
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<latexit sha1_base64="184rNPZv8As3A91Sfrw5WayNu5g=">AAACC3icbVA9SwNBEN2LXzF+RS1tlgTBKtyJoGXQQssI5gNyIcxtJsmS3btjdy8QjvQ2/hUbC0Vs/QN2/hv3khSa+GDg8d4MM/OCWHBtXPfbya2tb2xu5bcLO7t7+wfFw6OGjhLFsM4iEalWABoFD7FuuBHYihWCDAQ2g9FN5jfHqDSPwgczibEjYRDyPmdgrNQtlvxbkBKoP+6BHlL0JZhhFKc+GyIbSVCjabdYdivuDHSVeAtSJgvUusUvvxexRGJomACt254bm04KynAmcFrwE40xsBEMsG1pCBJ1J539MqWnVunRfqRshYbO1N8TKUitJzKwndmpetnLxP+8dmL6V52Uh3FiMGTzRf1EUBPRLBja4wqZERNLgClub6VsCAqYsfEVbAje8surpHFe8dyKd39Rrl4v4siTE1IiZ8Qjl6RK7kiN1Akjj+SZvJI358l5cd6dj3lrzlnMHJM/cD5/AEtLmzc=</latexit><latexit sha1_base64="184rNPZv8As3A91Sfrw5WayNu5g=">AAACC3icbVA9SwNBEN2LXzF+RS1tlgTBKtyJoGXQQssI5gNyIcxtJsmS3btjdy8QjvQ2/hUbC0Vs/QN2/hv3khSa+GDg8d4MM/OCWHBtXPfbya2tb2xu5bcLO7t7+wfFw6OGjhLFsM4iEalWABoFD7FuuBHYihWCDAQ2g9FN5jfHqDSPwgczibEjYRDyPmdgrNQtlvxbkBKoP+6BHlL0JZhhFKc+GyIbSVCjabdYdivuDHSVeAtSJgvUusUvvxexRGJomACt254bm04KynAmcFrwE40xsBEMsG1pCBJ1J539MqWnVunRfqRshYbO1N8TKUitJzKwndmpetnLxP+8dmL6V52Uh3FiMGTzRf1EUBPRLBja4wqZERNLgClub6VsCAqYsfEVbAje8surpHFe8dyKd39Rrl4v4siTE1IiZ8Qjl6RK7kiN1Akjj+SZvJI358l5cd6dj3lrzlnMHJM/cD5/AEtLmzc=</latexit><latexit sha1_base64="184rNPZv8As3A91Sfrw5WayNu5g=">AAACC3icbVA9SwNBEN2LXzF+RS1tlgTBKtyJoGXQQssI5gNyIcxtJsmS3btjdy8QjvQ2/hUbC0Vs/QN2/hv3khSa+GDg8d4MM/OCWHBtXPfbya2tb2xu5bcLO7t7+wfFw6OGjhLFsM4iEalWABoFD7FuuBHYihWCDAQ2g9FN5jfHqDSPwgczibEjYRDyPmdgrNQtlvxbkBKoP+6BHlL0JZhhFKc+GyIbSVCjabdYdivuDHSVeAtSJgvUusUvvxexRGJomACt254bm04KynAmcFrwE40xsBEMsG1pCBJ1J539MqWnVunRfqRshYbO1N8TKUitJzKwndmpetnLxP+8dmL6V52Uh3FiMGTzRf1EUBPRLBja4wqZERNLgClub6VsCAqYsfEVbAje8surpHFe8dyKd39Rrl4v4siTE1IiZ8Qjl6RK7kiN1Akjj+SZvJI358l5cd6dj3lrzlnMHJM/cD5/AEtLmzc=</latexit><latexit sha1_base64="184rNPZv8As3A91Sfrw5WayNu5g=">AAACC3icbVA9SwNBEN2LXzF+RS1tlgTBKtyJoGXQQssI5gNyIcxtJsmS3btjdy8QjvQ2/hUbC0Vs/QN2/hv3khSa+GDg8d4MM/OCWHBtXPfbya2tb2xu5bcLO7t7+wfFw6OGjhLFsM4iEalWABoFD7FuuBHYihWCDAQ2g9FN5jfHqDSPwgczibEjYRDyPmdgrNQtlvxbkBKoP+6BHlL0JZhhFKc+GyIbSVCjabdYdivuDHSVeAtSJgvUusUvvxexRGJomACt254bm04KynAmcFrwE40xsBEMsG1pCBJ1J539MqWnVunRfqRshYbO1N8TKUitJzKwndmpetnLxP+8dmL6V52Uh3FiMGTzRf1EUBPRLBja4wqZERNLgClub6VsCAqYsfEVbAje8surpHFe8dyKd39Rrl4v4siTE1IiZ8Qjl6RK7kiN1Akjj+SZvJI358l5cd6dj3lrzlnMHJM/cD5/AEtLmzc=</latexit>
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Free!
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“Optional Typing”

Free!
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COUGH!



46

SML

*Figures not drawn to scale

Application1

Library1

Application2

Library2

…

Refined ML

Library1
Application2

Application0
Application1

Library2

Gradual Migration
SML Code (& Guarantees)

Refined ML Code (& Guarantees)
Interoperating!

� ` e : T
<latexit sha1_base64="s/O2RGsfR99GnXfhCxfwoiILe6A=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwVBIRFE9FD3qs0C9oQplsNu3S3STsbgqh1L/ixYMiXv0h3vw3btsctPXBwOO9GWbmBSlnSjvOt7W2vrG5tV3aKe/u7R8c2kfHbZVkktAWSXgiuwEoyllMW5ppTruppCACTjvB6G7md8ZUKpbETZ2n1BcwiFnECGgj9e2Kdw9CAPbGIaghpvgGN/t21ak5c+BV4hakigo0+vaXFyYkEzTWhINSPddJtT8BqRnhdFr2MkVTICMY0J6hMQiq/Mn8+Ck+M0qIo0SaijWeq78nJiCUykVgOgXooVr2ZuJ/Xi/T0bU/YXGaaRqTxaIo41gneJYEDpmkRPPcECCSmVsxGYIEok1eZROCu/zyKmlf1Fyn5j5eVuu3RRwldIJO0Tly0RWqowfUQC1EUI6e0St6s56sF+vd+li0rlnFTAX9gfX5A8zmk40=</latexit><latexit sha1_base64="s/O2RGsfR99GnXfhCxfwoiILe6A=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwVBIRFE9FD3qs0C9oQplsNu3S3STsbgqh1L/ixYMiXv0h3vw3btsctPXBwOO9GWbmBSlnSjvOt7W2vrG5tV3aKe/u7R8c2kfHbZVkktAWSXgiuwEoyllMW5ppTruppCACTjvB6G7md8ZUKpbETZ2n1BcwiFnECGgj9e2Kdw9CAPbGIaghpvgGN/t21ak5c+BV4hakigo0+vaXFyYkEzTWhINSPddJtT8BqRnhdFr2MkVTICMY0J6hMQiq/Mn8+Ck+M0qIo0SaijWeq78nJiCUykVgOgXooVr2ZuJ/Xi/T0bU/YXGaaRqTxaIo41gneJYEDpmkRPPcECCSmVsxGYIEok1eZROCu/zyKmlf1Fyn5j5eVuu3RRwldIJO0Tly0RWqowfUQC1EUI6e0St6s56sF+vd+li0rlnFTAX9gfX5A8zmk40=</latexit><latexit sha1_base64="s/O2RGsfR99GnXfhCxfwoiILe6A=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwVBIRFE9FD3qs0C9oQplsNu3S3STsbgqh1L/ixYMiXv0h3vw3btsctPXBwOO9GWbmBSlnSjvOt7W2vrG5tV3aKe/u7R8c2kfHbZVkktAWSXgiuwEoyllMW5ppTruppCACTjvB6G7md8ZUKpbETZ2n1BcwiFnECGgj9e2Kdw9CAPbGIaghpvgGN/t21ak5c+BV4hakigo0+vaXFyYkEzTWhINSPddJtT8BqRnhdFr2MkVTICMY0J6hMQiq/Mn8+Ck+M0qIo0SaijWeq78nJiCUykVgOgXooVr2ZuJ/Xi/T0bU/YXGaaRqTxaIo41gneJYEDpmkRPPcECCSmVsxGYIEok1eZROCu/zyKmlf1Fyn5j5eVuu3RRwldIJO0Tly0RWqowfUQC1EUI6e0St6s56sF+vd+li0rlnFTAX9gfX5A8zmk40=</latexit><latexit sha1_base64="s/O2RGsfR99GnXfhCxfwoiILe6A=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwVBIRFE9FD3qs0C9oQplsNu3S3STsbgqh1L/ixYMiXv0h3vw3btsctPXBwOO9GWbmBSlnSjvOt7W2vrG5tV3aKe/u7R8c2kfHbZVkktAWSXgiuwEoyllMW5ppTruppCACTjvB6G7md8ZUKpbETZ2n1BcwiFnECGgj9e2Kdw9CAPbGIaghpvgGN/t21ak5c+BV4hakigo0+vaXFyYkEzTWhINSPddJtT8BqRnhdFr2MkVTICMY0J6hMQiq/Mn8+Ck+M0qIo0SaijWeq78nJiCUykVgOgXooVr2ZuJ/Xi/T0bU/YXGaaRqTxaIo41gneJYEDpmkRPPcECCSmVsxGYIEok1eZROCu/zyKmlf1Fyn5j5eVuu3RRwldIJO0Tly0RWqowfUQC1EUI6e0St6s56sF+vd+li0rlnFTAX9gfX5A8zmk40=</latexit>



47

SML

*Figures not drawn to scale

Application1

Library1

Application2

Library2

…

Refined ML

Library1
Application2

Application0
Application1

Library2

Gradual Migration
SML Code (& Guarantees)

Refined ML Code (& Guarantees)
Interoperating!

� ` e : T
<latexit sha1_base64="s/O2RGsfR99GnXfhCxfwoiILe6A=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwVBIRFE9FD3qs0C9oQplsNu3S3STsbgqh1L/ixYMiXv0h3vw3btsctPXBwOO9GWbmBSlnSjvOt7W2vrG5tV3aKe/u7R8c2kfHbZVkktAWSXgiuwEoyllMW5ppTruppCACTjvB6G7md8ZUKpbETZ2n1BcwiFnECGgj9e2Kdw9CAPbGIaghpvgGN/t21ak5c+BV4hakigo0+vaXFyYkEzTWhINSPddJtT8BqRnhdFr2MkVTICMY0J6hMQiq/Mn8+Ck+M0qIo0SaijWeq78nJiCUykVgOgXooVr2ZuJ/Xi/T0bU/YXGaaRqTxaIo41gneJYEDpmkRPPcECCSmVsxGYIEok1eZROCu/zyKmlf1Fyn5j5eVuu3RRwldIJO0Tly0RWqowfUQC1EUI6e0St6s56sF+vd+li0rlnFTAX9gfX5A8zmk40=</latexit><latexit sha1_base64="s/O2RGsfR99GnXfhCxfwoiILe6A=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwVBIRFE9FD3qs0C9oQplsNu3S3STsbgqh1L/ixYMiXv0h3vw3btsctPXBwOO9GWbmBSlnSjvOt7W2vrG5tV3aKe/u7R8c2kfHbZVkktAWSXgiuwEoyllMW5ppTruppCACTjvB6G7md8ZUKpbETZ2n1BcwiFnECGgj9e2Kdw9CAPbGIaghpvgGN/t21ak5c+BV4hakigo0+vaXFyYkEzTWhINSPddJtT8BqRnhdFr2MkVTICMY0J6hMQiq/Mn8+Ck+M0qIo0SaijWeq78nJiCUykVgOgXooVr2ZuJ/Xi/T0bU/YXGaaRqTxaIo41gneJYEDpmkRPPcECCSmVsxGYIEok1eZROCu/zyKmlf1Fyn5j5eVuu3RRwldIJO0Tly0RWqowfUQC1EUI6e0St6s56sF+vd+li0rlnFTAX9gfX5A8zmk40=</latexit><latexit sha1_base64="s/O2RGsfR99GnXfhCxfwoiILe6A=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwVBIRFE9FD3qs0C9oQplsNu3S3STsbgqh1L/ixYMiXv0h3vw3btsctPXBwOO9GWbmBSlnSjvOt7W2vrG5tV3aKe/u7R8c2kfHbZVkktAWSXgiuwEoyllMW5ppTruppCACTjvB6G7md8ZUKpbETZ2n1BcwiFnECGgj9e2Kdw9CAPbGIaghpvgGN/t21ak5c+BV4hakigo0+vaXFyYkEzTWhINSPddJtT8BqRnhdFr2MkVTICMY0J6hMQiq/Mn8+Ck+M0qIo0SaijWeq78nJiCUykVgOgXooVr2ZuJ/Xi/T0bU/YXGaaRqTxaIo41gneJYEDpmkRPPcECCSmVsxGYIEok1eZROCu/zyKmlf1Fyn5j5eVuu3RRwldIJO0Tly0RWqowfUQC1EUI6e0St6s56sF+vd+li0rlnFTAX9gfX5A8zmk40=</latexit><latexit sha1_base64="s/O2RGsfR99GnXfhCxfwoiILe6A=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwVBIRFE9FD3qs0C9oQplsNu3S3STsbgqh1L/ixYMiXv0h3vw3btsctPXBwOO9GWbmBSlnSjvOt7W2vrG5tV3aKe/u7R8c2kfHbZVkktAWSXgiuwEoyllMW5ppTruppCACTjvB6G7md8ZUKpbETZ2n1BcwiFnECGgj9e2Kdw9CAPbGIaghpvgGN/t21ak5c+BV4hakigo0+vaXFyYkEzTWhINSPddJtT8BqRnhdFr2MkVTICMY0J6hMQiq/Mn8+Ck+M0qIo0SaijWeq78nJiCUykVgOgXooVr2ZuJ/Xi/T0bU/YXGaaRqTxaIo41gneJYEDpmkRPPcECCSmVsxGYIEok1eZROCu/zyKmlf1Fyn5j5eVuu3RRwldIJO0Tly0RWqowfUQC1EUI6e0St6s56sF+vd+li0rlnFTAX9gfX5A8zmk40=</latexit>

The Challenge!

???



48

SML

*Figures not drawn to scale

Application1

Library1

Application2

Library2

…

Refined ML

Library1
Application2

Application0
Application1

Library2

Gradual Migration
SML Code (& Guarantees)

Refined ML Code (& Guarantees)
Interoperating!

� ` e : T
<latexit sha1_base64="s/O2RGsfR99GnXfhCxfwoiILe6A=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwVBIRFE9FD3qs0C9oQplsNu3S3STsbgqh1L/ixYMiXv0h3vw3btsctPXBwOO9GWbmBSlnSjvOt7W2vrG5tV3aKe/u7R8c2kfHbZVkktAWSXgiuwEoyllMW5ppTruppCACTjvB6G7md8ZUKpbETZ2n1BcwiFnECGgj9e2Kdw9CAPbGIaghpvgGN/t21ak5c+BV4hakigo0+vaXFyYkEzTWhINSPddJtT8BqRnhdFr2MkVTICMY0J6hMQiq/Mn8+Ck+M0qIo0SaijWeq78nJiCUykVgOgXooVr2ZuJ/Xi/T0bU/YXGaaRqTxaIo41gneJYEDpmkRPPcECCSmVsxGYIEok1eZROCu/zyKmlf1Fyn5j5eVuu3RRwldIJO0Tly0RWqowfUQC1EUI6e0St6s56sF+vd+li0rlnFTAX9gfX5A8zmk40=</latexit><latexit sha1_base64="s/O2RGsfR99GnXfhCxfwoiILe6A=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwVBIRFE9FD3qs0C9oQplsNu3S3STsbgqh1L/ixYMiXv0h3vw3btsctPXBwOO9GWbmBSlnSjvOt7W2vrG5tV3aKe/u7R8c2kfHbZVkktAWSXgiuwEoyllMW5ppTruppCACTjvB6G7md8ZUKpbETZ2n1BcwiFnECGgj9e2Kdw9CAPbGIaghpvgGN/t21ak5c+BV4hakigo0+vaXFyYkEzTWhINSPddJtT8BqRnhdFr2MkVTICMY0J6hMQiq/Mn8+Ck+M0qIo0SaijWeq78nJiCUykVgOgXooVr2ZuJ/Xi/T0bU/YXGaaRqTxaIo41gneJYEDpmkRPPcECCSmVsxGYIEok1eZROCu/zyKmlf1Fyn5j5eVuu3RRwldIJO0Tly0RWqowfUQC1EUI6e0St6s56sF+vd+li0rlnFTAX9gfX5A8zmk40=</latexit><latexit sha1_base64="s/O2RGsfR99GnXfhCxfwoiILe6A=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwVBIRFE9FD3qs0C9oQplsNu3S3STsbgqh1L/ixYMiXv0h3vw3btsctPXBwOO9GWbmBSlnSjvOt7W2vrG5tV3aKe/u7R8c2kfHbZVkktAWSXgiuwEoyllMW5ppTruppCACTjvB6G7md8ZUKpbETZ2n1BcwiFnECGgj9e2Kdw9CAPbGIaghpvgGN/t21ak5c+BV4hakigo0+vaXFyYkEzTWhINSPddJtT8BqRnhdFr2MkVTICMY0J6hMQiq/Mn8+Ck+M0qIo0SaijWeq78nJiCUykVgOgXooVr2ZuJ/Xi/T0bU/YXGaaRqTxaIo41gneJYEDpmkRPPcECCSmVsxGYIEok1eZROCu/zyKmlf1Fyn5j5eVuu3RRwldIJO0Tly0RWqowfUQC1EUI6e0St6s56sF+vd+li0rlnFTAX9gfX5A8zmk40=</latexit><latexit sha1_base64="s/O2RGsfR99GnXfhCxfwoiILe6A=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwVBIRFE9FD3qs0C9oQplsNu3S3STsbgqh1L/ixYMiXv0h3vw3btsctPXBwOO9GWbmBSlnSjvOt7W2vrG5tV3aKe/u7R8c2kfHbZVkktAWSXgiuwEoyllMW5ppTruppCACTjvB6G7md8ZUKpbETZ2n1BcwiFnECGgj9e2Kdw9CAPbGIaghpvgGN/t21ak5c+BV4hakigo0+vaXFyYkEzTWhINSPddJtT8BqRnhdFr2MkVTICMY0J6hMQiq/Mn8+Ck+M0qIo0SaijWeq78nJiCUykVgOgXooVr2ZuJ/Xi/T0bU/YXGaaRqTxaIo41gneJYEDpmkRPPcECCSmVsxGYIEok1eZROCu/zyKmlf1Fyn5j5eVuu3RRwldIJO0Tly0RWqowfUQC1EUI6e0St6s56sF+vd+li0rlnFTAX9gfX5A8zmk40=</latexit>

The Challenge!

???

Sums of Uncertainty: Refinements Go Gradual

Khurram A. Jafery Joshua Dunfield
University of British Columbia

Vancouver, Canada
{kjafery,joshdunf}@cs.ubc.ca

Abstract

A long-standing shortcoming of statically typed functional lan-
guages is that type checking does not rule out pattern-matching
failures (run-time match exceptions). Refinement types distinguish
different values of datatypes; if a program annotated with refine-
ments passes type checking, pattern-matching failures become im-
possible. Unfortunately, refinement is a monolithic property of a
type, exacerbating the difficulty of adding refinement types to non-
trivial programs.

Gradual typing has explored how to incrementally move be-
tween static typing and dynamic typing. We develop a type sys-
tem of gradual sums that combines refinement with imprecision.
Then, we develop a bidirectional version of the type system, which
rules out excessive imprecision, and give a type-directed transla-
tion to a target language with explicit casts. We prove that the static
sublanguage cannot have match failures, that a well-typed program
remains well-typed if its type annotations are made less precise,
and that making annotations less precise causes target programs to
fail later. Several of these results correspond to criteria for gradual
typing given by Siek et al. (2015).

Categories and Subject Descriptors F.3.3 [Mathematical Logic
and Formal Languages]: Studies of Program Constructs—Type
structure

Keywords gradual typing, refinement types

1. Introduction

A central feature of statically typed functional languages is pattern
matching over user-defined datatypes that combine several funda-
mental constructs: sum types (for example, an element of a bool
datatype can be either True or False), recursive types (such as
lists), and polymorphic types. The aspect of ML datatypes that cor-
responds to sum types is the focus of this paper.

Static typing is said to catch run-time errors—at least, errors
that would manifest in a dynamically typed language as tag check
failures, such as subtracting a string from a number. Using the ven-
erable encoding of dynamic typing as injections into a datatype
Dynamic (Abadi et al. 1991), these tag check failures become er-
rors raised in the “fall-through” arm of a case expression over
Dynamic. The impossibility of such errors is a convincing argu-
ment in favour of static typing.

Yet Standard ML programmers frequently write code that is es-
sentially the same as the scorned operations on Dynamic—and that
has the same unfortunate risk of run-time errors. The definition of
SML (Milner et al. 1997) requires compilers to accept nonexhaus-
tive case expressions, which do not cover all the possible instances
of the datatype. A nonexhaustive case expression is isomorphic to
an implicit tag check over Dynamic: the non-error case is the only
one written out explicitly, while an error case is inserted by the
sneaky compiler.

In fairness, the definition encourages compilers to warn about
nonexhaustive case expressions. But this only causes programmers
to write their own “raise Match” arms, even when the fall-through
case is impossible because of an invariant known by the program-
mer. This leads to verbose code. In response, Freeman and Pfenning
(1991) developed datasort refinements that can encode many invari-
ants about datatypes, allowing compilers to accept “nonexhaustive”
case expressions when they are known to cover all possible cases.
For case analyses of refined types, the nonexhaustiveness warning
becomes a nonexhaustiveness error, which the programmer should
solve by declaring and using refinements of the datatype.

Unfortunately, this approach is all-or-nothing: either a type is
refined and the compiler rejects a nonexhaustive match over it,
or the type is not refined and the compiler issues a noncommit-
tal warning. In practice, programmers may want to migrate code
written with unrefined types to code that uses refined types; doing
this in a single pass over a nontrivial program is extremely diffi-
cult. Instead, programmers should be able to add type annotations
gradually. This was essentially the motivation for gradual typing
(Siek and Taha 2006), except that, where they contemplated migra-
tion from dynamically typed code to statically typed code, we are
interested in migration from code that is statically typed (modulo
nonexhaustiveness) to code that is more statically typed.

Gradual typing is about the possibility of uncertainty: in some
cases, one knows exactly what type one has; in other cases, one
does not even know whether something is an integer. In this paper,
we always know whether something is an integer (or a function,
etc.); uncertainty is possible, but only about sum types. This is
like the uncertainty of SML datatypes, with one key difference: we
allow SML-style uncertainty and refinement-style certainty.

As an example, consider a red-black tree library that passes the
SML type checker, but does not use refinement types. Datasort re-
finements can express the colour invariant, which says that every
red node’s children must be black. By reasoning about how the li-
brary functions should work, a programmer can add annotations
that say when the colour invariant should hold, which the refine-
ment type checker will verify. With gradual refinements, this rea-
soning can be done gradually and in tandem with testing. In fact,
the programmer could start by annotating a single function r. If all
test cases use r in accordance with its refinement type annotation,
the programmer gains confidence that the annotation is correct; if
any tests violate the annotation, then either the annotation is wrong,

Permission to make digital or hard copies of all or part of this work for personal or

classroom use is granted without fee provided that copies are not made or distributed

for profit or commercial advantage and that copies bear this notice and the full citation

on the first page. Copyrights for components of this work owned by others than ACM

must be honored. Abstracting with credit is permitted. To copy otherwise, or republish,

to post on servers or to redistribute to lists, requires prior specific permission and/or a

fee. Request permissions from Permissions@acm.org.

Copyright is held by the owner/author(s). Publication rights licensed to ACM.

POPL’17, January 15–21, 2017, Paris, France

ACM. 978-1-4503-4660-3/17/01...$15.00

http://dx.doi.org/10.1145/3009837.3009865

804

POPL17



49

SML

*Figures not drawn to scale

Application1

Library1

Application2

Library2

…

Refined ML

Library1
Application2

Application0
Application1

Library2

Gradual Migration
SML Code (& Guarantees)

Refined ML Code (& Guarantees)
Interoperating!

� ` e : T
<latexit sha1_base64="s/O2RGsfR99GnXfhCxfwoiILe6A=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwVBIRFE9FD3qs0C9oQplsNu3S3STsbgqh1L/ixYMiXv0h3vw3btsctPXBwOO9GWbmBSlnSjvOt7W2vrG5tV3aKe/u7R8c2kfHbZVkktAWSXgiuwEoyllMW5ppTruppCACTjvB6G7md8ZUKpbETZ2n1BcwiFnECGgj9e2Kdw9CAPbGIaghpvgGN/t21ak5c+BV4hakigo0+vaXFyYkEzTWhINSPddJtT8BqRnhdFr2MkVTICMY0J6hMQiq/Mn8+Ck+M0qIo0SaijWeq78nJiCUykVgOgXooVr2ZuJ/Xi/T0bU/YXGaaRqTxaIo41gneJYEDpmkRPPcECCSmVsxGYIEok1eZROCu/zyKmlf1Fyn5j5eVuu3RRwldIJO0Tly0RWqowfUQC1EUI6e0St6s56sF+vd+li0rlnFTAX9gfX5A8zmk40=</latexit><latexit sha1_base64="s/O2RGsfR99GnXfhCxfwoiILe6A=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwVBIRFE9FD3qs0C9oQplsNu3S3STsbgqh1L/ixYMiXv0h3vw3btsctPXBwOO9GWbmBSlnSjvOt7W2vrG5tV3aKe/u7R8c2kfHbZVkktAWSXgiuwEoyllMW5ppTruppCACTjvB6G7md8ZUKpbETZ2n1BcwiFnECGgj9e2Kdw9CAPbGIaghpvgGN/t21ak5c+BV4hakigo0+vaXFyYkEzTWhINSPddJtT8BqRnhdFr2MkVTICMY0J6hMQiq/Mn8+Ck+M0qIo0SaijWeq78nJiCUykVgOgXooVr2ZuJ/Xi/T0bU/YXGaaRqTxaIo41gneJYEDpmkRPPcECCSmVsxGYIEok1eZROCu/zyKmlf1Fyn5j5eVuu3RRwldIJO0Tly0RWqowfUQC1EUI6e0St6s56sF+vd+li0rlnFTAX9gfX5A8zmk40=</latexit><latexit sha1_base64="s/O2RGsfR99GnXfhCxfwoiILe6A=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwVBIRFE9FD3qs0C9oQplsNu3S3STsbgqh1L/ixYMiXv0h3vw3btsctPXBwOO9GWbmBSlnSjvOt7W2vrG5tV3aKe/u7R8c2kfHbZVkktAWSXgiuwEoyllMW5ppTruppCACTjvB6G7md8ZUKpbETZ2n1BcwiFnECGgj9e2Kdw9CAPbGIaghpvgGN/t21ak5c+BV4hakigo0+vaXFyYkEzTWhINSPddJtT8BqRnhdFr2MkVTICMY0J6hMQiq/Mn8+Ck+M0qIo0SaijWeq78nJiCUykVgOgXooVr2ZuJ/Xi/T0bU/YXGaaRqTxaIo41gneJYEDpmkRPPcECCSmVsxGYIEok1eZROCu/zyKmlf1Fyn5j5eVuu3RRwldIJO0Tly0RWqowfUQC1EUI6e0St6s56sF+vd+li0rlnFTAX9gfX5A8zmk40=</latexit><latexit sha1_base64="s/O2RGsfR99GnXfhCxfwoiILe6A=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwVBIRFE9FD3qs0C9oQplsNu3S3STsbgqh1L/ixYMiXv0h3vw3btsctPXBwOO9GWbmBSlnSjvOt7W2vrG5tV3aKe/u7R8c2kfHbZVkktAWSXgiuwEoyllMW5ppTruppCACTjvB6G7md8ZUKpbETZ2n1BcwiFnECGgj9e2Kdw9CAPbGIaghpvgGN/t21ak5c+BV4hakigo0+vaXFyYkEzTWhINSPddJtT8BqRnhdFr2MkVTICMY0J6hMQiq/Mn8+Ck+M0qIo0SaijWeq78nJiCUykVgOgXooVr2ZuJ/Xi/T0bU/YXGaaRqTxaIo41gneJYEDpmkRPPcECCSmVsxGYIEok1eZROCu/zyKmlf1Fyn5j5eVuu3RRwldIJO0Tly0RWqowfUQC1EUI6e0St6s56sF+vd+li0rlnFTAX9gfX5A8zmk40=</latexit>

The Challenge!

???

Sums of Uncertainty: Refinements Go Gradual

Khurram A. Jafery Joshua Dunfield
University of British Columbia

Vancouver, Canada
{kjafery,joshdunf}@cs.ubc.ca

Abstract

A long-standing shortcoming of statically typed functional lan-
guages is that type checking does not rule out pattern-matching
failures (run-time match exceptions). Refinement types distinguish
different values of datatypes; if a program annotated with refine-
ments passes type checking, pattern-matching failures become im-
possible. Unfortunately, refinement is a monolithic property of a
type, exacerbating the difficulty of adding refinement types to non-
trivial programs.

Gradual typing has explored how to incrementally move be-
tween static typing and dynamic typing. We develop a type sys-
tem of gradual sums that combines refinement with imprecision.
Then, we develop a bidirectional version of the type system, which
rules out excessive imprecision, and give a type-directed transla-
tion to a target language with explicit casts. We prove that the static
sublanguage cannot have match failures, that a well-typed program
remains well-typed if its type annotations are made less precise,
and that making annotations less precise causes target programs to
fail later. Several of these results correspond to criteria for gradual
typing given by Siek et al. (2015).

Categories and Subject Descriptors F.3.3 [Mathematical Logic
and Formal Languages]: Studies of Program Constructs—Type
structure

Keywords gradual typing, refinement types

1. Introduction

A central feature of statically typed functional languages is pattern
matching over user-defined datatypes that combine several funda-
mental constructs: sum types (for example, an element of a bool
datatype can be either True or False), recursive types (such as
lists), and polymorphic types. The aspect of ML datatypes that cor-
responds to sum types is the focus of this paper.

Static typing is said to catch run-time errors—at least, errors
that would manifest in a dynamically typed language as tag check
failures, such as subtracting a string from a number. Using the ven-
erable encoding of dynamic typing as injections into a datatype
Dynamic (Abadi et al. 1991), these tag check failures become er-
rors raised in the “fall-through” arm of a case expression over
Dynamic. The impossibility of such errors is a convincing argu-
ment in favour of static typing.

Yet Standard ML programmers frequently write code that is es-
sentially the same as the scorned operations on Dynamic—and that
has the same unfortunate risk of run-time errors. The definition of
SML (Milner et al. 1997) requires compilers to accept nonexhaus-
tive case expressions, which do not cover all the possible instances
of the datatype. A nonexhaustive case expression is isomorphic to
an implicit tag check over Dynamic: the non-error case is the only
one written out explicitly, while an error case is inserted by the
sneaky compiler.

In fairness, the definition encourages compilers to warn about
nonexhaustive case expressions. But this only causes programmers
to write their own “raise Match” arms, even when the fall-through
case is impossible because of an invariant known by the program-
mer. This leads to verbose code. In response, Freeman and Pfenning
(1991) developed datasort refinements that can encode many invari-
ants about datatypes, allowing compilers to accept “nonexhaustive”
case expressions when they are known to cover all possible cases.
For case analyses of refined types, the nonexhaustiveness warning
becomes a nonexhaustiveness error, which the programmer should
solve by declaring and using refinements of the datatype.

Unfortunately, this approach is all-or-nothing: either a type is
refined and the compiler rejects a nonexhaustive match over it,
or the type is not refined and the compiler issues a noncommit-
tal warning. In practice, programmers may want to migrate code
written with unrefined types to code that uses refined types; doing
this in a single pass over a nontrivial program is extremely diffi-
cult. Instead, programmers should be able to add type annotations
gradually. This was essentially the motivation for gradual typing
(Siek and Taha 2006), except that, where they contemplated migra-
tion from dynamically typed code to statically typed code, we are
interested in migration from code that is statically typed (modulo
nonexhaustiveness) to code that is more statically typed.

Gradual typing is about the possibility of uncertainty: in some
cases, one knows exactly what type one has; in other cases, one
does not even know whether something is an integer. In this paper,
we always know whether something is an integer (or a function,
etc.); uncertainty is possible, but only about sum types. This is
like the uncertainty of SML datatypes, with one key difference: we
allow SML-style uncertainty and refinement-style certainty.

As an example, consider a red-black tree library that passes the
SML type checker, but does not use refinement types. Datasort re-
finements can express the colour invariant, which says that every
red node’s children must be black. By reasoning about how the li-
brary functions should work, a programmer can add annotations
that say when the colour invariant should hold, which the refine-
ment type checker will verify. With gradual refinements, this rea-
soning can be done gradually and in tandem with testing. In fact,
the programmer could start by annotating a single function r. If all
test cases use r in accordance with its refinement type annotation,
the programmer gains confidence that the annotation is correct; if
any tests violate the annotation, then either the annotation is wrong,
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318 A complement to blame

C# C# introduces a type dynamic, which plays a role almost identical to our ı

(Bierman et al., 2010). As with gradual typing, a translation introduces casts to and from
dynamic where needed. However, the introduced casts are first-order; higher-order casts
must be written by hand, implementing the equivalent of (Wrap).

TypeScript TypeScript allows the programmer to specify in an interface declaration
types for a JavaScript module or library supplied by another party (Hejlsberg, 2012). The
DefinitelyTyped repository contains over 150 such declarations for a variety of popular
JavaScript libraries (Yankov, 2013). Interestingly, TypeScript is not concerned with type
soundness, which it does not provide, but instead with exploiting types to provide e�ective
prompts in Visual Studio, for instance to populate a pulldown menu with methods that
might be invoked at a given point.

TSı TSı is a variant of TypeScript which ensures type safety by assigning run-time
type information (RTTI) to some JavaScript objects (Swamy et al., 2014). One desirable
property of gradual typing is a type guarantee: any untyped program can be cast to any
type so long as its semantic properties correspond to that type. The embedding of untyped
programs into blame calculus satisfies the type guarantee, while the use of RTTI violates it.
Assessing the tradeo�s between blame calculus and TSı remains interesting future work.

TypeScript TNG In TypeScript, the information supplied by interface declarations
is taken on faith; failures to conform to the declaration are not reported. Microsoft has
funded myself and a PhD student to build a tool, TypeScript TNG, that uses blame calculus
to generates wrappers from TypeScript interface declarations. The wrappers monitor
interactions between a library and a client, and if a failure occurs then blame will indicate
whether it is the library or the client that has failed to conform to the declared types. Our
design satisfies the type guarantee described above.

Initial results appear promising, but there is much to do. We need to assess how many and
what sort of errors are revealed by wrappers, and measure the overhead wrappers introduce.
It would be desirable to ensure that generated wrappers never change the semantics of
programs (save to detect more errors) but aspects of JavaScript (notably, that wrappers
a�ect pointer equality) make this di�cult in problematic cases; we need to determine to
what extent these cases are an issue in practice.

Wide-spectrum language Programming languages o�er a range of type structures.
Here are four of the most important, listed from weakest to strongest:
1. Dynamic types, as in Racket, Python, and JavaScript.
2. Polymorphic types, as in ML, Haskell, and F#.
3. Refinement types, as in Dependent ML and F7.
4. Dependent types, as in Coq, Agda, and Fı.
A variant of blame calculus augmented with polymorphic types, refinement types, and de-
pendent types might be used to mediate between each of these systems. Kinds or e�ects
could delimit where programs may loop and where they are guaranteed to terminate, as
required for the strongest form of dependent types. We hypothesise that a wide-spectrum
language will increase the utility of the di�erent styles of typing, by allowing dynamic checks
to be used as a fallback when static validation is problematic.

6 Who needs gradual types?

I always assumed gradual types were to help those poor schmucks using untyped languages
to migrate to typed languages. I now realise that I am one of the poor schmucks. My recent
research involves session types, a linear type system that declares protocols for sending

[Wadler SNAPL2015]
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9.2 The Typing Relation 103

→ (typed) Based on λ (5-3)

Syntax

t ::= terms:
x variable
λx :T .t abstraction
t t application

v ::= values:
λx :T .t abstraction value

T ::= types:
T→T type of functions

Γ ::= contexts:
∅ empty context
Γ , x:T term variable binding

Evaluation t !→ t′

t1 !→ t′1
t1 t2 !→ t′1 t2

(E-App1)

t2 !→ t′2
v1 t2 !→ v1 t′2

(E-App2)

(λx :T11 .t12) v2 !→ [x" v2]t12 (E-AppAbs)

Typing Γ ⊢ t : T

x:T ∈ Γ
Γ ⊢ x : T

(T-Var)

Γ , x:T1 ⊢ t2 : T2

Γ ⊢ λx:T1.t2 : T1→T2
(T-Abs)

Γ ⊢ t1 : T11→T12 Γ ⊢ t2 : T11

Γ ⊢ t1 t2 : T12
(T-App)

Figure 9-1: Pure simply typed lambda-calculus (λ→)

x:Bool ∈ x:Bool
T-Var

x:Bool ⊢ x : Bool
T-Abs

⊢ λx:Bool.x : Bool→Bool
T-True

⊢ true : Bool
T-App

⊢ (λx:Bool.x) true : Bool

9.2.2 Exercise [# $]: Show (by drawing derivation trees) that the following terms
have the indicated types:

1. f:Bool→Bool ⊢ f (if false then true else false) : Bool

2. f:Bool→Bool ⊢ λx:Bool. f (if x then false else x) : Bool→Bool %

9.2.3 Exercise [#]: Find a context Γ under which the term f x y has type Bool. Can
you give a simple description of the set of all such contexts? %
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Inductive Definition
Grammar on Steroids 

(i.e., data structure spec)
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Daniel Kahneman
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If you are shown a 
word on a screen in a 

language you know, you 
will read it….

Thinking, Fast and Slow
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Proof: Exercise. The proof is actually so direct that there is almost nothing
to say; but writing out some of the details is good practice in “setting up”
proofs about the typing relation. !

For many of the type systems that we will see later in the book, this simple
correspondence between terms and derivations will not hold: a single term
will be assigned many types, and each of these will be justified by many typing
derivations. In these systems, there will often be significant work involved in
showing that typing derivations can be recovered effectively from terms.

Next, a canonical forms lemma tells us the possible shapes of values of
various types.

9.3.4 Lemma [Canonical Forms]:

1. If v is a value of type Bool, then v is either true or false.

2. If v is a value of type T1→T2, then v = λx:T1.t2. !

Proof: Straightforward. (Similar to the proof of the canonical forms lemma
for arithmetic expressions, 8.3.1.) !

Using the canonical forms lemma, we can prove a progress theorem analo-
gous to Theorem 8.3.2. The statement of the theorem needs one small change:
we are interested only in closed terms, with no free variables. For open terms,
the progress theorem actually fails: a term like f true is a normal form,
but not a value. However, this failure does not represent a defect in the lan-
guage, since complete programs—which are the terms we actually care about
evaluating—are always closed.

9.3.5 Theorem [Progress]: Suppose t is a closed, well-typed term (that is, ⊢ t : T
for some T). Then either t is a value or else there is some t′ with t "→ t′. !

Proof: Straightforward induction on typing derivations. The cases for boolean
constants and conditions are exactly the same as in the proof of progress for
typed arithmetic expressions (8.3.2). The variable case cannot occur (because
t is closed). The abstraction case is immediate, since abstractions are values.

The only interesting case is the one for application, where t = t1 t2 with
⊢ t1 : T11→T12 and ⊢ t2 : T11. By the induction hypothesis, either t1 is a
value or else it can make a step of evaluation, and likewise t2. If t1 can take a
step, then rule E-App1 applies to t. If t1 is a value and t2 can take a step, then
rule E-App2 applies. Finally, if both t1 and t2 are values, then the canonical
forms lemma tells us that t1 has the form λx:T11.t12, and so rule E-AppAbs
applies to t. !

9.3 Properties of Typing 107

Case T-Abs: t = λy:T2.t1

T = T2→T1

Γ , x:S, y:T2 ⊢ t1 : T1

By convention 5.3.4, we may assume x ≠ y and y ∉ FV(s). Using permutation
on the given subderivation, we obtain Γ , y:T2, x:S ⊢ t1 : T1. Using weaken-
ing on the other given derivation (Γ ⊢ s : S), we obtain Γ , y:T2 ⊢ s : S.
Now, by the induction hypothesis, Γ , y:T2 ⊢ [x # s]t1 : T1. By T-Abs,
Γ ⊢ λy:T2. [x # s]t1 : T2→T1. But this is precisely the needed result, since,
by the definition of substitution, [x# s]t = λy:T2. [x# s]t1.

Case T-App: t = t1 t2

Γ , x:S ⊢ t1 : T2→T1

Γ , x:S ⊢ t2 : T2

T = T1

By the induction hypothesis, Γ ⊢ [x # s]t1 : T2→T1 and Γ ⊢ [x # s]t2 : T2.
By T-App, Γ ⊢ [x# s]t1 [x# s]t2 : T, i.e., Γ ⊢ [x# s](t1 t2) : T.

Case T-True: t = true
T = Bool

Then [x# s]t = true, and the desired result, Γ ⊢ [x# s]t : T, is immediate.

Case T-False: t = false
T = Bool

Similar.

Case T-If: t = if t1 then t2 else t3

Γ , x:S ⊢ t1 : Bool
Γ , x:S ⊢ t2 : T
Γ , x:S ⊢ t3 : T

Three uses of the induction hypothesis yield

Γ ⊢ [x# s]t1 : Bool
Γ ⊢ [x# s]t2 : T
Γ ⊢ [x# s]t3 : T,

from which the result follows by T-If. $

Using the substitution lemma, we can prove the other half of the type safety
property—that evaluation preserves well-typedness.

9.3.9 Theorem [Preservation]: If Γ ⊢ t : T and t %→ t′, then Γ ⊢ t′ : T. $

Proof: Exercise [Recommended, &&&]. The structure is very similar to the
proof of the type preservation theorem for arithmetic expressions (8.3.3),
except for the use of the substitution lemma. $

“Well-typed programs don’t go wrong”
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� ` e : T
<latexit sha1_base64="s/O2RGsfR99GnXfhCxfwoiILe6A=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwVBIRFE9FD3qs0C9oQplsNu3S3STsbgqh1L/ixYMiXv0h3vw3btsctPXBwOO9GWbmBSlnSjvOt7W2vrG5tV3aKe/u7R8c2kfHbZVkktAWSXgiuwEoyllMW5ppTruppCACTjvB6G7md8ZUKpbETZ2n1BcwiFnECGgj9e2Kdw9CAPbGIaghpvgGN/t21ak5c+BV4hakigo0+vaXFyYkEzTWhINSPddJtT8BqRnhdFr2MkVTICMY0J6hMQiq/Mn8+Ck+M0qIo0SaijWeq78nJiCUykVgOgXooVr2ZuJ/Xi/T0bU/YXGaaRqTxaIo41gneJYEDpmkRPPcECCSmVsxGYIEok1eZROCu/zyKmlf1Fyn5j5eVuu3RRwldIJO0Tly0RWqowfUQC1EUI6e0St6s56sF+vd+li0rlnFTAX9gfX5A8zmk40=</latexit><latexit sha1_base64="s/O2RGsfR99GnXfhCxfwoiILe6A=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwVBIRFE9FD3qs0C9oQplsNu3S3STsbgqh1L/ixYMiXv0h3vw3btsctPXBwOO9GWbmBSlnSjvOt7W2vrG5tV3aKe/u7R8c2kfHbZVkktAWSXgiuwEoyllMW5ppTruppCACTjvB6G7md8ZUKpbETZ2n1BcwiFnECGgj9e2Kdw9CAPbGIaghpvgGN/t21ak5c+BV4hakigo0+vaXFyYkEzTWhINSPddJtT8BqRnhdFr2MkVTICMY0J6hMQiq/Mn8+Ck+M0qIo0SaijWeq78nJiCUykVgOgXooVr2ZuJ/Xi/T0bU/YXGaaRqTxaIo41gneJYEDpmkRPPcECCSmVsxGYIEok1eZROCu/zyKmlf1Fyn5j5eVuu3RRwldIJO0Tly0RWqowfUQC1EUI6e0St6s56sF+vd+li0rlnFTAX9gfX5A8zmk40=</latexit><latexit sha1_base64="s/O2RGsfR99GnXfhCxfwoiILe6A=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwVBIRFE9FD3qs0C9oQplsNu3S3STsbgqh1L/ixYMiXv0h3vw3btsctPXBwOO9GWbmBSlnSjvOt7W2vrG5tV3aKe/u7R8c2kfHbZVkktAWSXgiuwEoyllMW5ppTruppCACTjvB6G7md8ZUKpbETZ2n1BcwiFnECGgj9e2Kdw9CAPbGIaghpvgGN/t21ak5c+BV4hakigo0+vaXFyYkEzTWhINSPddJtT8BqRnhdFr2MkVTICMY0J6hMQiq/Mn8+Ck+M0qIo0SaijWeq78nJiCUykVgOgXooVr2ZuJ/Xi/T0bU/YXGaaRqTxaIo41gneJYEDpmkRPPcECCSmVsxGYIEok1eZROCu/zyKmlf1Fyn5j5eVuu3RRwldIJO0Tly0RWqowfUQC1EUI6e0St6s56sF+vd+li0rlnFTAX9gfX5A8zmk40=</latexit><latexit sha1_base64="s/O2RGsfR99GnXfhCxfwoiILe6A=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwVBIRFE9FD3qs0C9oQplsNu3S3STsbgqh1L/ixYMiXv0h3vw3btsctPXBwOO9GWbmBSlnSjvOt7W2vrG5tV3aKe/u7R8c2kfHbZVkktAWSXgiuwEoyllMW5ppTruppCACTjvB6G7md8ZUKpbETZ2n1BcwiFnECGgj9e2Kdw9CAPbGIaghpvgGN/t21ak5c+BV4hakigo0+vaXFyYkEzTWhINSPddJtT8BqRnhdFr2MkVTICMY0J6hMQiq/Mn8+Ck+M0qIo0SaijWeq78nJiCUykVgOgXooVr2ZuJ/Xi/T0bU/YXGaaRqTxaIo41gneJYEDpmkRPPcECCSmVsxGYIEok1eZROCu/zyKmlf1Fyn5j5eVuu3RRwldIJO0Tly0RWqowfUQC1EUI6e0St6s56sF+vd+li0rlnFTAX9gfX5A8zmk40=</latexit>
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� ` eX
<latexit sha1_base64="184rNPZv8As3A91Sfrw5WayNu5g=">AAACC3icbVA9SwNBEN2LXzF+RS1tlgTBKtyJoGXQQssI5gNyIcxtJsmS3btjdy8QjvQ2/hUbC0Vs/QN2/hv3khSa+GDg8d4MM/OCWHBtXPfbya2tb2xu5bcLO7t7+wfFw6OGjhLFsM4iEalWABoFD7FuuBHYihWCDAQ2g9FN5jfHqDSPwgczibEjYRDyPmdgrNQtlvxbkBKoP+6BHlL0JZhhFKc+GyIbSVCjabdYdivuDHSVeAtSJgvUusUvvxexRGJomACt254bm04KynAmcFrwE40xsBEMsG1pCBJ1J539MqWnVunRfqRshYbO1N8TKUitJzKwndmpetnLxP+8dmL6V52Uh3FiMGTzRf1EUBPRLBja4wqZERNLgClub6VsCAqYsfEVbAje8surpHFe8dyKd39Rrl4v4siTE1IiZ8Qjl6RK7kiN1Akjj+SZvJI358l5cd6dj3lrzlnMHJM/cD5/AEtLmzc=</latexit><latexit sha1_base64="184rNPZv8As3A91Sfrw5WayNu5g=">AAACC3icbVA9SwNBEN2LXzF+RS1tlgTBKtyJoGXQQssI5gNyIcxtJsmS3btjdy8QjvQ2/hUbC0Vs/QN2/hv3khSa+GDg8d4MM/OCWHBtXPfbya2tb2xu5bcLO7t7+wfFw6OGjhLFsM4iEalWABoFD7FuuBHYihWCDAQ2g9FN5jfHqDSPwgczibEjYRDyPmdgrNQtlvxbkBKoP+6BHlL0JZhhFKc+GyIbSVCjabdYdivuDHSVeAtSJgvUusUvvxexRGJomACt254bm04KynAmcFrwE40xsBEMsG1pCBJ1J539MqWnVunRfqRshYbO1N8TKUitJzKwndmpetnLxP+8dmL6V52Uh3FiMGTzRf1EUBPRLBja4wqZERNLgClub6VsCAqYsfEVbAje8surpHFe8dyKd39Rrl4v4siTE1IiZ8Qjl6RK7kiN1Akjj+SZvJI358l5cd6dj3lrzlnMHJM/cD5/AEtLmzc=</latexit><latexit sha1_base64="184rNPZv8As3A91Sfrw5WayNu5g=">AAACC3icbVA9SwNBEN2LXzF+RS1tlgTBKtyJoGXQQssI5gNyIcxtJsmS3btjdy8QjvQ2/hUbC0Vs/QN2/hv3khSa+GDg8d4MM/OCWHBtXPfbya2tb2xu5bcLO7t7+wfFw6OGjhLFsM4iEalWABoFD7FuuBHYihWCDAQ2g9FN5jfHqDSPwgczibEjYRDyPmdgrNQtlvxbkBKoP+6BHlL0JZhhFKc+GyIbSVCjabdYdivuDHSVeAtSJgvUusUvvxexRGJomACt254bm04KynAmcFrwE40xsBEMsG1pCBJ1J539MqWnVunRfqRshYbO1N8TKUitJzKwndmpetnLxP+8dmL6V52Uh3FiMGTzRf1EUBPRLBja4wqZERNLgClub6VsCAqYsfEVbAje8surpHFe8dyKd39Rrl4v4siTE1IiZ8Qjl6RK7kiN1Akjj+SZvJI358l5cd6dj3lrzlnMHJM/cD5/AEtLmzc=</latexit><latexit sha1_base64="184rNPZv8As3A91Sfrw5WayNu5g=">AAACC3icbVA9SwNBEN2LXzF+RS1tlgTBKtyJoGXQQssI5gNyIcxtJsmS3btjdy8QjvQ2/hUbC0Vs/QN2/hv3khSa+GDg8d4MM/OCWHBtXPfbya2tb2xu5bcLO7t7+wfFw6OGjhLFsM4iEalWABoFD7FuuBHYihWCDAQ2g9FN5jfHqDSPwgczibEjYRDyPmdgrNQtlvxbkBKoP+6BHlL0JZhhFKc+GyIbSVCjabdYdivuDHSVeAtSJgvUusUvvxexRGJomACt254bm04KynAmcFrwE40xsBEMsG1pCBJ1J539MqWnVunRfqRshYbO1N8TKUitJzKwndmpetnLxP+8dmL6V52Uh3FiMGTzRf1EUBPRLBja4wqZERNLgClub6VsCAqYsfEVbAje8surpHFe8dyKd39Rrl4v4siTE1IiZ8Qjl6RK7kiN1Akjj+SZvJI358l5cd6dj3lrzlnMHJM/cD5/AEtLmzc=</latexit>

Two Typing Judgments = Two “Behavioural Contracts”



Library1
Application2

Application0
Application1

Library2

Now You’ve Got Two Problems!
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� ` e : T
<latexit sha1_base64="s/O2RGsfR99GnXfhCxfwoiILe6A=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwVBIRFE9FD3qs0C9oQplsNu3S3STsbgqh1L/ixYMiXv0h3vw3btsctPXBwOO9GWbmBSlnSjvOt7W2vrG5tV3aKe/u7R8c2kfHbZVkktAWSXgiuwEoyllMW5ppTruppCACTjvB6G7md8ZUKpbETZ2n1BcwiFnECGgj9e2Kdw9CAPbGIaghpvgGN/t21ak5c+BV4hakigo0+vaXFyYkEzTWhINSPddJtT8BqRnhdFr2MkVTICMY0J6hMQiq/Mn8+Ck+M0qIo0SaijWeq78nJiCUykVgOgXooVr2ZuJ/Xi/T0bU/YXGaaRqTxaIo41gneJYEDpmkRPPcECCSmVsxGYIEok1eZROCu/zyKmlf1Fyn5j5eVuu3RRwldIJO0Tly0RWqowfUQC1EUI6e0St6s56sF+vd+li0rlnFTAX9gfX5A8zmk40=</latexit><latexit sha1_base64="s/O2RGsfR99GnXfhCxfwoiILe6A=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwVBIRFE9FD3qs0C9oQplsNu3S3STsbgqh1L/ixYMiXv0h3vw3btsctPXBwOO9GWbmBSlnSjvOt7W2vrG5tV3aKe/u7R8c2kfHbZVkktAWSXgiuwEoyllMW5ppTruppCACTjvB6G7md8ZUKpbETZ2n1BcwiFnECGgj9e2Kdw9CAPbGIaghpvgGN/t21ak5c+BV4hakigo0+vaXFyYkEzTWhINSPddJtT8BqRnhdFr2MkVTICMY0J6hMQiq/Mn8+Ck+M0qIo0SaijWeq78nJiCUykVgOgXooVr2ZuJ/Xi/T0bU/YXGaaRqTxaIo41gneJYEDpmkRPPcECCSmVsxGYIEok1eZROCu/zyKmlf1Fyn5j5eVuu3RRwldIJO0Tly0RWqowfUQC1EUI6e0St6s56sF+vd+li0rlnFTAX9gfX5A8zmk40=</latexit><latexit sha1_base64="s/O2RGsfR99GnXfhCxfwoiILe6A=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwVBIRFE9FD3qs0C9oQplsNu3S3STsbgqh1L/ixYMiXv0h3vw3btsctPXBwOO9GWbmBSlnSjvOt7W2vrG5tV3aKe/u7R8c2kfHbZVkktAWSXgiuwEoyllMW5ppTruppCACTjvB6G7md8ZUKpbETZ2n1BcwiFnECGgj9e2Kdw9CAPbGIaghpvgGN/t21ak5c+BV4hakigo0+vaXFyYkEzTWhINSPddJtT8BqRnhdFr2MkVTICMY0J6hMQiq/Mn8+Ck+M0qIo0SaijWeq78nJiCUykVgOgXooVr2ZuJ/Xi/T0bU/YXGaaRqTxaIo41gneJYEDpmkRPPcECCSmVsxGYIEok1eZROCu/zyKmlf1Fyn5j5eVuu3RRwldIJO0Tly0RWqowfUQC1EUI6e0St6s56sF+vd+li0rlnFTAX9gfX5A8zmk40=</latexit><latexit sha1_base64="s/O2RGsfR99GnXfhCxfwoiILe6A=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwVBIRFE9FD3qs0C9oQplsNu3S3STsbgqh1L/ixYMiXv0h3vw3btsctPXBwOO9GWbmBSlnSjvOt7W2vrG5tV3aKe/u7R8c2kfHbZVkktAWSXgiuwEoyllMW5ppTruppCACTjvB6G7md8ZUKpbETZ2n1BcwiFnECGgj9e2Kdw9CAPbGIaghpvgGN/t21ak5c+BV4hakigo0+vaXFyYkEzTWhINSPddJtT8BqRnhdFr2MkVTICMY0J6hMQiq/Mn8+Ck+M0qIo0SaijWeq78nJiCUykVgOgXooVr2ZuJ/Xi/T0bU/YXGaaRqTxaIo41gneJYEDpmkRPPcECCSmVsxGYIEok1eZROCu/zyKmlf1Fyn5j5eVuu3RRwldIJO0Tly0RWqowfUQC1EUI6e0St6s56sF+vd+li0rlnFTAX9gfX5A8zmk40=</latexit>

� ` eX
<latexit sha1_base64="184rNPZv8As3A91Sfrw5WayNu5g=">AAACC3icbVA9SwNBEN2LXzF+RS1tlgTBKtyJoGXQQssI5gNyIcxtJsmS3btjdy8QjvQ2/hUbC0Vs/QN2/hv3khSa+GDg8d4MM/OCWHBtXPfbya2tb2xu5bcLO7t7+wfFw6OGjhLFsM4iEalWABoFD7FuuBHYihWCDAQ2g9FN5jfHqDSPwgczibEjYRDyPmdgrNQtlvxbkBKoP+6BHlL0JZhhFKc+GyIbSVCjabdYdivuDHSVeAtSJgvUusUvvxexRGJomACt254bm04KynAmcFrwE40xsBEMsG1pCBJ1J539MqWnVunRfqRshYbO1N8TKUitJzKwndmpetnLxP+8dmL6V52Uh3FiMGTzRf1EUBPRLBja4wqZERNLgClub6VsCAqYsfEVbAje8surpHFe8dyKd39Rrl4v4siTE1IiZ8Qjl6RK7kiN1Akjj+SZvJI358l5cd6dj3lrzlnMHJM/cD5/AEtLmzc=</latexit><latexit sha1_base64="184rNPZv8As3A91Sfrw5WayNu5g=">AAACC3icbVA9SwNBEN2LXzF+RS1tlgTBKtyJoGXQQssI5gNyIcxtJsmS3btjdy8QjvQ2/hUbC0Vs/QN2/hv3khSa+GDg8d4MM/OCWHBtXPfbya2tb2xu5bcLO7t7+wfFw6OGjhLFsM4iEalWABoFD7FuuBHYihWCDAQ2g9FN5jfHqDSPwgczibEjYRDyPmdgrNQtlvxbkBKoP+6BHlL0JZhhFKc+GyIbSVCjabdYdivuDHSVeAtSJgvUusUvvxexRGJomACt254bm04KynAmcFrwE40xsBEMsG1pCBJ1J539MqWnVunRfqRshYbO1N8TKUitJzKwndmpetnLxP+8dmL6V52Uh3FiMGTzRf1EUBPRLBja4wqZERNLgClub6VsCAqYsfEVbAje8surpHFe8dyKd39Rrl4v4siTE1IiZ8Qjl6RK7kiN1Akjj+SZvJI358l5cd6dj3lrzlnMHJM/cD5/AEtLmzc=</latexit><latexit sha1_base64="184rNPZv8As3A91Sfrw5WayNu5g=">AAACC3icbVA9SwNBEN2LXzF+RS1tlgTBKtyJoGXQQssI5gNyIcxtJsmS3btjdy8QjvQ2/hUbC0Vs/QN2/hv3khSa+GDg8d4MM/OCWHBtXPfbya2tb2xu5bcLO7t7+wfFw6OGjhLFsM4iEalWABoFD7FuuBHYihWCDAQ2g9FN5jfHqDSPwgczibEjYRDyPmdgrNQtlvxbkBKoP+6BHlL0JZhhFKc+GyIbSVCjabdYdivuDHSVeAtSJgvUusUvvxexRGJomACt254bm04KynAmcFrwE40xsBEMsG1pCBJ1J539MqWnVunRfqRshYbO1N8TKUitJzKwndmpetnLxP+8dmL6V52Uh3FiMGTzRf1EUBPRLBja4wqZERNLgClub6VsCAqYsfEVbAje8surpHFe8dyKd39Rrl4v4siTE1IiZ8Qjl6RK7kiN1Akjj+SZvJI358l5cd6dj3lrzlnMHJM/cD5/AEtLmzc=</latexit><latexit sha1_base64="184rNPZv8As3A91Sfrw5WayNu5g=">AAACC3icbVA9SwNBEN2LXzF+RS1tlgTBKtyJoGXQQssI5gNyIcxtJsmS3btjdy8QjvQ2/hUbC0Vs/QN2/hv3khSa+GDg8d4MM/OCWHBtXPfbya2tb2xu5bcLO7t7+wfFw6OGjhLFsM4iEalWABoFD7FuuBHYihWCDAQ2g9FN5jfHqDSPwgczibEjYRDyPmdgrNQtlvxbkBKoP+6BHlL0JZhhFKc+GyIbSVCjabdYdivuDHSVeAtSJgvUusUvvxexRGJomACt254bm04KynAmcFrwE40xsBEMsG1pCBJ1J539MqWnVunRfqRshYbO1N8TKUitJzKwndmpetnLxP+8dmL6V52Uh3FiMGTzRf1EUBPRLBja4wqZERNLgClub6VsCAqYsfEVbAje8surpHFe8dyKd39Rrl4v4siTE1IiZ8Qjl6RK7kiN1Akjj+SZvJI358l5cd6dj3lrzlnMHJM/cD5/AEtLmzc=</latexit>

Two Typing Judgments = Two “Behavioural Contracts”
Conflicts Signal Runtime Errors (is that wrong?)



Library1
Application2

Application0
Application1

Library2

Now You’ve Got Two Problems!
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� ` e : T
<latexit sha1_base64="s/O2RGsfR99GnXfhCxfwoiILe6A=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwVBIRFE9FD3qs0C9oQplsNu3S3STsbgqh1L/ixYMiXv0h3vw3btsctPXBwOO9GWbmBSlnSjvOt7W2vrG5tV3aKe/u7R8c2kfHbZVkktAWSXgiuwEoyllMW5ppTruppCACTjvB6G7md8ZUKpbETZ2n1BcwiFnECGgj9e2Kdw9CAPbGIaghpvgGN/t21ak5c+BV4hakigo0+vaXFyYkEzTWhINSPddJtT8BqRnhdFr2MkVTICMY0J6hMQiq/Mn8+Ck+M0qIo0SaijWeq78nJiCUykVgOgXooVr2ZuJ/Xi/T0bU/YXGaaRqTxaIo41gneJYEDpmkRPPcECCSmVsxGYIEok1eZROCu/zyKmlf1Fyn5j5eVuu3RRwldIJO0Tly0RWqowfUQC1EUI6e0St6s56sF+vd+li0rlnFTAX9gfX5A8zmk40=</latexit><latexit sha1_base64="s/O2RGsfR99GnXfhCxfwoiILe6A=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwVBIRFE9FD3qs0C9oQplsNu3S3STsbgqh1L/ixYMiXv0h3vw3btsctPXBwOO9GWbmBSlnSjvOt7W2vrG5tV3aKe/u7R8c2kfHbZVkktAWSXgiuwEoyllMW5ppTruppCACTjvB6G7md8ZUKpbETZ2n1BcwiFnECGgj9e2Kdw9CAPbGIaghpvgGN/t21ak5c+BV4hakigo0+vaXFyYkEzTWhINSPddJtT8BqRnhdFr2MkVTICMY0J6hMQiq/Mn8+Ck+M0qIo0SaijWeq78nJiCUykVgOgXooVr2ZuJ/Xi/T0bU/YXGaaRqTxaIo41gneJYEDpmkRPPcECCSmVsxGYIEok1eZROCu/zyKmlf1Fyn5j5eVuu3RRwldIJO0Tly0RWqowfUQC1EUI6e0St6s56sF+vd+li0rlnFTAX9gfX5A8zmk40=</latexit><latexit sha1_base64="s/O2RGsfR99GnXfhCxfwoiILe6A=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwVBIRFE9FD3qs0C9oQplsNu3S3STsbgqh1L/ixYMiXv0h3vw3btsctPXBwOO9GWbmBSlnSjvOt7W2vrG5tV3aKe/u7R8c2kfHbZVkktAWSXgiuwEoyllMW5ppTruppCACTjvB6G7md8ZUKpbETZ2n1BcwiFnECGgj9e2Kdw9CAPbGIaghpvgGN/t21ak5c+BV4hakigo0+vaXFyYkEzTWhINSPddJtT8BqRnhdFr2MkVTICMY0J6hMQiq/Mn8+Ck+M0qIo0SaijWeq78nJiCUykVgOgXooVr2ZuJ/Xi/T0bU/YXGaaRqTxaIo41gneJYEDpmkRPPcECCSmVsxGYIEok1eZROCu/zyKmlf1Fyn5j5eVuu3RRwldIJO0Tly0RWqowfUQC1EUI6e0St6s56sF+vd+li0rlnFTAX9gfX5A8zmk40=</latexit><latexit sha1_base64="s/O2RGsfR99GnXfhCxfwoiILe6A=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwVBIRFE9FD3qs0C9oQplsNu3S3STsbgqh1L/ixYMiXv0h3vw3btsctPXBwOO9GWbmBSlnSjvOt7W2vrG5tV3aKe/u7R8c2kfHbZVkktAWSXgiuwEoyllMW5ppTruppCACTjvB6G7md8ZUKpbETZ2n1BcwiFnECGgj9e2Kdw9CAPbGIaghpvgGN/t21ak5c+BV4hakigo0+vaXFyYkEzTWhINSPddJtT8BqRnhdFr2MkVTICMY0J6hMQiq/Mn8+Ck+M0qIo0SaijWeq78nJiCUykVgOgXooVr2ZuJ/Xi/T0bU/YXGaaRqTxaIo41gneJYEDpmkRPPcECCSmVsxGYIEok1eZROCu/zyKmlf1Fyn5j5eVuu3RRwldIJO0Tly0RWqowfUQC1EUI6e0St6s56sF+vd+li0rlnFTAX9gfX5A8zmk40=</latexit>

� ` eX
<latexit sha1_base64="184rNPZv8As3A91Sfrw5WayNu5g=">AAACC3icbVA9SwNBEN2LXzF+RS1tlgTBKtyJoGXQQssI5gNyIcxtJsmS3btjdy8QjvQ2/hUbC0Vs/QN2/hv3khSa+GDg8d4MM/OCWHBtXPfbya2tb2xu5bcLO7t7+wfFw6OGjhLFsM4iEalWABoFD7FuuBHYihWCDAQ2g9FN5jfHqDSPwgczibEjYRDyPmdgrNQtlvxbkBKoP+6BHlL0JZhhFKc+GyIbSVCjabdYdivuDHSVeAtSJgvUusUvvxexRGJomACt254bm04KynAmcFrwE40xsBEMsG1pCBJ1J539MqWnVunRfqRshYbO1N8TKUitJzKwndmpetnLxP+8dmL6V52Uh3FiMGTzRf1EUBPRLBja4wqZERNLgClub6VsCAqYsfEVbAje8surpHFe8dyKd39Rrl4v4siTE1IiZ8Qjl6RK7kiN1Akjj+SZvJI358l5cd6dj3lrzlnMHJM/cD5/AEtLmzc=</latexit><latexit sha1_base64="184rNPZv8As3A91Sfrw5WayNu5g=">AAACC3icbVA9SwNBEN2LXzF+RS1tlgTBKtyJoGXQQssI5gNyIcxtJsmS3btjdy8QjvQ2/hUbC0Vs/QN2/hv3khSa+GDg8d4MM/OCWHBtXPfbya2tb2xu5bcLO7t7+wfFw6OGjhLFsM4iEalWABoFD7FuuBHYihWCDAQ2g9FN5jfHqDSPwgczibEjYRDyPmdgrNQtlvxbkBKoP+6BHlL0JZhhFKc+GyIbSVCjabdYdivuDHSVeAtSJgvUusUvvxexRGJomACt254bm04KynAmcFrwE40xsBEMsG1pCBJ1J539MqWnVunRfqRshYbO1N8TKUitJzKwndmpetnLxP+8dmL6V52Uh3FiMGTzRf1EUBPRLBja4wqZERNLgClub6VsCAqYsfEVbAje8surpHFe8dyKd39Rrl4v4siTE1IiZ8Qjl6RK7kiN1Akjj+SZvJI358l5cd6dj3lrzlnMHJM/cD5/AEtLmzc=</latexit><latexit sha1_base64="184rNPZv8As3A91Sfrw5WayNu5g=">AAACC3icbVA9SwNBEN2LXzF+RS1tlgTBKtyJoGXQQssI5gNyIcxtJsmS3btjdy8QjvQ2/hUbC0Vs/QN2/hv3khSa+GDg8d4MM/OCWHBtXPfbya2tb2xu5bcLO7t7+wfFw6OGjhLFsM4iEalWABoFD7FuuBHYihWCDAQ2g9FN5jfHqDSPwgczibEjYRDyPmdgrNQtlvxbkBKoP+6BHlL0JZhhFKc+GyIbSVCjabdYdivuDHSVeAtSJgvUusUvvxexRGJomACt254bm04KynAmcFrwE40xsBEMsG1pCBJ1J539MqWnVunRfqRshYbO1N8TKUitJzKwndmpetnLxP+8dmL6V52Uh3FiMGTzRf1EUBPRLBja4wqZERNLgClub6VsCAqYsfEVbAje8surpHFe8dyKd39Rrl4v4siTE1IiZ8Qjl6RK7kiN1Akjj+SZvJI358l5cd6dj3lrzlnMHJM/cD5/AEtLmzc=</latexit><latexit sha1_base64="184rNPZv8As3A91Sfrw5WayNu5g=">AAACC3icbVA9SwNBEN2LXzF+RS1tlgTBKtyJoGXQQssI5gNyIcxtJsmS3btjdy8QjvQ2/hUbC0Vs/QN2/hv3khSa+GDg8d4MM/OCWHBtXPfbya2tb2xu5bcLO7t7+wfFw6OGjhLFsM4iEalWABoFD7FuuBHYihWCDAQ2g9FN5jfHqDSPwgczibEjYRDyPmdgrNQtlvxbkBKoP+6BHlL0JZhhFKc+GyIbSVCjabdYdivuDHSVeAtSJgvUusUvvxexRGJomACt254bm04KynAmcFrwE40xsBEMsG1pCBJ1J539MqWnVunRfqRshYbO1N8TKUitJzKwndmpetnLxP+8dmL6V52Uh3FiMGTzRf1EUBPRLBja4wqZERNLgClub6VsCAqYsfEVbAje8surpHFe8dyKd39Rrl4v4siTE1IiZ8Qjl6RK7kiN1Akjj+SZvJI358l5cd6dj3lrzlnMHJM/cD5/AEtLmzc=</latexit>

Two Typing Judgments = Two “Behavioural Contracts”
Conflicts Signal Runtime Errors (is that wrong?)

What counts as 
appropriate  
linking?
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9.2 The Typing Relation 103

→ (typed) Based on λ (5-3)

Syntax

t ::= terms:
x variable
λx :T .t abstraction
t t application

v ::= values:
λx :T .t abstraction value

T ::= types:
T→T type of functions

Γ ::= contexts:
∅ empty context
Γ , x:T term variable binding

Evaluation t !→ t′

t1 !→ t′1
t1 t2 !→ t′1 t2

(E-App1)

t2 !→ t′2
v1 t2 !→ v1 t′2

(E-App2)

(λx :T11 .t12) v2 !→ [x" v2]t12 (E-AppAbs)

Typing Γ ⊢ t : T

x:T ∈ Γ
Γ ⊢ x : T

(T-Var)

Γ , x:T1 ⊢ t2 : T2
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Proof: Exercise. The proof is actually so direct that there is almost nothing
to say; but writing out some of the details is good practice in “setting up”
proofs about the typing relation. !

For many of the type systems that we will see later in the book, this simple
correspondence between terms and derivations will not hold: a single term
will be assigned many types, and each of these will be justified by many typing
derivations. In these systems, there will often be significant work involved in
showing that typing derivations can be recovered effectively from terms.

Next, a canonical forms lemma tells us the possible shapes of values of
various types.

9.3.4 Lemma [Canonical Forms]:

1. If v is a value of type Bool, then v is either true or false.

2. If v is a value of type T1→T2, then v = λx:T1.t2. !

Proof: Straightforward. (Similar to the proof of the canonical forms lemma
for arithmetic expressions, 8.3.1.) !

Using the canonical forms lemma, we can prove a progress theorem analo-
gous to Theorem 8.3.2. The statement of the theorem needs one small change:
we are interested only in closed terms, with no free variables. For open terms,
the progress theorem actually fails: a term like f true is a normal form,
but not a value. However, this failure does not represent a defect in the lan-
guage, since complete programs—which are the terms we actually care about
evaluating—are always closed.

9.3.5 Theorem [Progress]: Suppose t is a closed, well-typed term (that is, ⊢ t : T
for some T). Then either t is a value or else there is some t′ with t "→ t′. !

Proof: Straightforward induction on typing derivations. The cases for boolean
constants and conditions are exactly the same as in the proof of progress for
typed arithmetic expressions (8.3.2). The variable case cannot occur (because
t is closed). The abstraction case is immediate, since abstractions are values.

The only interesting case is the one for application, where t = t1 t2 with
⊢ t1 : T11→T12 and ⊢ t2 : T11. By the induction hypothesis, either t1 is a
value or else it can make a step of evaluation, and likewise t2. If t1 can take a
step, then rule E-App1 applies to t. If t1 is a value and t2 can take a step, then
rule E-App2 applies. Finally, if both t1 and t2 are values, then the canonical
forms lemma tells us that t1 has the form λx:T11.t12, and so rule E-AppAbs
applies to t. !

9.3 Properties of Typing 107

Case T-Abs: t = λy:T2.t1

T = T2→T1

Γ , x:S, y:T2 ⊢ t1 : T1

By convention 5.3.4, we may assume x ≠ y and y ∉ FV(s). Using permutation
on the given subderivation, we obtain Γ , y:T2, x:S ⊢ t1 : T1. Using weaken-
ing on the other given derivation (Γ ⊢ s : S), we obtain Γ , y:T2 ⊢ s : S.
Now, by the induction hypothesis, Γ , y:T2 ⊢ [x # s]t1 : T1. By T-Abs,
Γ ⊢ λy:T2. [x # s]t1 : T2→T1. But this is precisely the needed result, since,
by the definition of substitution, [x# s]t = λy:T2. [x# s]t1.

Case T-App: t = t1 t2

Γ , x:S ⊢ t1 : T2→T1

Γ , x:S ⊢ t2 : T2

T = T1

By the induction hypothesis, Γ ⊢ [x # s]t1 : T2→T1 and Γ ⊢ [x # s]t2 : T2.
By T-App, Γ ⊢ [x# s]t1 [x# s]t2 : T, i.e., Γ ⊢ [x# s](t1 t2) : T.

Case T-True: t = true
T = Bool

Then [x# s]t = true, and the desired result, Γ ⊢ [x# s]t : T, is immediate.

Case T-False: t = false
T = Bool

Similar.

Case T-If: t = if t1 then t2 else t3

Γ , x:S ⊢ t1 : Bool
Γ , x:S ⊢ t2 : T
Γ , x:S ⊢ t3 : T

Three uses of the induction hypothesis yield

Γ ⊢ [x# s]t1 : Bool
Γ ⊢ [x# s]t2 : T
Γ ⊢ [x# s]t3 : T,

from which the result follows by T-If. $

Using the substitution lemma, we can prove the other half of the type safety
property—that evaluation preserves well-typedness.

9.3.9 Theorem [Preservation]: If Γ ⊢ t : T and t %→ t′, then Γ ⊢ t′ : T. $

Proof: Exercise [Recommended, &&&]. The structure is very similar to the
proof of the type preservation theorem for arithmetic expressions (8.3.3),
except for the use of the substitution lemma. $

“Well-typed programs don’t go wrong”
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Do program fragments go right?
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364 ROBIN MILNER 

3.7. Well-Typed Expressions Do Not Go Wrong 

First we need a simple relation between semantic environments 7 and our type en- 
vironments-which are typed prefixed p. We say 

r] respects p iff, whenever let x, or hx, or 
$x x, is active in jJ, $c] : p. 

THEOREM 1 (Semantic Soundness). If 7 respects jj and p 1 & is well typed then 
&[dJT : 7. 

Proof. A fairly simple structural induction. Take the six cases for & . 

(9 x7 . Then either Xx, or fix x7 is active in 3, and ~l[xll : 7, so b//x]7 : 7, or let x0 
is active in p, and ~[[x] : o; but then T < u, so ai[x]~ = ~[x] : 7, by Proposition 1. 

(ii) (&+$,J7 . Then F 1 E,,+., is wt, so b[[ejs : u -+ 7, and similarly &[e’]v, : 0. Then 
from the semantic equation (remembering that wrong has no type) and by Proposition 2 
we get &[dJ+ : T. 

(iii) (if cLO then 5: else E:). Straightforward; the only extra detail needed here is that 
Iv has every type. 

(iv) (Ax, * G),+. . Then 8 * Xx, 1 E, is wt. Now we require (hv . &[[e] r]{v/x}) in V 
: p ---f 0. Denote this function by fin V. The inverse of Proposition 2 does not hold, 
that is, to show f in V : p + o it is not sufficient (though it is necessary) that whenever 
v:p,fv:a.Whatisrequiredisthatforevery77--,v~p4u,finV:~4~. 

Suppose then that p + v < p -+ u. Then there is a substitution S, involving only the 
type variables in p and u, such that p ---f v = S(p --+ u). Then, since none of these type 
variables is generic in p . h, 1 Z~ , it follows that S(p) * hx, 1 S(8)” is wt by Proposition 4. 
Moreover 7 respects S(j) ( since by Proposition 1 whenever q[x]l : a’ and 7’ < u’, q[x] : r’) 
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It then follows by induction that Sue] $v/x} : v, so we have shown that v : /-L implies 
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(4 (fix x0 . %,x * Then 4 . fix x, 1 c,, is wt. Now we require that v : p, where 
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Now v = U, vi, where v,, = Iv, vi+r = Sue] ~{TQ/x}, and by the directed completeness 
of types we only have to show vi : p for each i. 

Clearly v,, : p. Assume vi : p. Since 7 respect P; we have that ~{voi/x} respects p * jix x, , 
so by the main induction hypothesis vi+1 : p also, and we are done. 

(vi) (let x = ~~ in ~i)~ . Then p 1 E,, is wt, so we immediately have v : p, where 
v = 6?[[&. We require bi@‘] 7(21/x) : u. 

Now p * let x, 1 g: is also wt, and because v : p we have that q{u/x} respects p * let x, ; 
the rest follows by the induction hypothesis. 1 

If p ` d : ⌧ then p |= d : ⌧i.e., if � ` e : T then � |= e : T.
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The aim of this work is largely a practical one. A widely employed style of programming, 
particularly in structure-processing languages which impose no discipline of types, 
entails defining procedures which work well on objects of a wide variety. We present a 
formal type discipline for such polymorphic procedures in the context of a simple pro- 
gramming language, and a compile time type-checking algorithm w which enforces the 
discipline. A Semantic Soundness Theorem (based on a formal semantics for the language) 
states that well-type programs cannot “go wrong” and a Syntactic Soundness Theorem 
states that if fl accepts a program then it is well typed. We also discuss extending these 
results to richer languages; a type-checking algorithm based on w is in fact already 
implemented and working, for the metalanguage ML in the Edinburgh LCF system, 

1. INTRODUCTION 

The aim of this work is largely a practical one. A widely employed style of programming, 
particularly in structure-processing languages which impose no discipline of types 
(LISP is a perfect example), entails defining procedures which work well on objects of 
a wide variety (e.g., on lists of atoms, integers, or lists). Such flexibility is almost essential 
in this style of programming; unfortunately one often pays a price for it in the time taken 
to find rather inscrutable bugs-anyone who mistakenly applies CDR to an atom in 
LISP, and finds himself absurdly adding a property list to an integer, will know the 
symptoms. On the other hand a type discipline such as that of ALGOL 68 [22] which 
precludes the flexibility mentioned above, also precludes the programming style which 
we are talking about. ALGOL 60 was more flexible-in that it required procedure 
parameters to be specified only as “procedure” (rather than say “integer to realprocedure”) 
-but the flexibility was not uniform, and not sufficient. 

An early discussion of such flexibility can be found in Strachey [19], who was probably 
the first to call it polymorphism. In fact he qualified it as “parametric” polymorphism, 
in contrast to what he called “adhoc” polymorphism. An example of the latter is the use 
of “+” to denote both integer and real addition (in fact it may be further extended to 
denote complex addition, vector addition, etc.); this use of an identifier at several distinct 
types is often now called “overloading,” and we are not doncerned with it in this paper. 

In this paper then, we present and justify one method of gaining type flexibility, but 
also retaining a discipline which ensures robust programs. We have evidence that this 
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v = Y(Ad . aleg ~{v’/x}). 

Now v = U, vi, where v,, = Iv, vi+r = Sue] ~{TQ/x}, and by the directed completeness 
of types we only have to show vi : p for each i. 

Clearly v,, : p. Assume vi : p. Since 7 respect P; we have that ~{voi/x} respects p * jix x, , 
so by the main induction hypothesis vi+1 : p also, and we are done. 

(vi) (let x = ~~ in ~i)~ . Then p 1 E,, is wt, so we immediately have v : p, where 
v = 6?[[&. We require bi@‘] 7(21/x) : u. 

Now p * let x, 1 g: is also wt, and because v : p we have that q{u/x} respects p * let x, ; 
the rest follows by the induction hypothesis. 1 

If p ` d : ⌧ then p |= d : ⌧i.e., if � ` e : T then � |= e : T.
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The aim of this work is largely a practical one. A widely employed style of programming, 
particularly in structure-processing languages which impose no discipline of types, 
entails defining procedures which work well on objects of a wide variety. We present a 
formal type discipline for such polymorphic procedures in the context of a simple pro- 
gramming language, and a compile time type-checking algorithm w which enforces the 
discipline. A Semantic Soundness Theorem (based on a formal semantics for the language) 
states that well-type programs cannot “go wrong” and a Syntactic Soundness Theorem 
states that if fl accepts a program then it is well typed. We also discuss extending these 
results to richer languages; a type-checking algorithm based on w is in fact already 
implemented and working, for the metalanguage ML in the Edinburgh LCF system, 

1. INTRODUCTION 

The aim of this work is largely a practical one. A widely employed style of programming, 
particularly in structure-processing languages which impose no discipline of types 
(LISP is a perfect example), entails defining procedures which work well on objects of 
a wide variety (e.g., on lists of atoms, integers, or lists). Such flexibility is almost essential 
in this style of programming; unfortunately one often pays a price for it in the time taken 
to find rather inscrutable bugs-anyone who mistakenly applies CDR to an atom in 
LISP, and finds himself absurdly adding a property list to an integer, will know the 
symptoms. On the other hand a type discipline such as that of ALGOL 68 [22] which 
precludes the flexibility mentioned above, also precludes the programming style which 
we are talking about. ALGOL 60 was more flexible-in that it required procedure 
parameters to be specified only as “procedure” (rather than say “integer to realprocedure”) 
-but the flexibility was not uniform, and not sufficient. 

An early discussion of such flexibility can be found in Strachey [19], who was probably 
the first to call it polymorphism. In fact he qualified it as “parametric” polymorphism, 
in contrast to what he called “adhoc” polymorphism. An example of the latter is the use 
of “+” to denote both integer and real addition (in fact it may be further extended to 
denote complex addition, vector addition, etc.); this use of an identifier at several distinct 
types is often now called “overloading,” and we are not doncerned with it in this paper. 

In this paper then, we present and justify one method of gaining type flexibility, but 
also retaining a discipline which ensures robust programs. We have evidence that this 
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3.7. Well-Typed Expressions Do Not Go Wrong 

First we need a simple relation between semantic environments 7 and our type en- 
vironments-which are typed prefixed p. We say 

r] respects p iff, whenever let x, or hx, or 
$x x, is active in jJ, $c] : p. 

THEOREM 1 (Semantic Soundness). If 7 respects jj and p 1 & is well typed then 
&[dJT : 7. 

Proof. A fairly simple structural induction. Take the six cases for & . 

(9 x7 . Then either Xx, or fix x7 is active in 3, and ~l[xll : 7, so b//x]7 : 7, or let x0 
is active in p, and ~[[x] : o; but then T < u, so ai[x]~ = ~[x] : 7, by Proposition 1. 

(ii) (&+$,J7 . Then F 1 E,,+., is wt, so b[[ejs : u -+ 7, and similarly &[e’]v, : 0. Then 
from the semantic equation (remembering that wrong has no type) and by Proposition 2 
we get &[dJ+ : T. 

(iii) (if cLO then 5: else E:). Straightforward; the only extra detail needed here is that 
Iv has every type. 

(iv) (Ax, * G),+. . Then 8 * Xx, 1 E, is wt. Now we require (hv . &[[e] r]{v/x}) in V 
: p ---f 0. Denote this function by fin V. The inverse of Proposition 2 does not hold, 
that is, to show f in V : p + o it is not sufficient (though it is necessary) that whenever 
v:p,fv:a.Whatisrequiredisthatforevery77--,v~p4u,finV:~4~. 

Suppose then that p + v < p -+ u. Then there is a substitution S, involving only the 
type variables in p and u, such that p ---f v = S(p --+ u). Then, since none of these type 
variables is generic in p . h, 1 Z~ , it follows that S(p) * hx, 1 S(8)” is wt by Proposition 4. 
Moreover 7 respects S(j) ( since by Proposition 1 whenever q[x]l : a’ and 7’ < u’, q[x] : r’) 
so for any v : p we also have ~{v/x} respects S(j) . hx, . 

It then follows by induction that Sue] $v/x} : v, so we have shown that v : /-L implies 
fv : V, and this yields f in V : TV -+ v as required. 

(4 (fix x0 . %,x * Then 4 . fix x, 1 c,, is wt. Now we require that v : p, where 

v = Y(Ad . aleg ~{v’/x}). 

Now v = U, vi, where v,, = Iv, vi+r = Sue] ~{TQ/x}, and by the directed completeness 
of types we only have to show vi : p for each i. 

Clearly v,, : p. Assume vi : p. Since 7 respect P; we have that ~{voi/x} respects p * jix x, , 
so by the main induction hypothesis vi+1 : p also, and we are done. 

(vi) (let x = ~~ in ~i)~ . Then p 1 E,, is wt, so we immediately have v : p, where 
v = 6?[[&. We require bi@‘] 7(21/x) : u. 

Now p * let x, 1 g: is also wt, and because v : p we have that q{u/x} respects p * let x, ; 
the rest follows by the induction hypothesis. 1 

If p ` d : ⌧ then p |= d : ⌧

Every proof of type assignment 
says something meaningful about code

i.e., if � ` e : T then � |= e : T.
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The aim of this work is largely a practical one. A widely employed style of programming, 
particularly in structure-processing languages which impose no discipline of types, 
entails defining procedures which work well on objects of a wide variety. We present a 
formal type discipline for such polymorphic procedures in the context of a simple pro- 
gramming language, and a compile time type-checking algorithm w which enforces the 
discipline. A Semantic Soundness Theorem (based on a formal semantics for the language) 
states that well-type programs cannot “go wrong” and a Syntactic Soundness Theorem 
states that if fl accepts a program then it is well typed. We also discuss extending these 
results to richer languages; a type-checking algorithm based on w is in fact already 
implemented and working, for the metalanguage ML in the Edinburgh LCF system, 

1. INTRODUCTION 

The aim of this work is largely a practical one. A widely employed style of programming, 
particularly in structure-processing languages which impose no discipline of types 
(LISP is a perfect example), entails defining procedures which work well on objects of 
a wide variety (e.g., on lists of atoms, integers, or lists). Such flexibility is almost essential 
in this style of programming; unfortunately one often pays a price for it in the time taken 
to find rather inscrutable bugs-anyone who mistakenly applies CDR to an atom in 
LISP, and finds himself absurdly adding a property list to an integer, will know the 
symptoms. On the other hand a type discipline such as that of ALGOL 68 [22] which 
precludes the flexibility mentioned above, also precludes the programming style which 
we are talking about. ALGOL 60 was more flexible-in that it required procedure 
parameters to be specified only as “procedure” (rather than say “integer to realprocedure”) 
-but the flexibility was not uniform, and not sufficient. 

An early discussion of such flexibility can be found in Strachey [19], who was probably 
the first to call it polymorphism. In fact he qualified it as “parametric” polymorphism, 
in contrast to what he called “adhoc” polymorphism. An example of the latter is the use 
of “+” to denote both integer and real addition (in fact it may be further extended to 
denote complex addition, vector addition, etc.); this use of an identifier at several distinct 
types is often now called “overloading,” and we are not doncerned with it in this paper. 

In this paper then, we present and justify one method of gaining type flexibility, but 
also retaining a discipline which ensures robust programs. We have evidence that this 
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3.7. Well-Typed Expressions Do Not Go Wrong 

First we need a simple relation between semantic environments 7 and our type en- 
vironments-which are typed prefixed p. We say 

r] respects p iff, whenever let x, or hx, or 
$x x, is active in jJ, $c] : p. 

THEOREM 1 (Semantic Soundness). If 7 respects jj and p 1 & is well typed then 
&[dJT : 7. 

Proof. A fairly simple structural induction. Take the six cases for & . 

(9 x7 . Then either Xx, or fix x7 is active in 3, and ~l[xll : 7, so b//x]7 : 7, or let x0 
is active in p, and ~[[x] : o; but then T < u, so ai[x]~ = ~[x] : 7, by Proposition 1. 

(ii) (&+$,J7 . Then F 1 E,,+., is wt, so b[[ejs : u -+ 7, and similarly &[e’]v, : 0. Then 
from the semantic equation (remembering that wrong has no type) and by Proposition 2 
we get &[dJ+ : T. 

(iii) (if cLO then 5: else E:). Straightforward; the only extra detail needed here is that 
Iv has every type. 

(iv) (Ax, * G),+. . Then 8 * Xx, 1 E, is wt. Now we require (hv . &[[e] r]{v/x}) in V 
: p ---f 0. Denote this function by fin V. The inverse of Proposition 2 does not hold, 
that is, to show f in V : p + o it is not sufficient (though it is necessary) that whenever 
v:p,fv:a.Whatisrequiredisthatforevery77--,v~p4u,finV:~4~. 

Suppose then that p + v < p -+ u. Then there is a substitution S, involving only the 
type variables in p and u, such that p ---f v = S(p --+ u). Then, since none of these type 
variables is generic in p . h, 1 Z~ , it follows that S(p) * hx, 1 S(8)” is wt by Proposition 4. 
Moreover 7 respects S(j) ( since by Proposition 1 whenever q[x]l : a’ and 7’ < u’, q[x] : r’) 
so for any v : p we also have ~{v/x} respects S(j) . hx, . 

It then follows by induction that Sue] $v/x} : v, so we have shown that v : /-L implies 
fv : V, and this yields f in V : TV -+ v as required. 

(4 (fix x0 . %,x * Then 4 . fix x, 1 c,, is wt. Now we require that v : p, where 

v = Y(Ad . aleg ~{v’/x}). 

Now v = U, vi, where v,, = Iv, vi+r = Sue] ~{TQ/x}, and by the directed completeness 
of types we only have to show vi : p for each i. 

Clearly v,, : p. Assume vi : p. Since 7 respect P; we have that ~{voi/x} respects p * jix x, , 
so by the main induction hypothesis vi+1 : p also, and we are done. 

(vi) (let x = ~~ in ~i)~ . Then p 1 E,, is wt, so we immediately have v : p, where 
v = 6?[[&. We require bi@‘] 7(21/x) : u. 

Now p * let x, 1 g: is also wt, and because v : p we have that q{u/x} respects p * let x, ; 
the rest follows by the induction hypothesis. 1 

If p ` d : ⌧ then p |= d : ⌧i.e., if � ` e : T then � |= e : T.
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The aim of this work is largely a practical one. A widely employed style of programming, 
particularly in structure-processing languages which impose no discipline of types, 
entails defining procedures which work well on objects of a wide variety. We present a 
formal type discipline for such polymorphic procedures in the context of a simple pro- 
gramming language, and a compile time type-checking algorithm w which enforces the 
discipline. A Semantic Soundness Theorem (based on a formal semantics for the language) 
states that well-type programs cannot “go wrong” and a Syntactic Soundness Theorem 
states that if fl accepts a program then it is well typed. We also discuss extending these 
results to richer languages; a type-checking algorithm based on w is in fact already 
implemented and working, for the metalanguage ML in the Edinburgh LCF system, 

1. INTRODUCTION 

The aim of this work is largely a practical one. A widely employed style of programming, 
particularly in structure-processing languages which impose no discipline of types 
(LISP is a perfect example), entails defining procedures which work well on objects of 
a wide variety (e.g., on lists of atoms, integers, or lists). Such flexibility is almost essential 
in this style of programming; unfortunately one often pays a price for it in the time taken 
to find rather inscrutable bugs-anyone who mistakenly applies CDR to an atom in 
LISP, and finds himself absurdly adding a property list to an integer, will know the 
symptoms. On the other hand a type discipline such as that of ALGOL 68 [22] which 
precludes the flexibility mentioned above, also precludes the programming style which 
we are talking about. ALGOL 60 was more flexible-in that it required procedure 
parameters to be specified only as “procedure” (rather than say “integer to realprocedure”) 
-but the flexibility was not uniform, and not sufficient. 

An early discussion of such flexibility can be found in Strachey [19], who was probably 
the first to call it polymorphism. In fact he qualified it as “parametric” polymorphism, 
in contrast to what he called “adhoc” polymorphism. An example of the latter is the use 
of “+” to denote both integer and real addition (in fact it may be further extended to 
denote complex addition, vector addition, etc.); this use of an identifier at several distinct 
types is often now called “overloading,” and we are not doncerned with it in this paper. 

In this paper then, we present and justify one method of gaining type flexibility, but 
also retaining a discipline which ensures robust programs. We have evidence that this 
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3.7. Well-Typed Expressions Do Not Go Wrong 

First we need a simple relation between semantic environments 7 and our type en- 
vironments-which are typed prefixed p. We say 

r] respects p iff, whenever let x, or hx, or 
$x x, is active in jJ, $c] : p. 

THEOREM 1 (Semantic Soundness). If 7 respects jj and p 1 & is well typed then 
&[dJT : 7. 

Proof. A fairly simple structural induction. Take the six cases for & . 

(9 x7 . Then either Xx, or fix x7 is active in 3, and ~l[xll : 7, so b//x]7 : 7, or let x0 
is active in p, and ~[[x] : o; but then T < u, so ai[x]~ = ~[x] : 7, by Proposition 1. 

(ii) (&+$,J7 . Then F 1 E,,+., is wt, so b[[ejs : u -+ 7, and similarly &[e’]v, : 0. Then 
from the semantic equation (remembering that wrong has no type) and by Proposition 2 
we get &[dJ+ : T. 

(iii) (if cLO then 5: else E:). Straightforward; the only extra detail needed here is that 
Iv has every type. 

(iv) (Ax, * G),+. . Then 8 * Xx, 1 E, is wt. Now we require (hv . &[[e] r]{v/x}) in V 
: p ---f 0. Denote this function by fin V. The inverse of Proposition 2 does not hold, 
that is, to show f in V : p + o it is not sufficient (though it is necessary) that whenever 
v:p,fv:a.Whatisrequiredisthatforevery77--,v~p4u,finV:~4~. 

Suppose then that p + v < p -+ u. Then there is a substitution S, involving only the 
type variables in p and u, such that p ---f v = S(p --+ u). Then, since none of these type 
variables is generic in p . h, 1 Z~ , it follows that S(p) * hx, 1 S(8)” is wt by Proposition 4. 
Moreover 7 respects S(j) ( since by Proposition 1 whenever q[x]l : a’ and 7’ < u’, q[x] : r’) 
so for any v : p we also have ~{v/x} respects S(j) . hx, . 

It then follows by induction that Sue] $v/x} : v, so we have shown that v : /-L implies 
fv : V, and this yields f in V : TV -+ v as required. 

(4 (fix x0 . %,x * Then 4 . fix x, 1 c,, is wt. Now we require that v : p, where 

v = Y(Ad . aleg ~{v’/x}). 

Now v = U, vi, where v,, = Iv, vi+r = Sue] ~{TQ/x}, and by the directed completeness 
of types we only have to show vi : p for each i. 

Clearly v,, : p. Assume vi : p. Since 7 respect P; we have that ~{voi/x} respects p * jix x, , 
so by the main induction hypothesis vi+1 : p also, and we are done. 

(vi) (let x = ~~ in ~i)~ . Then p 1 E,, is wt, so we immediately have v : p, where 
v = 6?[[&. We require bi@‘] 7(21/x) : u. 

Now p * let x, 1 g: is also wt, and because v : p we have that q{u/x} respects p * let x, ; 
the rest follows by the induction hypothesis. 1 

If p ` d : ⌧ then p |= d : ⌧

TYPE POLYMORPHISM 36.5 

As a corollary, under the conditions of the theorem we have 

WIT # wrong, 

since wrong has no type. 

4. A WELL-TYPING ALGORITHM AND ITS CORRECTNESS 

4.1. The Algorithm W 

In this section we tackle the question of finding a well typing for a prefixed expression. 
We present an algorithm %‘- for this. We would like to prove that Y#‘- is both syntactically 
sound and (in some sense) complete. By syntactic soundness, we mean that whenever ?Y 
succeeds it produces a wt; by completeness, we mean that whenever a wt exists, V 
succeeds in finding one which is (in some sense) at least as general. 

Although YY is probably complete, it is difficult to find a simple proof. So we con- 
centrate on soundness, and then comment on implementation of YV and on extending 
it to deal with richer languages. Since a type-checking algorithm which simulates w has 
been working successfully for nearly 2 years in the context of the LCF metalanguage 
ML [2], we have evidence for its usefulness and even-to some extent-for its com- 
pleteness. 

YK is based on the unification algorithm of Robinson [14]. Indeed, the only feature of 
well typing which does not fall directly within the framework of unification is the condi- 
tion that 7 should be a generic instance of a whenever x, is bound by let x, . The com- 
pleteness (in some sense) of YY should follow from the second part of the following 
proposition concerning unification, but we need only the first half for our proof that Y&‘- 
is sound. 

PROPOSITION 5 (Robinson). There is an algorithm @‘, taking a pair of expressions 
(over some alphabet of variables) and yielding a substitution, such that for any pair of 
expressions o and r 

(A) If %(a, T) succeeds, yielding U, then U unifies u and T (i.e., Uu = UT). 

(B) If R unifies a and 7, then %( 0,~) succeeds yielding a U such that for some sub- 
stitution S, R = SU. 

Moreover, U involves only variables in a and 7. 

To find a well typing of a complete program f, we would expect to supply also a typed 
prefix j?, containing only let bindings, giving the types of values bound to predefined 
identifiers. We would then expect ?Y to yield 3 such that p 1 f is a wt. 

To state (and prove) YY recursively however, prefixes containing all types of binding 
occur, and w in general needs to modify the nongeneric type variables in the prefix to 
meet constraints imposed on the program. We therefore make w return also a sub- 
stitution T, indicating the necessary transformation. 

i.e., if � ` e : T then � |= e : T.
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The aim of this work is largely a practical one. A widely employed style of programming, 
particularly in structure-processing languages which impose no discipline of types, 
entails defining procedures which work well on objects of a wide variety. We present a 
formal type discipline for such polymorphic procedures in the context of a simple pro- 
gramming language, and a compile time type-checking algorithm w which enforces the 
discipline. A Semantic Soundness Theorem (based on a formal semantics for the language) 
states that well-type programs cannot “go wrong” and a Syntactic Soundness Theorem 
states that if fl accepts a program then it is well typed. We also discuss extending these 
results to richer languages; a type-checking algorithm based on w is in fact already 
implemented and working, for the metalanguage ML in the Edinburgh LCF system, 

1. INTRODUCTION 

The aim of this work is largely a practical one. A widely employed style of programming, 
particularly in structure-processing languages which impose no discipline of types 
(LISP is a perfect example), entails defining procedures which work well on objects of 
a wide variety (e.g., on lists of atoms, integers, or lists). Such flexibility is almost essential 
in this style of programming; unfortunately one often pays a price for it in the time taken 
to find rather inscrutable bugs-anyone who mistakenly applies CDR to an atom in 
LISP, and finds himself absurdly adding a property list to an integer, will know the 
symptoms. On the other hand a type discipline such as that of ALGOL 68 [22] which 
precludes the flexibility mentioned above, also precludes the programming style which 
we are talking about. ALGOL 60 was more flexible-in that it required procedure 
parameters to be specified only as “procedure” (rather than say “integer to realprocedure”) 
-but the flexibility was not uniform, and not sufficient. 

An early discussion of such flexibility can be found in Strachey [19], who was probably 
the first to call it polymorphism. In fact he qualified it as “parametric” polymorphism, 
in contrast to what he called “adhoc” polymorphism. An example of the latter is the use 
of “+” to denote both integer and real addition (in fact it may be further extended to 
denote complex addition, vector addition, etc.); this use of an identifier at several distinct 
types is often now called “overloading,” and we are not doncerned with it in this paper. 

In this paper then, we present and justify one method of gaining type flexibility, but 
also retaining a discipline which ensures robust programs. We have evidence that this 
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3.7. Well-Typed Expressions Do Not Go Wrong 

First we need a simple relation between semantic environments 7 and our type en- 
vironments-which are typed prefixed p. We say 

r] respects p iff, whenever let x, or hx, or 
$x x, is active in jJ, $c] : p. 

THEOREM 1 (Semantic Soundness). If 7 respects jj and p 1 & is well typed then 
&[dJT : 7. 

Proof. A fairly simple structural induction. Take the six cases for & . 

(9 x7 . Then either Xx, or fix x7 is active in 3, and ~l[xll : 7, so b//x]7 : 7, or let x0 
is active in p, and ~[[x] : o; but then T < u, so ai[x]~ = ~[x] : 7, by Proposition 1. 

(ii) (&+$,J7 . Then F 1 E,,+., is wt, so b[[ejs : u -+ 7, and similarly &[e’]v, : 0. Then 
from the semantic equation (remembering that wrong has no type) and by Proposition 2 
we get &[dJ+ : T. 

(iii) (if cLO then 5: else E:). Straightforward; the only extra detail needed here is that 
Iv has every type. 

(iv) (Ax, * G),+. . Then 8 * Xx, 1 E, is wt. Now we require (hv . &[[e] r]{v/x}) in V 
: p ---f 0. Denote this function by fin V. The inverse of Proposition 2 does not hold, 
that is, to show f in V : p + o it is not sufficient (though it is necessary) that whenever 
v:p,fv:a.Whatisrequiredisthatforevery77--,v~p4u,finV:~4~. 

Suppose then that p + v < p -+ u. Then there is a substitution S, involving only the 
type variables in p and u, such that p ---f v = S(p --+ u). Then, since none of these type 
variables is generic in p . h, 1 Z~ , it follows that S(p) * hx, 1 S(8)” is wt by Proposition 4. 
Moreover 7 respects S(j) ( since by Proposition 1 whenever q[x]l : a’ and 7’ < u’, q[x] : r’) 
so for any v : p we also have ~{v/x} respects S(j) . hx, . 

It then follows by induction that Sue] $v/x} : v, so we have shown that v : /-L implies 
fv : V, and this yields f in V : TV -+ v as required. 

(4 (fix x0 . %,x * Then 4 . fix x, 1 c,, is wt. Now we require that v : p, where 

v = Y(Ad . aleg ~{v’/x}). 

Now v = U, vi, where v,, = Iv, vi+r = Sue] ~{TQ/x}, and by the directed completeness 
of types we only have to show vi : p for each i. 

Clearly v,, : p. Assume vi : p. Since 7 respect P; we have that ~{voi/x} respects p * jix x, , 
so by the main induction hypothesis vi+1 : p also, and we are done. 

(vi) (let x = ~~ in ~i)~ . Then p 1 E,, is wt, so we immediately have v : p, where 
v = 6?[[&. We require bi@‘] 7(21/x) : u. 

Now p * let x, 1 g: is also wt, and because v : p we have that q{u/x} respects p * let x, ; 
the rest follows by the induction hypothesis. 1 

If p ` d : ⌧ then p |= d : ⌧

TYPE POLYMORPHISM 36.5 

As a corollary, under the conditions of the theorem we have 

WIT # wrong, 

since wrong has no type. 

4. A WELL-TYPING ALGORITHM AND ITS CORRECTNESS 

4.1. The Algorithm W 

In this section we tackle the question of finding a well typing for a prefixed expression. 
We present an algorithm %‘- for this. We would like to prove that Y#‘- is both syntactically 
sound and (in some sense) complete. By syntactic soundness, we mean that whenever ?Y 
succeeds it produces a wt; by completeness, we mean that whenever a wt exists, V 
succeeds in finding one which is (in some sense) at least as general. 

Although YY is probably complete, it is difficult to find a simple proof. So we con- 
centrate on soundness, and then comment on implementation of YV and on extending 
it to deal with richer languages. Since a type-checking algorithm which simulates w has 
been working successfully for nearly 2 years in the context of the LCF metalanguage 
ML [2], we have evidence for its usefulness and even-to some extent-for its com- 
pleteness. 

YK is based on the unification algorithm of Robinson [14]. Indeed, the only feature of 
well typing which does not fall directly within the framework of unification is the condi- 
tion that 7 should be a generic instance of a whenever x, is bound by let x, . The com- 
pleteness (in some sense) of YY should follow from the second part of the following 
proposition concerning unification, but we need only the first half for our proof that Y&‘- 
is sound. 

PROPOSITION 5 (Robinson). There is an algorithm @‘, taking a pair of expressions 
(over some alphabet of variables) and yielding a substitution, such that for any pair of 
expressions o and r 

(A) If %(a, T) succeeds, yielding U, then U unifies u and T (i.e., Uu = UT). 

(B) If R unifies a and 7, then %( 0,~) succeeds yielding a U such that for some sub- 
stitution S, R = SU. 

Moreover, U involves only variables in a and 7. 

To find a well typing of a complete program f, we would expect to supply also a typed 
prefix j?, containing only let bindings, giving the types of values bound to predefined 
identifiers. We would then expect ?Y to yield 3 such that p 1 f is a wt. 

To state (and prove) YY recursively however, prefixes containing all types of binding 
occur, and w in general needs to modify the nongeneric type variables in the prefix to 
meet constraints imposed on the program. We therefore make w return also a sub- 
stitution T, indicating the necessary transformation. 

Whole-Program 
Payoff!

i.e., if � ` e : T then � |= e : T.
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The aim of this work is largely a practical one. A widely employed style of programming, 
particularly in structure-processing languages which impose no discipline of types, 
entails defining procedures which work well on objects of a wide variety. We present a 
formal type discipline for such polymorphic procedures in the context of a simple pro- 
gramming language, and a compile time type-checking algorithm w which enforces the 
discipline. A Semantic Soundness Theorem (based on a formal semantics for the language) 
states that well-type programs cannot “go wrong” and a Syntactic Soundness Theorem 
states that if fl accepts a program then it is well typed. We also discuss extending these 
results to richer languages; a type-checking algorithm based on w is in fact already 
implemented and working, for the metalanguage ML in the Edinburgh LCF system, 

1. INTRODUCTION 

The aim of this work is largely a practical one. A widely employed style of programming, 
particularly in structure-processing languages which impose no discipline of types 
(LISP is a perfect example), entails defining procedures which work well on objects of 
a wide variety (e.g., on lists of atoms, integers, or lists). Such flexibility is almost essential 
in this style of programming; unfortunately one often pays a price for it in the time taken 
to find rather inscrutable bugs-anyone who mistakenly applies CDR to an atom in 
LISP, and finds himself absurdly adding a property list to an integer, will know the 
symptoms. On the other hand a type discipline such as that of ALGOL 68 [22] which 
precludes the flexibility mentioned above, also precludes the programming style which 
we are talking about. ALGOL 60 was more flexible-in that it required procedure 
parameters to be specified only as “procedure” (rather than say “integer to realprocedure”) 
-but the flexibility was not uniform, and not sufficient. 

An early discussion of such flexibility can be found in Strachey [19], who was probably 
the first to call it polymorphism. In fact he qualified it as “parametric” polymorphism, 
in contrast to what he called “adhoc” polymorphism. An example of the latter is the use 
of “+” to denote both integer and real addition (in fact it may be further extended to 
denote complex addition, vector addition, etc.); this use of an identifier at several distinct 
types is often now called “overloading,” and we are not doncerned with it in this paper. 

In this paper then, we present and justify one method of gaining type flexibility, but 
also retaining a discipline which ensures robust programs. We have evidence that this 
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sound and (in some sense) complete. By syntactic soundness, we mean that whenever ?Y 
succeeds it produces a wt; by completeness, we mean that whenever a wt exists, V 
succeeds in finding one which is (in some sense) at least as general. 

Although YY is probably complete, it is difficult to find a simple proof. So we con- 
centrate on soundness, and then comment on implementation of YV and on extending 
it to deal with richer languages. Since a type-checking algorithm which simulates w has 
been working successfully for nearly 2 years in the context of the LCF metalanguage 
ML [2], we have evidence for its usefulness and even-to some extent-for its com- 
pleteness. 

YK is based on the unification algorithm of Robinson [14]. Indeed, the only feature of 
well typing which does not fall directly within the framework of unification is the condi- 
tion that 7 should be a generic instance of a whenever x, is bound by let x, . The com- 
pleteness (in some sense) of YY should follow from the second part of the following 
proposition concerning unification, but we need only the first half for our proof that Y&‘- 
is sound. 

PROPOSITION 5 (Robinson). There is an algorithm @‘, taking a pair of expressions 
(over some alphabet of variables) and yielding a substitution, such that for any pair of 
expressions o and r 

(A) If %(a, T) succeeds, yielding U, then U unifies u and T (i.e., Uu = UT). 

(B) If R unifies a and 7, then %( 0,~) succeeds yielding a U such that for some sub- 
stitution S, R = SU. 

Moreover, U involves only variables in a and 7. 

To find a well typing of a complete program f, we would expect to supply also a typed 
prefix j?, containing only let bindings, giving the types of values bound to predefined 
identifiers. We would then expect ?Y to yield 3 such that p 1 f is a wt. 

To state (and prove) YY recursively however, prefixes containing all types of binding 
occur, and w in general needs to modify the nongeneric type variables in the prefix to 
meet constraints imposed on the program. We therefore make w return also a sub- 
stitution T, indicating the necessary transformation. 
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The aim of this work is largely a practical one. A widely employed style of programming, 
particularly in structure-processing languages which impose no discipline of types 
(LISP is a perfect example), entails defining procedures which work well on objects of 
a wide variety (e.g., on lists of atoms, integers, or lists). Such flexibility is almost essential 
in this style of programming; unfortunately one often pays a price for it in the time taken 
to find rather inscrutable bugs-anyone who mistakenly applies CDR to an atom in 
LISP, and finds himself absurdly adding a property list to an integer, will know the 
symptoms. On the other hand a type discipline such as that of ALGOL 68 [22] which 
precludes the flexibility mentioned above, also precludes the programming style which 
we are talking about. ALGOL 60 was more flexible-in that it required procedure 
parameters to be specified only as “procedure” (rather than say “integer to realprocedure”) 
-but the flexibility was not uniform, and not sufficient. 

An early discussion of such flexibility can be found in Strachey [19], who was probably 
the first to call it polymorphism. In fact he qualified it as “parametric” polymorphism, 
in contrast to what he called “adhoc” polymorphism. An example of the latter is the use 
of “+” to denote both integer and real addition (in fact it may be further extended to 
denote complex addition, vector addition, etc.); this use of an identifier at several distinct 
types is often now called “overloading,” and we are not doncerned with it in this paper. 

In this paper then, we present and justify one method of gaining type flexibility, but 
also retaining a discipline which ensures robust programs. We have evidence that this 
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(Semantically) Sound Gradual Typing

“Appropriate Linking” Enforces Contracts
Semantic Judgments Denote “Behavioural Contracts”
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6.1 Gradual Typing
Migratory typing is closely related to gradual typing [66, 67]. In the broad sense, the term gradual
typing has come to describe any type system that allows some amount of dynamic typing. In the
precise sense of Siek et al. [67], a gradual typing system includes: (1) a dynamic type that may
be implicitly cast to any other type; (2) a relation between types that are equal up to occurrences
of the dynamic type; and (3) a proof that replacing any type with the dynamic type can only (3a)
remove a compile-time type error or (3b) remove a run-time boundary error.

Gradual typing and migratory typing have di�erent goals. Migratory typing always starts with a
dynamically typed language, whereas gradual typing may begin with a static type system and add
a dynamic type [20, 28, 41], an idea that also goes back decades [1, 42, 78].

6.2 Concrete Types
Thorn is a statically-typed language that allows dynamically-typed methods [14, 89]. In particular:
every value in Thorn is an instance of a class; every value has a (concrete) type, i.e., the name
of its class; and a method may be de�ned for a dynamically-typed argument, in which case
the method uses a run-time subtype check before interacting with its argument. This approach
sacri�ces expressiveness in favor of straightforward run-time checks. Richards et al. [62] apply the
concrete approach to TypeScript and allow limited interaction with structurally-typed JavaScript
objects; method calls are permitted, but typed and JavaScript objects cannot extend one another.10
Muehlboeck and Tate [51] develop a theory of concrete and gradual [67] typing and present an
e�cient implementation. Dynamic typing in Dart 2 is based on the concrete approach.11

6.3 Higher-Order, Erasure, and First-Order
Matthews and Findler [46] use the name natural embedding to describe a type-directed strategy
of converting between Scheme and ML values. Their name suggests that this inductive-checking,
higher-order-wrapping technique is the obvious approach to the problem; indeed, work on typed
foreign-function interfaces [56] and remote procedure calls [53] used a similar approach. New and
Licata [52] provide a semantic justi�cation for the name; in brief, an embedding is unsound if it
allows untyped functions but is not equivalent to the natural wrapping strategy.
The erasure approach is better known as optional typing, and the idea dates back to Common

Lisp [71] and Strongtalk [16]. Many languages now have optional type checkers (�gure 16).
The �rst-order embedding presented in section 2.5 is directly inspired by the transient semantics

for Reticulated Python [83, 84]. Transient begins with an uninterpreted surface language expression
and elaborates it into a typed intermediate language with explicit type-constructor checks. The
main judgment has the form � ` e  e

0 : � where both e

0 and � are outputs.
Henglein [36] uses the name completion process to describe a procedure that adds type-constructor

checks to the syntax of an untyped expression. Both Henglein’s completion process and our
completion function are examples of type-directed coercion insertions [9, 74].

6.4 Type Reconstruction
While the erasure approach converts typed code to untyped code, a reconstruction embedding could
convert all untyped code to typed code. Researchers have worked on variants of this problem for
decades. Soft typing combines Hindley-Milner inference with a non-standard grammar of types [3,
87]. Set-based �ow analysis infers a type based on values, primitive operations, and control-�ow [26,
34, 35, 47, 54, 57]. Still another method is to infer types from the completion of an untyped term;

10Takikawa et al. [77] introduce opaque class contracts to support mixed-typed class hierarchies in Typed Racket.
11
dartlang.org/guides/language/sound-dart, accessed 2018-05-10

Proc. ACM Program. Lang., Vol. 2, No. ICFP, Article 71. Publication date: September 2018.
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Abstract

Static and dynamic type systems have well-known strengths and
weaknesses, and each is better suited for different programming
tasks. There have been many efforts to integrate static and dynamic
typing and thereby combine the benefits of both typing disciplines
in the same language. The flexibility of static typing can be im-
proved by adding a type Dynamic and a typecase form. The safety
and performance of dynamic typing can be improved by adding
optional type annotations or by performing type inference (as in
soft typing). However, there has been little formal work on type
systems that allow a programmer-controlled migration between dy-
namic and static typing. Thatte proposed Quasi-Static Typing, but
it does not statically catch all type errors in completely annotated
programs. Anderson and Drossopoulou defined a nominal type sys-
tem for an object-oriented language with optional type annotations.
However, developing a sound, gradual type system for functional
languages with structural types is an open problem.
In this paper we present a solution based on the intuition that the
structure of a type may be partially known/unknown at compile-
time and the job of the type system is to catch incompatibilities
between the known parts of types. We define the static and dynamic
semantics of a �-calculus with optional type annotations and we
prove that its type system is sound with respect to the simply-typed
�-calculus for fully-annotated terms. We prove that this calculus is
type safe and that the cost of dynamism is “pay-as-you-go”.

Categories and Subject Descriptors D.3.1 [Programming Lan-
guages]: Formal Definitions and Theory; F.3.3 [Logics and Mean-
ings of Programs]: Studies of Program Constructs— Type structure

General Terms Languages, Performance, Theory

Keywords static and dynamic typing, optional type annotations

1. Introduction

Static and dynamic typing have different strengths, making them
better suited for different tasks. Static typing provides early error
detection, more efficient program execution, and better documen-
tation, whereas dynamic typing enables rapid development and fast
adaptation to changing requirements.
The focus of this paper is languages that literally provide static and
dynamic typing in the same program, with the programmer control-

Permission to make digital or hard copies of all or part of this work for personal or
classroom use is granted without fee provided that copies are not made or distributed
for profit or commercial advantage and that copies bear this notice and the full citation
on the first page. To copy otherwise, to republish, to post on servers or to redistribute
to lists, requires prior specific permission and/or a fee.
Scheme and Functional Programming 2006 September 17, Portland, OR.
Copyright c� 2006 ACM [to be supplied]. . . $5.00.

ling the degree of static checking by annotating function parameters
with types, or not. We use the term gradual typing for type systems
that provide this capability. Languages that support gradual typing
to a large degree include Cecil [8], Boo [10], extensions to Visual
Basic.NET and C# proposed by Meijer and Drayton [26], and ex-
tensions to Java proposed by Gray et al. [17], and the Bigloo [6, 36]
dialect of Scheme [24]. The purpose of this paper is to provide a
type-theoretic foundation for languages such as these with gradual
typing.
There are numerous other ways to combine static and dynamic typ-
ing that fall outside the scope of gradual typing. Many dynamically
typed languages have optional type annotations that are used to im-
prove run-time performance but not to increase the amount of static
checking. Common LISP [23] and Dylan [12, 37] are examples of
such languages. Similarly, the Soft Typing of Cartwright and Fa-
gan [7] improves the performance of dynamically typed languages
but it does not statically catch type errors. At the other end of the
spectrum, statically typed languages can be made more flexible by
adding a Dynamic type and typecase form, as in the work by Abadi
et al. [1]. However, such languages do not allow for programming
in a dynamically typed style because the programmer is required to
insert coercions to and from type Dynamic.
A short example serves to demonstrate the idea of gradual typing.
Figure 1 shows a call-by-value interpreter for an applied �-calculus
written in Scheme extended with gradual typing and algebraic data
types. The version on the left does not have type annotations, and
so the type system performs little type checking and instead many
tag-tests occur at run time.
As development progresses, the programmer adds type annotations
to the parameters of interp, as shown on the right side of Figure 1,
and the type system provides more aid in detecting errors. We use
the notation ? for the dynamic type. The type system checks that
the uses of env and e are appropriate: the case analysis on e is
fine and so is the application of assq to x and env. The recursive
calls to interp also type check and the call to apply type checks
trivially because the parameters of apply are dynamic. Note that
we are still using dynamic typing for the value domain of the object
language. To obtain a program with complete static checking, we
would introduce a datatype for the value domain and use that as the
return type of interp.

Contributions We present a formal type system that supports
gradual typing for functional languages, providing the flexibility
of dynamically typed languages when type annotations are omitted
by the programmer and providing the benefits of static checking
when function parameters are annotated. These benefits include
both safety and performance: type errors are caught at compile-time
and values may be stored in unboxed form. That is, for statically
typed portions of the program there is no need for run-time tags
and tag checking.
We introduce a calculus named �

?
! and define its type system (Sec-

tion 2). We show that this type system, when applied to fully an-
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ling the degree of static checking by annotating function parameters
with types, or not. We use the term gradual typing for type systems
that provide this capability. Languages that support gradual typing
to a large degree include Cecil [8], Boo [10], extensions to Visual
Basic.NET and C# proposed by Meijer and Drayton [26], and ex-
tensions to Java proposed by Gray et al. [17], and the Bigloo [6, 36]
dialect of Scheme [24]. The purpose of this paper is to provide a
type-theoretic foundation for languages such as these with gradual
typing.
There are numerous other ways to combine static and dynamic typ-
ing that fall outside the scope of gradual typing. Many dynamically
typed languages have optional type annotations that are used to im-
prove run-time performance but not to increase the amount of static
checking. Common LISP [23] and Dylan [12, 37] are examples of
such languages. Similarly, the Soft Typing of Cartwright and Fa-
gan [7] improves the performance of dynamically typed languages
but it does not statically catch type errors. At the other end of the
spectrum, statically typed languages can be made more flexible by
adding a Dynamic type and typecase form, as in the work by Abadi
et al. [1]. However, such languages do not allow for programming
in a dynamically typed style because the programmer is required to
insert coercions to and from type Dynamic.
A short example serves to demonstrate the idea of gradual typing.
Figure 1 shows a call-by-value interpreter for an applied �-calculus
written in Scheme extended with gradual typing and algebraic data
types. The version on the left does not have type annotations, and
so the type system performs little type checking and instead many
tag-tests occur at run time.
As development progresses, the programmer adds type annotations
to the parameters of interp, as shown on the right side of Figure 1,
and the type system provides more aid in detecting errors. We use
the notation ? for the dynamic type. The type system checks that
the uses of env and e are appropriate: the case analysis on e is
fine and so is the application of assq to x and env. The recursive
calls to interp also type check and the call to apply type checks
trivially because the parameters of apply are dynamic. Note that
we are still using dynamic typing for the value domain of the object
language. To obtain a program with complete static checking, we
would introduce a datatype for the value domain and use that as the
return type of interp.

Contributions We present a formal type system that supports
gradual typing for functional languages, providing the flexibility
of dynamically typed languages when type annotations are omitted
by the programmer and providing the benefits of static checking
when function parameters are annotated. These benefits include
both safety and performance: type errors are caught at compile-time
and values may be stored in unboxed form. That is, for statically
typed portions of the program there is no need for run-time tags
and tag checking.
We introduce a calculus named �

?
! and define its type system (Sec-

tion 2). We show that this type system, when applied to fully an-

Rejected from ICFP 2006



89

Gradual Typing for Functional Languages

Jeremy G. Siek
University of Colorado
siek@cs.colorado.edu

Walid Taha
Rice University
taha@rice.edu

Abstract

Static and dynamic type systems have well-known strengths and
weaknesses, and each is better suited for different programming
tasks. There have been many efforts to integrate static and dynamic
typing and thereby combine the benefits of both typing disciplines
in the same language. The flexibility of static typing can be im-
proved by adding a type Dynamic and a typecase form. The safety
and performance of dynamic typing can be improved by adding
optional type annotations or by performing type inference (as in
soft typing). However, there has been little formal work on type
systems that allow a programmer-controlled migration between dy-
namic and static typing. Thatte proposed Quasi-Static Typing, but
it does not statically catch all type errors in completely annotated
programs. Anderson and Drossopoulou defined a nominal type sys-
tem for an object-oriented language with optional type annotations.
However, developing a sound, gradual type system for functional
languages with structural types is an open problem.
In this paper we present a solution based on the intuition that the
structure of a type may be partially known/unknown at compile-
time and the job of the type system is to catch incompatibilities
between the known parts of types. We define the static and dynamic
semantics of a �-calculus with optional type annotations and we
prove that its type system is sound with respect to the simply-typed
�-calculus for fully-annotated terms. We prove that this calculus is
type safe and that the cost of dynamism is “pay-as-you-go”.

Categories and Subject Descriptors D.3.1 [Programming Lan-
guages]: Formal Definitions and Theory; F.3.3 [Logics and Mean-
ings of Programs]: Studies of Program Constructs— Type structure

General Terms Languages, Performance, Theory

Keywords static and dynamic typing, optional type annotations

1. Introduction

Static and dynamic typing have different strengths, making them
better suited for different tasks. Static typing provides early error
detection, more efficient program execution, and better documen-
tation, whereas dynamic typing enables rapid development and fast
adaptation to changing requirements.
The focus of this paper is languages that literally provide static and
dynamic typing in the same program, with the programmer control-
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ling the degree of static checking by annotating function parameters
with types, or not. We use the term gradual typing for type systems
that provide this capability. Languages that support gradual typing
to a large degree include Cecil [8], Boo [10], extensions to Visual
Basic.NET and C# proposed by Meijer and Drayton [26], and ex-
tensions to Java proposed by Gray et al. [17], and the Bigloo [6, 36]
dialect of Scheme [24]. The purpose of this paper is to provide a
type-theoretic foundation for languages such as these with gradual
typing.
There are numerous other ways to combine static and dynamic typ-
ing that fall outside the scope of gradual typing. Many dynamically
typed languages have optional type annotations that are used to im-
prove run-time performance but not to increase the amount of static
checking. Common LISP [23] and Dylan [12, 37] are examples of
such languages. Similarly, the Soft Typing of Cartwright and Fa-
gan [7] improves the performance of dynamically typed languages
but it does not statically catch type errors. At the other end of the
spectrum, statically typed languages can be made more flexible by
adding a Dynamic type and typecase form, as in the work by Abadi
et al. [1]. However, such languages do not allow for programming
in a dynamically typed style because the programmer is required to
insert coercions to and from type Dynamic.
A short example serves to demonstrate the idea of gradual typing.
Figure 1 shows a call-by-value interpreter for an applied �-calculus
written in Scheme extended with gradual typing and algebraic data
types. The version on the left does not have type annotations, and
so the type system performs little type checking and instead many
tag-tests occur at run time.
As development progresses, the programmer adds type annotations
to the parameters of interp, as shown on the right side of Figure 1,
and the type system provides more aid in detecting errors. We use
the notation ? for the dynamic type. The type system checks that
the uses of env and e are appropriate: the case analysis on e is
fine and so is the application of assq to x and env. The recursive
calls to interp also type check and the call to apply type checks
trivially because the parameters of apply are dynamic. Note that
we are still using dynamic typing for the value domain of the object
language. To obtain a program with complete static checking, we
would introduce a datatype for the value domain and use that as the
return type of interp.

Contributions We present a formal type system that supports
gradual typing for functional languages, providing the flexibility
of dynamically typed languages when type annotations are omitted
by the programmer and providing the benefits of static checking
when function parameters are annotated. These benefits include
both safety and performance: type errors are caught at compile-time
and values may be stored in unboxed form. That is, for statically
typed portions of the program there is no need for run-time tags
and tag checking.
We introduce a calculus named �

?
! and define its type system (Sec-

tion 2). We show that this type system, when applied to fully an-
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def f(x) = x + 2
def h(g) = g(1)
h(f)

Mixed Checking
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def f(x) = x + 2
def h(g) = g(1)
h(f)

Mixed Checking

Types might be 
inferred”

[Siek and Vachharajani DLS08]
[Garcia and Cimini POPL15]
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def f(x:bool) = x + 2
def h(g) = g(true)
h(f)

static 
error
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def f(x:bool) = x + 2
def h(g) = g(true)
h(f)

static 
error

� ` e : T
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def f(x:int) = x + 2
def h(g) = g(true)
h(f)

runtime 
error
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Abstract
Siek and Taha [2006] coined the term gradual typing to describe a theory for integrating static
and dynamic typing within a single language that 1) puts the programmer in control of which
regions of code are statically or dynamically typed and 2) enables the gradual evolution of code
between the two typing disciplines. Since 2006, the term gradual typing has become quite popular
but its meaning has become diluted to encompass anything related to the integration of static
and dynamic typing. This dilution is partly the fault of the original paper, which provided an
incomplete formal characterization of what it means to be gradually typed. In this paper we
draw a crisp line in the sand that includes a new formal property, named the gradual guarantee,
that relates the behavior of programs that di�er only with respect to their type annotations. We
argue that the gradual guarantee provides important guidance for designers of gradually typed
languages. We survey the gradual typing literature, critiquing designs in light of the gradual
guarantee. We also report on a mechanized proof that the gradual guarantee holds for the
Gradually Typed Lambda Calculus.
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1 Introduction

Statically and dynamically typed languages have complementary strengths. Static typing
guarantees the absence of type errors, facilitates the generation of e�cient code, and provides
machine-checked documentation. On the other hand, dynamic typing enables rapid prototyp-
ing, flexible programming idioms, and fast adaptation to changing requirements. The theory
of gradual typing provides both of these typing disciplines within a single language, puts the
programmer in control of which discipline is used for each region of code, provides seamless
interoperability, and enables the convenient evolution of code between the two disciplines.
Gradual typing touches both the static type system and the dynamic semantics of a language.
The key innovation in the static type system is the consistency relation on types, which
allows implicit casts to and from the unknown type, here written ı, while still catching static
type errors [5, 27, 49].1 The dynamic semantics for gradual typing is based on the semantics

ú
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Abstract
Siek and Taha [2006] coined the term gradual typing to describe a theory for integrating static
and dynamic typing within a single language that 1) puts the programmer in control of which
regions of code are statically or dynamically typed and 2) enables the gradual evolution of code
between the two typing disciplines. Since 2006, the term gradual typing has become quite popular
but its meaning has become diluted to encompass anything related to the integration of static
and dynamic typing. This dilution is partly the fault of the original paper, which provided an
incomplete formal characterization of what it means to be gradually typed. In this paper we
draw a crisp line in the sand that includes a new formal property, named the gradual guarantee,
that relates the behavior of programs that di�er only with respect to their type annotations. We
argue that the gradual guarantee provides important guidance for designers of gradually typed
languages. We survey the gradual typing literature, critiquing designs in light of the gradual
guarantee. We also report on a mechanized proof that the gradual guarantee holds for the
Gradually Typed Lambda Calculus.
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1 Introduction

Statically and dynamically typed languages have complementary strengths. Static typing
guarantees the absence of type errors, facilitates the generation of e�cient code, and provides
machine-checked documentation. On the other hand, dynamic typing enables rapid prototyp-
ing, flexible programming idioms, and fast adaptation to changing requirements. The theory
of gradual typing provides both of these typing disciplines within a single language, puts the
programmer in control of which discipline is used for each region of code, provides seamless
interoperability, and enables the convenient evolution of code between the two disciplines.
Gradual typing touches both the static type system and the dynamic semantics of a language.
The key innovation in the static type system is the consistency relation on types, which
allows implicit casts to and from the unknown type, here written ı, while still catching static
type errors [5, 27, 49].1 The dynamic semantics for gradual typing is based on the semantics
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Abstract
Siek and Taha [2006] coined the term gradual typing to describe a theory for integrating static
and dynamic typing within a single language that 1) puts the programmer in control of which
regions of code are statically or dynamically typed and 2) enables the gradual evolution of code
between the two typing disciplines. Since 2006, the term gradual typing has become quite popular
but its meaning has become diluted to encompass anything related to the integration of static
and dynamic typing. This dilution is partly the fault of the original paper, which provided an
incomplete formal characterization of what it means to be gradually typed. In this paper we
draw a crisp line in the sand that includes a new formal property, named the gradual guarantee,
that relates the behavior of programs that di�er only with respect to their type annotations. We
argue that the gradual guarantee provides important guidance for designers of gradually typed
languages. We survey the gradual typing literature, critiquing designs in light of the gradual
guarantee. We also report on a mechanized proof that the gradual guarantee holds for the
Gradually Typed Lambda Calculus.
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1 Introduction

Statically and dynamically typed languages have complementary strengths. Static typing
guarantees the absence of type errors, facilitates the generation of e�cient code, and provides
machine-checked documentation. On the other hand, dynamic typing enables rapid prototyp-
ing, flexible programming idioms, and fast adaptation to changing requirements. The theory
of gradual typing provides both of these typing disciplines within a single language, puts the
programmer in control of which discipline is used for each region of code, provides seamless
interoperability, and enables the convenient evolution of code between the two disciplines.
Gradual typing touches both the static type system and the dynamic semantics of a language.
The key innovation in the static type system is the consistency relation on types, which
allows implicit casts to and from the unknown type, here written ı, while still catching static
type errors [5, 27, 49].1 The dynamic semantics for gradual typing is based on the semantics
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Abstract
Siek and Taha [2006] coined the term gradual typing to describe a theory for integrating static
and dynamic typing within a single language that 1) puts the programmer in control of which
regions of code are statically or dynamically typed and 2) enables the gradual evolution of code
between the two typing disciplines. Since 2006, the term gradual typing has become quite popular
but its meaning has become diluted to encompass anything related to the integration of static
and dynamic typing. This dilution is partly the fault of the original paper, which provided an
incomplete formal characterization of what it means to be gradually typed. In this paper we
draw a crisp line in the sand that includes a new formal property, named the gradual guarantee,
that relates the behavior of programs that di�er only with respect to their type annotations. We
argue that the gradual guarantee provides important guidance for designers of gradually typed
languages. We survey the gradual typing literature, critiquing designs in light of the gradual
guarantee. We also report on a mechanized proof that the gradual guarantee holds for the
Gradually Typed Lambda Calculus.
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1 Introduction

Statically and dynamically typed languages have complementary strengths. Static typing
guarantees the absence of type errors, facilitates the generation of e�cient code, and provides
machine-checked documentation. On the other hand, dynamic typing enables rapid prototyp-
ing, flexible programming idioms, and fast adaptation to changing requirements. The theory
of gradual typing provides both of these typing disciplines within a single language, puts the
programmer in control of which discipline is used for each region of code, provides seamless
interoperability, and enables the convenient evolution of code between the two disciplines.
Gradual typing touches both the static type system and the dynamic semantics of a language.
The key innovation in the static type system is the consistency relation on types, which
allows implicit casts to and from the unknown type, here written ı, while still catching static
type errors [5, 27, 49].1 The dynamic semantics for gradual typing is based on the semantics
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Abstract
Siek and Taha [2006] coined the term gradual typing to describe a theory for integrating static
and dynamic typing within a single language that 1) puts the programmer in control of which
regions of code are statically or dynamically typed and 2) enables the gradual evolution of code
between the two typing disciplines. Since 2006, the term gradual typing has become quite popular
but its meaning has become diluted to encompass anything related to the integration of static
and dynamic typing. This dilution is partly the fault of the original paper, which provided an
incomplete formal characterization of what it means to be gradually typed. In this paper we
draw a crisp line in the sand that includes a new formal property, named the gradual guarantee,
that relates the behavior of programs that di�er only with respect to their type annotations. We
argue that the gradual guarantee provides important guidance for designers of gradually typed
languages. We survey the gradual typing literature, critiquing designs in light of the gradual
guarantee. We also report on a mechanized proof that the gradual guarantee holds for the
Gradually Typed Lambda Calculus.
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1 Introduction

Statically and dynamically typed languages have complementary strengths. Static typing
guarantees the absence of type errors, facilitates the generation of e�cient code, and provides
machine-checked documentation. On the other hand, dynamic typing enables rapid prototyp-
ing, flexible programming idioms, and fast adaptation to changing requirements. The theory
of gradual typing provides both of these typing disciplines within a single language, puts the
programmer in control of which discipline is used for each region of code, provides seamless
interoperability, and enables the convenient evolution of code between the two disciplines.
Gradual typing touches both the static type system and the dynamic semantics of a language.
The key innovation in the static type system is the consistency relation on types, which
allows implicit casts to and from the unknown type, here written ı, while still catching static
type errors [5, 27, 49].1 The dynamic semantics for gradual typing is based on the semantics
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The consistency relation is also known as compatibility.
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<latexit sha1_base64="184rNPZv8As3A91Sfrw5WayNu5g=">AAACC3icbVA9SwNBEN2LXzF+RS1tlgTBKtyJoGXQQssI5gNyIcxtJsmS3btjdy8QjvQ2/hUbC0Vs/QN2/hv3khSa+GDg8d4MM/OCWHBtXPfbya2tb2xu5bcLO7t7+wfFw6OGjhLFsM4iEalWABoFD7FuuBHYihWCDAQ2g9FN5jfHqDSPwgczibEjYRDyPmdgrNQtlvxbkBKoP+6BHlL0JZhhFKc+GyIbSVCjabdYdivuDHSVeAtSJgvUusUvvxexRGJomACt254bm04KynAmcFrwE40xsBEMsG1pCBJ1J539MqWnVunRfqRshYbO1N8TKUitJzKwndmpetnLxP+8dmL6V52Uh3FiMGTzRf1EUBPRLBja4wqZERNLgClub6VsCAqYsfEVbAje8surpHFe8dyKd39Rrl4v4siTE1IiZ8Qjl6RK7kiN1Akjj+SZvJI358l5cd6dj3lrzlnMHJM/cD5/AEtLmzc=</latexit><latexit sha1_base64="184rNPZv8As3A91Sfrw5WayNu5g=">AAACC3icbVA9SwNBEN2LXzF+RS1tlgTBKtyJoGXQQssI5gNyIcxtJsmS3btjdy8QjvQ2/hUbC0Vs/QN2/hv3khSa+GDg8d4MM/OCWHBtXPfbya2tb2xu5bcLO7t7+wfFw6OGjhLFsM4iEalWABoFD7FuuBHYihWCDAQ2g9FN5jfHqDSPwgczibEjYRDyPmdgrNQtlvxbkBKoP+6BHlL0JZhhFKc+GyIbSVCjabdYdivuDHSVeAtSJgvUusUvvxexRGJomACt254bm04KynAmcFrwE40xsBEMsG1pCBJ1J539MqWnVunRfqRshYbO1N8TKUitJzKwndmpetnLxP+8dmL6V52Uh3FiMGTzRf1EUBPRLBja4wqZERNLgClub6VsCAqYsfEVbAje8surpHFe8dyKd39Rrl4v4siTE1IiZ8Qjl6RK7kiN1Akjj+SZvJI358l5cd6dj3lrzlnMHJM/cD5/AEtLmzc=</latexit><latexit sha1_base64="184rNPZv8As3A91Sfrw5WayNu5g=">AAACC3icbVA9SwNBEN2LXzF+RS1tlgTBKtyJoGXQQssI5gNyIcxtJsmS3btjdy8QjvQ2/hUbC0Vs/QN2/hv3khSa+GDg8d4MM/OCWHBtXPfbya2tb2xu5bcLO7t7+wfFw6OGjhLFsM4iEalWABoFD7FuuBHYihWCDAQ2g9FN5jfHqDSPwgczibEjYRDyPmdgrNQtlvxbkBKoP+6BHlL0JZhhFKc+GyIbSVCjabdYdivuDHSVeAtSJgvUusUvvxexRGJomACt254bm04KynAmcFrwE40xsBEMsG1pCBJ1J539MqWnVunRfqRshYbO1N8TKUitJzKwndmpetnLxP+8dmL6V52Uh3FiMGTzRf1EUBPRLBja4wqZERNLgClub6VsCAqYsfEVbAje8surpHFe8dyKd39Rrl4v4siTE1IiZ8Qjl6RK7kiN1Akjj+SZvJI358l5cd6dj3lrzlnMHJM/cD5/AEtLmzc=</latexit><latexit sha1_base64="184rNPZv8As3A91Sfrw5WayNu5g=">AAACC3icbVA9SwNBEN2LXzF+RS1tlgTBKtyJoGXQQssI5gNyIcxtJsmS3btjdy8QjvQ2/hUbC0Vs/QN2/hv3khSa+GDg8d4MM/OCWHBtXPfbya2tb2xu5bcLO7t7+wfFw6OGjhLFsM4iEalWABoFD7FuuBHYihWCDAQ2g9FN5jfHqDSPwgczibEjYRDyPmdgrNQtlvxbkBKoP+6BHlL0JZhhFKc+GyIbSVCjabdYdivuDHSVeAtSJgvUusUvvxexRGJomACt254bm04KynAmcFrwE40xsBEMsG1pCBJ1J539MqWnVunRfqRshYbO1N8TKUitJzKwndmpetnLxP+8dmL6V52Uh3FiMGTzRf1EUBPRLBja4wqZERNLgClub6VsCAqYsfEVbAje8surpHFe8dyKd39Rrl4v4siTE1IiZ8Qjl6RK7kiN1Akjj+SZvJI358l5cd6dj3lrzlnMHJM/cD5/AEtLmzc=</latexit>

� G̀ e : eT
<latexit sha1_base64="5kHcGbJLmrXovoP8c/1bzdORnnM=">AAACHXicbVBNS8NAEN3U7/oV9ehltQieSiIFxZPoQY8KbRWaWiababt0Nwm7m0oJ+SNe/CtePCjiwYv4b0xqD1p9y8LjvRlm5vmx4No4zqdVmpmdm19YXCovr6yurdsbm00dJYphg0UiUjc+aBQ8xIbhRuBNrBCkL/DaH5wV/vUQleZRWDejGNsSeiHvcgYmlzp2zTsHKYF6wwB0/zb1dsZPgukzEOl5llGkx9S74wEaLgJM61m5Y1ecqjMG/UvcCamQCS479rsXRCyRGBomQOuW68SmnYIynAnMyl6iMQY2gB62chqCRN1Ox9dldC9XAtqNVP5DQ8fqz44UpNYj6eeVxdp62ivE/7xWYrpH7ZSHcWIwZN+DuomgJqJFVDTgCpkRo5wAUzzflbI+KGAmD7QIwZ0++S9pHlRdp+pe1Sonp5M4Fsk22SX7xCWH5IRckEvSIIzck0fyTF6sB+vJerXevktL1qRni/yC9fEF8UehMg==</latexit><latexit sha1_base64="5kHcGbJLmrXovoP8c/1bzdORnnM=">AAACHXicbVBNS8NAEN3U7/oV9ehltQieSiIFxZPoQY8KbRWaWiababt0Nwm7m0oJ+SNe/CtePCjiwYv4b0xqD1p9y8LjvRlm5vmx4No4zqdVmpmdm19YXCovr6yurdsbm00dJYphg0UiUjc+aBQ8xIbhRuBNrBCkL/DaH5wV/vUQleZRWDejGNsSeiHvcgYmlzp2zTsHKYF6wwB0/zb1dsZPgukzEOl5llGkx9S74wEaLgJM61m5Y1ecqjMG/UvcCamQCS479rsXRCyRGBomQOuW68SmnYIynAnMyl6iMQY2gB62chqCRN1Ox9dldC9XAtqNVP5DQ8fqz44UpNYj6eeVxdp62ivE/7xWYrpH7ZSHcWIwZN+DuomgJqJFVDTgCpkRo5wAUzzflbI+KGAmD7QIwZ0++S9pHlRdp+pe1Sonp5M4Fsk22SX7xCWH5IRckEvSIIzck0fyTF6sB+vJerXevktL1qRni/yC9fEF8UehMg==</latexit><latexit sha1_base64="5kHcGbJLmrXovoP8c/1bzdORnnM=">AAACHXicbVBNS8NAEN3U7/oV9ehltQieSiIFxZPoQY8KbRWaWiababt0Nwm7m0oJ+SNe/CtePCjiwYv4b0xqD1p9y8LjvRlm5vmx4No4zqdVmpmdm19YXCovr6yurdsbm00dJYphg0UiUjc+aBQ8xIbhRuBNrBCkL/DaH5wV/vUQleZRWDejGNsSeiHvcgYmlzp2zTsHKYF6wwB0/zb1dsZPgukzEOl5llGkx9S74wEaLgJM61m5Y1ecqjMG/UvcCamQCS479rsXRCyRGBomQOuW68SmnYIynAnMyl6iMQY2gB62chqCRN1Ox9dldC9XAtqNVP5DQ8fqz44UpNYj6eeVxdp62ivE/7xWYrpH7ZSHcWIwZN+DuomgJqJFVDTgCpkRo5wAUzzflbI+KGAmD7QIwZ0++S9pHlRdp+pe1Sonp5M4Fsk22SX7xCWH5IRckEvSIIzck0fyTF6sB+vJerXevktL1qRni/yC9fEF8UehMg==</latexit><latexit sha1_base64="5kHcGbJLmrXovoP8c/1bzdORnnM=">AAACHXicbVBNS8NAEN3U7/oV9ehltQieSiIFxZPoQY8KbRWaWiababt0Nwm7m0oJ+SNe/CtePCjiwYv4b0xqD1p9y8LjvRlm5vmx4No4zqdVmpmdm19YXCovr6yurdsbm00dJYphg0UiUjc+aBQ8xIbhRuBNrBCkL/DaH5wV/vUQleZRWDejGNsSeiHvcgYmlzp2zTsHKYF6wwB0/zb1dsZPgukzEOl5llGkx9S74wEaLgJM61m5Y1ecqjMG/UvcCamQCS479rsXRCyRGBomQOuW68SmnYIynAnMyl6iMQY2gB62chqCRN1Ox9dldC9XAtqNVP5DQ8fqz44UpNYj6eeVxdp62ivE/7xWYrpH7ZSHcWIwZN+DuomgJqJFVDTgCpkRo5wAUzzflbI+KGAmD7QIwZ0++S9pHlRdp+pe1Sonp5M4Fsk22SX7xCWH5IRckEvSIIzck0fyTF6sB+vJerXevktL1qRni/yC9fEF8UehMg==</latexit>
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Static Types (Type)

Gradual Types (GType)

T ::= B | T ! T
<latexit sha1_base64="gZHFOFGRRiyy9e+5YVWmKFe79Hg="></latexit><latexit sha1_base64="gZHFOFGRRiyy9e+5YVWmKFe79Hg="></latexit><latexit sha1_base64="gZHFOFGRRiyy9e+5YVWmKFe79Hg="></latexit><latexit sha1_base64="gZHFOFGRRiyy9e+5YVWmKFe79Hg="></latexit>

U ::= ? | B | U ! U
<latexit sha1_base64="ZJ5Guc+Mw/vhI9rEvC50vq7CPe0="></latexit><latexit sha1_base64="ZJ5Guc+Mw/vhI9rEvC50vq7CPe0="></latexit><latexit sha1_base64="ZJ5Guc+Mw/vhI9rEvC50vq7CPe0="></latexit><latexit sha1_base64="ZJ5Guc+Mw/vhI9rEvC50vq7CPe0="></latexit>

Type ✓ GType
<latexit sha1_base64="e/FgDIrd2qDUJ5yOBRa9DLeugnI="></latexit><latexit sha1_base64="e/FgDIrd2qDUJ5yOBRa9DLeugnI="></latexit><latexit sha1_base64="e/FgDIrd2qDUJ5yOBRa9DLeugnI="></latexit><latexit sha1_base64="e/FgDIrd2qDUJ5yOBRa9DLeugnI="></latexit>
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U v U
<latexit sha1_base64="XTiaHkMmxNzAftuZGfso48XqRaY="></latexit><latexit sha1_base64="XTiaHkMmxNzAftuZGfso48XqRaY="></latexit><latexit sha1_base64="XTiaHkMmxNzAftuZGfso48XqRaY="></latexit><latexit sha1_base64="XTiaHkMmxNzAftuZGfso48XqRaY="></latexit>

“Static Type Information” ordering relation

?
<latexit sha1_base64="FBgFTEmoVryr/Xxv7KJqoJ7W0os="></latexit><latexit sha1_base64="FBgFTEmoVryr/Xxv7KJqoJ7W0os="></latexit><latexit sha1_base64="FBgFTEmoVryr/Xxv7KJqoJ7W0os="></latexit><latexit sha1_base64="FBgFTEmoVryr/Xxv7KJqoJ7W0os="></latexit>

? ! ?
<latexit sha1_base64="6fiX1/xG8wNtvY9MG4/mdBui+kM="></latexit><latexit sha1_base64="6fiX1/xG8wNtvY9MG4/mdBui+kM="></latexit><latexit sha1_base64="6fiX1/xG8wNtvY9MG4/mdBui+kM="></latexit><latexit sha1_base64="6fiX1/xG8wNtvY9MG4/mdBui+kM="></latexit>

? ! Bool

<latexit sha1_base64="ELORqM0pMYrV0dffQPxoVzRIt2I="></latexit><latexit sha1_base64="ELORqM0pMYrV0dffQPxoVzRIt2I="></latexit><latexit sha1_base64="ELORqM0pMYrV0dffQPxoVzRIt2I="></latexit><latexit sha1_base64="ELORqM0pMYrV0dffQPxoVzRIt2I="></latexit>

Int ! ?
<latexit sha1_base64="VO7ZCG0PS6W3mI0WjgCPwQwHolM="></latexit><latexit sha1_base64="VO7ZCG0PS6W3mI0WjgCPwQwHolM="></latexit><latexit sha1_base64="VO7ZCG0PS6W3mI0WjgCPwQwHolM="></latexit><latexit sha1_base64="VO7ZCG0PS6W3mI0WjgCPwQwHolM="></latexit>

(Int ! ?) ! Bool

<latexit sha1_base64="aI5Mc4rMQjX9X7NQm1WWnsBSqe4="></latexit><latexit sha1_base64="aI5Mc4rMQjX9X7NQm1WWnsBSqe4="></latexit><latexit sha1_base64="aI5Mc4rMQjX9X7NQm1WWnsBSqe4="></latexit><latexit sha1_base64="aI5Mc4rMQjX9X7NQm1WWnsBSqe4="></latexit>

(Int ! Int) ! Bool

<latexit sha1_base64="XRwW5b4QC4JtPHzENlrqp/bjeT0="></latexit><latexit sha1_base64="XRwW5b4QC4JtPHzENlrqp/bjeT0="></latexit><latexit sha1_base64="XRwW5b4QC4JtPHzENlrqp/bjeT0="></latexit><latexit sha1_base64="XRwW5b4QC4JtPHzENlrqp/bjeT0="></latexit>

Int ! Int ! ?
<latexit sha1_base64="brDRqC+qPuJNwzSnHHRE4/IoIiA="></latexit><latexit sha1_base64="brDRqC+qPuJNwzSnHHRE4/IoIiA="></latexit><latexit sha1_base64="brDRqC+qPuJNwzSnHHRE4/IoIiA="></latexit><latexit sha1_base64="brDRqC+qPuJNwzSnHHRE4/IoIiA="></latexit>

Int ! Int ! Int ! ?
<latexit sha1_base64="7VGGsWN8/IYHLbJLDuo8WWLacTA="></latexit><latexit sha1_base64="7VGGsWN8/IYHLbJLDuo8WWLacTA="></latexit><latexit sha1_base64="7VGGsWN8/IYHLbJLDuo8WWLacTA="></latexit><latexit sha1_base64="7VGGsWN8/IYHLbJLDuo8WWLacTA="></latexit>

. . .
<latexit sha1_base64="ao8Tre9cMpTzv//wHNi7bhkwi1A="></latexit><latexit sha1_base64="ao8Tre9cMpTzv//wHNi7bhkwi1A="></latexit><latexit sha1_base64="ao8Tre9cMpTzv//wHNi7bhkwi1A="></latexit><latexit sha1_base64="ao8Tre9cMpTzv//wHNi7bhkwi1A="></latexit>
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U1 ⇠ U2
<latexit sha1_base64="GomQq0H+5QmCI7aRFG9VR8FchMA="></latexit><latexit sha1_base64="GomQq0H+5QmCI7aRFG9VR8FchMA="></latexit><latexit sha1_base64="GomQq0H+5QmCI7aRFG9VR8FchMA="></latexit><latexit sha1_base64="GomQq0H+5QmCI7aRFG9VR8FchMA="></latexit>

Gradual Type
 Consistency

(*) Reformulation of original definition
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U1 ⇠ U2
<latexit sha1_base64="GomQq0H+5QmCI7aRFG9VR8FchMA="></latexit><latexit sha1_base64="GomQq0H+5QmCI7aRFG9VR8FchMA="></latexit><latexit sha1_base64="GomQq0H+5QmCI7aRFG9VR8FchMA="></latexit><latexit sha1_base64="GomQq0H+5QmCI7aRFG9VR8FchMA="></latexit>

T1 = T2
<latexit sha1_base64="H6Jf2x3rPpsnrp+1DR0vkd0yqJU="></latexit><latexit sha1_base64="H6Jf2x3rPpsnrp+1DR0vkd0yqJU="></latexit><latexit sha1_base64="H6Jf2x3rPpsnrp+1DR0vkd0yqJU="></latexit><latexit sha1_base64="H6Jf2x3rPpsnrp+1DR0vkd0yqJU="></latexit>

v <latexit sha1_base64="HeeFDjG9uK2F47BiL7+nEabgKSA="></latexit><latexit sha1_base64="HeeFDjG9uK2F47BiL7+nEabgKSA="></latexit><latexit sha1_base64="HeeFDjG9uK2F47BiL7+nEabgKSA="></latexit><latexit sha1_base64="HeeFDjG9uK2F47BiL7+nEabgKSA="></latexit>v <latexit sha1_base64="HeeFDjG9uK2F47BiL7+nEabgKSA="></latexit><latexit sha1_base64="HeeFDjG9uK2F47BiL7+nEabgKSA="></latexit><latexit sha1_base64="HeeFDjG9uK2F47BiL7+nEabgKSA="></latexit><latexit sha1_base64="HeeFDjG9uK2F47BiL7+nEabgKSA="></latexit>

if and only if

For some T1 and T2

Gradual Type
 Consistency

Static Type
 Equality

(*) Reformulation of original definition
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static type equality

Int = Int

Bool = Bool

Int ! Bool 6= Bool ! Int

Int ⇠ Int

Bool ⇠ Bool

Int ! Bool 6⇠ Bool ! Int

? ⇠ Bool

? ! Bool ⇠ Bool ! ?

Consistency conservatively extends equality

gradual type consistency

extend
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static type equality

Int = Int

Bool = Bool

Int ! Bool 6= Bool ! Int

Int ⇠ Int

Bool ⇠ Bool

Int ! Bool 6⇠ Bool ! Int

? ⇠ Bool

? ! Bool ⇠ Bool ! ?

Consistency conservatively extends equality

gradual type consistency

extend
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static type equality

Int = Int

Bool = Bool

Int ! Bool 6= Bool ! Int

Int ⇠ Int

Bool ⇠ Bool

Int ! Bool 6⇠ Bool ! Int

? ⇠ Bool

? ! Bool ⇠ Bool ! ?

Consistency conservatively extends equality

gradual type consistency

extend
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static type equality

Int = Int

Bool = Bool

Int ! Bool 6= Bool ! Int

Int ⇠ Int

Bool ⇠ Bool

Int ! Bool 6⇠ Bool ! Int

? ⇠ Bool

? ! Bool ⇠ Bool ! ?

Consistency conservatively extends equality

gradual type consistency

extend
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v <latexit sha1_base64="HeeFDjG9uK2F47BiL7+nEabgKSA="></latexit><latexit sha1_base64="HeeFDjG9uK2F47BiL7+nEabgKSA="></latexit><latexit sha1_base64="HeeFDjG9uK2F47BiL7+nEabgKSA="></latexit><latexit sha1_base64="HeeFDjG9uK2F47BiL7+nEabgKSA="></latexit>v <latexit sha1_base64="HeeFDjG9uK2F47BiL7+nEabgKSA="></latexit><latexit sha1_base64="HeeFDjG9uK2F47BiL7+nEabgKSA="></latexit><latexit sha1_base64="HeeFDjG9uK2F47BiL7+nEabgKSA="></latexit><latexit sha1_base64="HeeFDjG9uK2F47BiL7+nEabgKSA="></latexit>

if and only if

For some T1 and T2

Consistent
 Subtyping

Static
 SubtypingT1 <: T2

<latexit sha1_base64="jgd75rlTFcaYOy8BrEmAHmYMYVg="></latexit><latexit sha1_base64="jgd75rlTFcaYOy8BrEmAHmYMYVg="></latexit><latexit sha1_base64="jgd75rlTFcaYOy8BrEmAHmYMYVg="></latexit><latexit sha1_base64="jgd75rlTFcaYOy8BrEmAHmYMYVg="></latexit>

U1 . U2
<latexit sha1_base64="EhcSzRVYUzb3pFiswScZdarUQVU="></latexit><latexit sha1_base64="EhcSzRVYUzb3pFiswScZdarUQVU="></latexit><latexit sha1_base64="EhcSzRVYUzb3pFiswScZdarUQVU="></latexit><latexit sha1_base64="EhcSzRVYUzb3pFiswScZdarUQVU="></latexit>

(*) Reformulation of original definition
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Int . Int
<latexit sha1_base64="0aIwYvH9Cufn0xw1Xe83llvz+UQ="></latexit><latexit sha1_base64="0aIwYvH9Cufn0xw1Xe83llvz+UQ="></latexit><latexit sha1_base64="0aIwYvH9Cufn0xw1Xe83llvz+UQ="></latexit><latexit sha1_base64="0aIwYvH9Cufn0xw1Xe83llvz+UQ="></latexit>

Int 6. Bool

<latexit sha1_base64="W+ZZsrcG9wfiiRgzNyursqPffMA="></latexit><latexit sha1_base64="W+ZZsrcG9wfiiRgzNyursqPffMA="></latexit><latexit sha1_base64="W+ZZsrcG9wfiiRgzNyursqPffMA="></latexit><latexit sha1_base64="W+ZZsrcG9wfiiRgzNyursqPffMA="></latexit>

Int . >
<latexit sha1_base64="ryMGTvcSkXW5op8/kHepeJbHpMk="></latexit><latexit sha1_base64="ryMGTvcSkXW5op8/kHepeJbHpMk="></latexit><latexit sha1_base64="ryMGTvcSkXW5op8/kHepeJbHpMk="></latexit><latexit sha1_base64="ryMGTvcSkXW5op8/kHepeJbHpMk="></latexit>

> 6. Int
<latexit sha1_base64="HAM9YJTkBPcnMR9gFMKtoV/7FRU="></latexit><latexit sha1_base64="HAM9YJTkBPcnMR9gFMKtoV/7FRU="></latexit><latexit sha1_base64="HAM9YJTkBPcnMR9gFMKtoV/7FRU="></latexit><latexit sha1_base64="HAM9YJTkBPcnMR9gFMKtoV/7FRU="></latexit>

Int . ?
<latexit sha1_base64="5/tSn/aBQruoKYp0NGmdce5ziCo="></latexit><latexit sha1_base64="5/tSn/aBQruoKYp0NGmdce5ziCo="></latexit><latexit sha1_base64="5/tSn/aBQruoKYp0NGmdce5ziCo="></latexit><latexit sha1_base64="5/tSn/aBQruoKYp0NGmdce5ziCo="></latexit>

? . Int
<latexit sha1_base64="dEdVzfqZZnzEhL+SO8ujGScjOX8="></latexit><latexit sha1_base64="dEdVzfqZZnzEhL+SO8ujGScjOX8="></latexit><latexit sha1_base64="dEdVzfqZZnzEhL+SO8ujGScjOX8="></latexit><latexit sha1_base64="dEdVzfqZZnzEhL+SO8ujGScjOX8="></latexit>
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Int . Int
<latexit sha1_base64="0aIwYvH9Cufn0xw1Xe83llvz+UQ="></latexit><latexit sha1_base64="0aIwYvH9Cufn0xw1Xe83llvz+UQ="></latexit><latexit sha1_base64="0aIwYvH9Cufn0xw1Xe83llvz+UQ="></latexit><latexit sha1_base64="0aIwYvH9Cufn0xw1Xe83llvz+UQ="></latexit>

Int 6. Bool

<latexit sha1_base64="W+ZZsrcG9wfiiRgzNyursqPffMA="></latexit><latexit sha1_base64="W+ZZsrcG9wfiiRgzNyursqPffMA="></latexit><latexit sha1_base64="W+ZZsrcG9wfiiRgzNyursqPffMA="></latexit><latexit sha1_base64="W+ZZsrcG9wfiiRgzNyursqPffMA="></latexit>

Int . >
<latexit sha1_base64="ryMGTvcSkXW5op8/kHepeJbHpMk="></latexit><latexit sha1_base64="ryMGTvcSkXW5op8/kHepeJbHpMk="></latexit><latexit sha1_base64="ryMGTvcSkXW5op8/kHepeJbHpMk="></latexit><latexit sha1_base64="ryMGTvcSkXW5op8/kHepeJbHpMk="></latexit>

> 6. Int
<latexit sha1_base64="HAM9YJTkBPcnMR9gFMKtoV/7FRU="></latexit><latexit sha1_base64="HAM9YJTkBPcnMR9gFMKtoV/7FRU="></latexit><latexit sha1_base64="HAM9YJTkBPcnMR9gFMKtoV/7FRU="></latexit><latexit sha1_base64="HAM9YJTkBPcnMR9gFMKtoV/7FRU="></latexit>

Int . ?
<latexit sha1_base64="5/tSn/aBQruoKYp0NGmdce5ziCo="></latexit><latexit sha1_base64="5/tSn/aBQruoKYp0NGmdce5ziCo="></latexit><latexit sha1_base64="5/tSn/aBQruoKYp0NGmdce5ziCo="></latexit><latexit sha1_base64="5/tSn/aBQruoKYp0NGmdce5ziCo="></latexit>

? . Int
<latexit sha1_base64="dEdVzfqZZnzEhL+SO8ujGScjOX8="></latexit><latexit sha1_base64="dEdVzfqZZnzEhL+SO8ujGScjOX8="></latexit><latexit sha1_base64="dEdVzfqZZnzEhL+SO8ujGScjOX8="></latexit><latexit sha1_base64="dEdVzfqZZnzEhL+SO8ujGScjOX8="></latexit>

Conservatively
Extends

<:
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Int . Int
<latexit sha1_base64="0aIwYvH9Cufn0xw1Xe83llvz+UQ="></latexit><latexit sha1_base64="0aIwYvH9Cufn0xw1Xe83llvz+UQ="></latexit><latexit sha1_base64="0aIwYvH9Cufn0xw1Xe83llvz+UQ="></latexit><latexit sha1_base64="0aIwYvH9Cufn0xw1Xe83llvz+UQ="></latexit>

Int 6. Bool
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Abstract
Siek and Taha [2006] coined the term gradual typing to describe a theory for integrating static
and dynamic typing within a single language that 1) puts the programmer in control of which
regions of code are statically or dynamically typed and 2) enables the gradual evolution of code
between the two typing disciplines. Since 2006, the term gradual typing has become quite popular
but its meaning has become diluted to encompass anything related to the integration of static
and dynamic typing. This dilution is partly the fault of the original paper, which provided an
incomplete formal characterization of what it means to be gradually typed. In this paper we
draw a crisp line in the sand that includes a new formal property, named the gradual guarantee,
that relates the behavior of programs that di�er only with respect to their type annotations. We
argue that the gradual guarantee provides important guidance for designers of gradually typed
languages. We survey the gradual typing literature, critiquing designs in light of the gradual
guarantee. We also report on a mechanized proof that the gradual guarantee holds for the
Gradually Typed Lambda Calculus.
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1 Introduction

Statically and dynamically typed languages have complementary strengths. Static typing
guarantees the absence of type errors, facilitates the generation of e�cient code, and provides
machine-checked documentation. On the other hand, dynamic typing enables rapid prototyp-
ing, flexible programming idioms, and fast adaptation to changing requirements. The theory
of gradual typing provides both of these typing disciplines within a single language, puts the
programmer in control of which discipline is used for each region of code, provides seamless
interoperability, and enables the convenient evolution of code between the two disciplines.
Gradual typing touches both the static type system and the dynamic semantics of a language.
The key innovation in the static type system is the consistency relation on types, which
allows implicit casts to and from the unknown type, here written ı, while still catching static
type errors [5, 27, 49].1 The dynamic semantics for gradual typing is based on the semantics
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Abstract

Gradual typing is an approach to integrating static and dynamic
type checking within the same language [Siek and Taha 2006].
Given the name “gradual typing”, one might think that the most
interesting aspect is the type system. It turns out that the dynamic
semantics of gradually-typed languages is more complex than the
static semantics, with many points in the design space [Wadler and
Findler 2009; Siek et al. 2009] and many challenges concerning
efficiency [Herman et al. 2007; Hansen 2007; Siek and Taha 2007;
Siek and Wadler 2010; Wrigstad et al. 2010; Rastogi et al. 2012].
In this distilled tutorial, we explore the meaning of gradual typing
and the challenges to efficient implementation by writing several
definitional interpreters and abstract machines in Scheme for the
gradually-typed lambda calculus.

Categories and Subject Descriptors D.3.3 [Language Constructs
and Features]: Procedures, functions, and subroutines

General Terms Languages, Theory

Keywords gradual typing, coercions, blame tracking, Scheme

1. Introduction

The early work on gradual typing focused on the type system,
but within the first couple years the main pieces fell into place
with the creation of the consistency relation to govern implicit
casts involving the dynamic type [Siek and Taha 2006] and the
integration of consistency with subtyping [Siek and Taha 2007].
Ever since then, the primary challenges have been in its dynamic
semantics, especially regarding the treatment of casts for which
there are many design choices and efficiency issues. This tutorial
tells the story of these challenges in the form of several definitional
interpreters and abstract machines, all written in Scheme.

We create definitional interpreters for the four variants of the
gradually-typed lambda calculus that arise from the choices be-
tween eager and lazy cast checking [Herman et al. 2007] and be-
tween the D and UD blame tracking strategies [Siek et al. 2009].
The interpreter for the lazy UD variant (Section 3.2) is a straight-
forward adaptation of reduction semantics of Wadler and Findler
[2009]. The interpreter for lazy D (Section 3.1) differs from the re-
duction semantics for lazy D of Siek et al. [2009] in that it does

Permission to make digital or hard copies of all or part of this work for personal or
classroom use is granted without fee provided that copies are not made or distributed
for profit or commercial advantage and that copies bear this notice and the full citation
on the first page. To copy otherwise, to republish, to post on servers or to redistribute
to lists, requires prior specific permission and/or a fee.
Scheme and Functional Programming 2012 September, Copenhagen Denmark.
Copyright c� 2012 ACM 978-1-4503-1895-2. . . $15.00

not rely on the Coercion Calculus [Henglein 1994] but expresses
casts simply using source and target types. The eager interpreters
are interesting in that we are, in some sense, forced to use the Co-
ercion Calculus to get the correct blame assignment (Section 6).
However, unlike the earlier work of Siek et al. [2009], we define
a simple and efficient normalizer for coercions (Figures 5 and 13)
that is inspired by threesomes [Siek and Wadler 2010] and more
recent work on eager threesomes [Garcia 2012].

Turning to the efficiency issues, we present space-efficient ab-
stract machines for all four variants (Section 4). Lastly, we improve
the abstract machines by reducing function call overhead (Sec-
tion 5). All of the code presented in this tutorial is tested with Petite
Chez Scheme Version 8.4 from Cadence Research Systems.

The following grammar defines the syntax for the gradually-
typed lambda calculus. We write the dynamic type as dyn. The type
annotation on the parameter of a lambda expression is optional and
defaults to dyn. The expression (e : T `) is an explicit cast.

variables x integers n blame labels `

basic types B ::= int | bool
types T ::= B | (! T T ) | dyn
constants k ::= n | #t | #f

operators op ::= inc | dec | zero?
expressions e ::= k | (op e `) | (if e e e `) | x | (e e `) |

(�(x) e) | (�(x:T ) e) | (e : T `)

Many of the syntactic forms include blame labels, which we treat
as symbols, but a production-quality implementation would use the
source location (line and character position) as the blame label.

2. The Gradual Type System and Cast Insertion

The type system of the gradually-typed lambda calculus is similar
to the simply-typed lambda calculus, with the main differences in
the addition of the type dyn and in the rules for function applica-
tion and conditional expressions. In function application, instead
of requiring the argument’s type to be identical to the function’s
parameter type, we only require that the types be consistent, often
written ⇠, and defined by the following procedure1.

(define consistent?

(lambda (T1 T2)
(match ‘(,T1 ,T2)

[(,T1 dyn) #t] [(dyn ,T2) #t]
[(int int) #t] [(bool bool) #t]
[((! ,T11 ,T12) (! ,T21 ,T22))
(and (consistent? T11 T21) (consistent? T12 T22))]

[,other #f])))

1 We make use of a match macro that implements pattern matching, de-
veloped by Friedman, Hilsdale, Ganz, and Dybvig. The implementation of
match is included with the auxiliary materials for this paper.

68
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Abstract
Language researchers and designers have extended a wide vari-
ety of type systems to support gradual typing, which enables lan-
guages to seamlessly combine dynamic and static checking. These
efforts consistently demonstrate that designing a satisfactory grad-
ual counterpart to a static type system is challenging, and this chal-
lenge only increases with the sophistication of the type system.
Gradual type system designers need more formal tools to help them
conceptualize, structure, and evaluate their designs.

In this paper, we propose a new formal foundation for grad-
ual typing, drawing on principles from abstract interpretation to
give gradual types a semantics in terms of pre-existing static types.
Abstracting Gradual Typing (AGT for short) yields a formal ac-
count of consistency—one of the cornerstones of the gradual typing
approach—that subsumes existing notions of consistency, which
were developed through intuition and ad hoc reasoning.

Given a syntax-directed static typing judgment, the AGT ap-
proach induces a corresponding gradual typing judgment. Then
the type safety proof for the underlying static discipline induces
a dynamic semantics for gradual programs defined over source-
language typing derivations. The AGT approach does not resort to
an externally justified cast calculus: instead, run-time checks nat-
urally arise by deducing evidence for consistent judgments during
proof reduction.

To illustrate the approach, we develop a novel gradually-typed
counterpart for a language with record subtyping. Gradual lan-
guages designed with the AGT approach satisfy by construction the
refined criteria for gradual typing set forth by Siek and colleagues.

Categories and Subject Descriptors D.3.1 [Software]: Program-
ming Languages—Formal Definitions and Theory

Keywords gradual typing; abstract interpretation; subtyping

⇤ Partially funded by an NSERC Discovery Grant
† Funded by an NSERC Undergraduate Student Research Award
‡ Partially funded by Fondecyt Project 1150017

1. Introduction
Software developers and researchers alike see great promise in pro-
gramming languages that seamlessly combine static and dynamic
checking of program properties. One particularly promising and
vibrant line of work in this vein is gradual typing (Siek and Taha
2006). Gradual typing integrates an unknown type ? and a notion
of type consistency into a pre-existing static type system. These
concepts lay the groundwork for designing languages that support
fully dynamic checking, fully static checking, and any point on the
continuum, while supporting incremental migration in either direc-
tion. Programmers using such languages enjoy a number of prop-
erties that are central to this language design discipline including
complete control over how much checking is done statically versus
dynamically.

Researchers have developed gradually typed variants for a sub-
stantial breadth of languages, including object-oriented (Siek and
Taha 2007; Takikawa et al. 2012), typestates (Garcia et al. 2014;
Wolff et al. 2011), ownership types (Sergey and Clarke 2012), se-
curity typing (Disney and Flanagan 2011; Fennell and Thiemann
2013), and effects (Bañados Schwerter et al. 2014). Despite these
successes, gradual typing faces important challenges. One key chal-
lenge is that its foundations are still somewhat murky. The above
wide-ranging efforts to adapt gradual typing to new typing disci-
plines consistently demonstrate that designing a satisfactory grad-
ually typed language becomes more difficult as the type system
increases in sophistication.

One consistent challenge that arises during efforts to gradual-
ize new type systems is how to adapt Siek and Taha’s notion of
consistency to new rich typing disciplines. The original work mo-
tivates consistency based on intuitions that ring true in the sim-
ple cases, but become more difficult to adapt as type systems get
more complex. Some of the aforementioned papers develop new
notions of consistency that can only be justified by appealing to
intuitions about the broader meaning of consistency (Sergey and
Clarke 2012; Siek and Taha 2007). Others avoid the issue alto-
gether by focusing on user-inserted casts (Disney and Flanagan
2011; Fennell and Thiemann 2013). Furthermore, developing dy-
namic semantics for gradually typed languages has typically in-
volved the design of an independent cast calculus that is peripher-
ally related to the source language, but its dynamics are also driven
mostly by intuition and inspiration from other checking disciplines,
e.g., (Findler and Felleisen 2002).

This paper addresses these challenges directly by developing
a new foundation for gradual typing. A particularly promising ap-
proach to such a foundation is hinted at by Bañados Schwerter et al.
(2014) who justify the design of a gradual effect framework by ap-
pealing to abstract interpretation (Cousot and Cousot 1977) to give
a direct interpretation to unknown effects, and from there derive
definitions for requisite notions of consistency. Inspired by that suc-
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Abstract

Static and dynamic type systems have well-known strengths and
weaknesses, and each is better suited for different programming
tasks. There have been many efforts to integrate static and dynamic
typing and thereby combine the benefits of both typing disciplines
in the same language. The flexibility of static typing can be im-
proved by adding a type Dynamic and a typecase form. The safety
and performance of dynamic typing can be improved by adding
optional type annotations or by performing type inference (as in
soft typing). However, there has been little formal work on type
systems that allow a programmer-controlled migration between dy-
namic and static typing. Thatte proposed Quasi-Static Typing, but
it does not statically catch all type errors in completely annotated
programs. Anderson and Drossopoulou defined a nominal type sys-
tem for an object-oriented language with optional type annotations.
However, developing a sound, gradual type system for functional
languages with structural types is an open problem.
In this paper we present a solution based on the intuition that the
structure of a type may be partially known/unknown at compile-
time and the job of the type system is to catch incompatibilities
between the known parts of types. We define the static and dynamic
semantics of a �-calculus with optional type annotations and we
prove that its type system is sound with respect to the simply-typed
�-calculus for fully-annotated terms. We prove that this calculus is
type safe and that the cost of dynamism is “pay-as-you-go”.

Categories and Subject Descriptors D.3.1 [Programming Lan-
guages]: Formal Definitions and Theory; F.3.3 [Logics and Mean-
ings of Programs]: Studies of Program Constructs— Type structure

General Terms Languages, Performance, Theory

Keywords static and dynamic typing, optional type annotations

1. Introduction

Static and dynamic typing have different strengths, making them
better suited for different tasks. Static typing provides early error
detection, more efficient program execution, and better documen-
tation, whereas dynamic typing enables rapid development and fast
adaptation to changing requirements.
The focus of this paper is languages that literally provide static and
dynamic typing in the same program, with the programmer control-
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ling the degree of static checking by annotating function parameters
with types, or not. We use the term gradual typing for type systems
that provide this capability. Languages that support gradual typing
to a large degree include Cecil [8], Boo [10], extensions to Visual
Basic.NET and C# proposed by Meijer and Drayton [26], and ex-
tensions to Java proposed by Gray et al. [17], and the Bigloo [6, 36]
dialect of Scheme [24]. The purpose of this paper is to provide a
type-theoretic foundation for languages such as these with gradual
typing.
There are numerous other ways to combine static and dynamic typ-
ing that fall outside the scope of gradual typing. Many dynamically
typed languages have optional type annotations that are used to im-
prove run-time performance but not to increase the amount of static
checking. Common LISP [23] and Dylan [12, 37] are examples of
such languages. Similarly, the Soft Typing of Cartwright and Fa-
gan [7] improves the performance of dynamically typed languages
but it does not statically catch type errors. At the other end of the
spectrum, statically typed languages can be made more flexible by
adding a Dynamic type and typecase form, as in the work by Abadi
et al. [1]. However, such languages do not allow for programming
in a dynamically typed style because the programmer is required to
insert coercions to and from type Dynamic.
A short example serves to demonstrate the idea of gradual typing.
Figure 1 shows a call-by-value interpreter for an applied �-calculus
written in Scheme extended with gradual typing and algebraic data
types. The version on the left does not have type annotations, and
so the type system performs little type checking and instead many
tag-tests occur at run time.
As development progresses, the programmer adds type annotations
to the parameters of interp, as shown on the right side of Figure 1,
and the type system provides more aid in detecting errors. We use
the notation ? for the dynamic type. The type system checks that
the uses of env and e are appropriate: the case analysis on e is
fine and so is the application of assq to x and env. The recursive
calls to interp also type check and the call to apply type checks
trivially because the parameters of apply are dynamic. Note that
we are still using dynamic typing for the value domain of the object
language. To obtain a program with complete static checking, we
would introduce a datatype for the value domain and use that as the
return type of interp.

Contributions We present a formal type system that supports
gradual typing for functional languages, providing the flexibility
of dynamically typed languages when type annotations are omitted
by the programmer and providing the benefits of static checking
when function parameters are annotated. These benefits include
both safety and performance: type errors are caught at compile-time
and values may be stored in unboxed form. That is, for statically
typed portions of the program there is no need for run-time tags
and tag checking.
We introduce a calculus named �

?
! and define its type system (Sec-

tion 2). We show that this type system, when applied to fully an-
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ABSTRACT
As scripts grow into full-fledged applications, programmers
should want to port portions of their programs from script-
ing languages to languages with sound and rich type sys-
tems. This form of interlanguage migration ensures type-
safety and provides minimal guarantees for reuse in other
applications, too.

In this paper, we present a framework for expressing this
form of interlanguage migration. Given a program that con-
sists of modules in the untyped lambda calculus, we prove
that rewriting one of them in a simply typed lambda calcu-
lus produces an equivalent program and adds the expected
amount of type safety, i.e., code in typed modules can’t go
wrong. To ensure these guarantees, the migration process
infers constraints from the statically typed module and im-
poses them on the dynamically typed modules in the form
of behavioral contracts.

1. WHEN SCRIPTS GROWUP
In the beginning, the programmer created a script to

mechanize some routine but problematic task. The script
consisted of a few dozen lines of code in a dynamically typed
and expressive scripting language. Before long, the pro-
grammer discovered that friends were coping with similar
problems, and with a few changes here and a few hacks there,
the script became a useful 1,000-line program for his friends,
too. Not surprisingly, the programmer decided to offer this
service to some of his favorite mailing lists and modified the
program a few more times. At that point, there were ac-
tually several related applications; each consisted of a few
dozen components, mostly drawn from a common library
of modules; and all these applications supported different
tasks, only superficially related to the original one. It goes
without saying that the application suite became the core
of a small, yet exponentially growing business and that the
programmer sold it for a lot of money to some big company.

Fortunately, our programmer has employed a test-driven
or test-first approach to programming [5], a technique that
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originated with dynamically typed languages such as Lisp,
Scheme and Smalltalk. 1 Every bug report has been turned
into a test case; the test suites have been maintained in a
meticulous manner. Unfortunately the big company isn’t
satisfied with the result. Because the software deals with
people’s financial holdings, the company’s management team
wants to cross all the t’s and dot all the i’s, at least for the
critical modules. The team has set the goal to rewrite the
program in a programming language with a sound type sys-
tem. They believe that this step will eliminate some long-
standing bugs from the modules and improve the efficiency
of the debugging team. After all, “typed programs can’t go
wrong” [24], i.e., the programmer doesn’t have to look at
code in typed modules when a run-time type check fails.

Currently, this common, realistic situation poses a major
difficulty for the (unfortunate) programmers of the company.
Ideally, they should port one module at a time, always leav-
ing the overall product intact and running. Most foreign-
language interfaces, however, support only connections be-
tween high-level languages and C-level libraries. Support
for connecting a high-level typed language with a high-level
dynamically typed language rarely exists. Hence, program-
mers often re-develop the entire program from scratch and
run into Brooks’s “second system” syndrome [8].

In this paper, we investigate an alternative to this reim-
plementation approach. Specifically, we present a frame-
work for porting programs in a gradual manner from an
dynamically typed to a syntactically and semantically re-
lated, statically typed programming language. We are mak-
ing three philosophical assumptions. First, a program is a
sequence of modules in a safe, but dynamically typed pro-
gramming language. The second assumption is that we have
an explicitly, statically typed programming language that is
variant of the dynamically typed language. Specifically, the
two languages share run-time values and differ only in that
one has a type system and the other doesn’t. While there
have been few realistic examples of such systems [7], one
can imagine creating such a pair of languages from any dy-
namically typed language (say Scheme), possibly based on
the decade-old soft typing research. Finally, a third and less
realistic assumption is that (at least) one of the modules is
“typable,” meaning that equipping variables with type dec-

1Although Kent Beck has coined the phrase and popular-
ized test-driven development, the idea of developing tests
first had been around for ages in the Scheme community and
had been inherited from the Lisp community. For example,
see the unpublished manuscript “A Guide to the Metaphys-
ical Universe” by Friedman, Haynes, Kohlbecker, and Wand
ca. 1984.
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As scripts grow into full-fledged applications, programmers
should want to port portions of their programs from script-
ing languages to languages with sound and rich type sys-
tems. This form of interlanguage migration ensures type-
safety and provides minimal guarantees for reuse in other
applications, too.

In this paper, we present a framework for expressing this
form of interlanguage migration. Given a program that con-
sists of modules in the untyped lambda calculus, we prove
that rewriting one of them in a simply typed lambda calcu-
lus produces an equivalent program and adds the expected
amount of type safety, i.e., code in typed modules can’t go
wrong. To ensure these guarantees, the migration process
infers constraints from the statically typed module and im-
poses them on the dynamically typed modules in the form
of behavioral contracts.

1. WHEN SCRIPTS GROWUP
In the beginning, the programmer created a script to

mechanize some routine but problematic task. The script
consisted of a few dozen lines of code in a dynamically typed
and expressive scripting language. Before long, the pro-
grammer discovered that friends were coping with similar
problems, and with a few changes here and a few hacks there,
the script became a useful 1,000-line program for his friends,
too. Not surprisingly, the programmer decided to offer this
service to some of his favorite mailing lists and modified the
program a few more times. At that point, there were ac-
tually several related applications; each consisted of a few
dozen components, mostly drawn from a common library
of modules; and all these applications supported different
tasks, only superficially related to the original one. It goes
without saying that the application suite became the core
of a small, yet exponentially growing business and that the
programmer sold it for a lot of money to some big company.

Fortunately, our programmer has employed a test-driven
or test-first approach to programming [5], a technique that
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originated with dynamically typed languages such as Lisp,
Scheme and Smalltalk. 1 Every bug report has been turned
into a test case; the test suites have been maintained in a
meticulous manner. Unfortunately the big company isn’t
satisfied with the result. Because the software deals with
people’s financial holdings, the company’s management team
wants to cross all the t’s and dot all the i’s, at least for the
critical modules. The team has set the goal to rewrite the
program in a programming language with a sound type sys-
tem. They believe that this step will eliminate some long-
standing bugs from the modules and improve the efficiency
of the debugging team. After all, “typed programs can’t go
wrong” [24], i.e., the programmer doesn’t have to look at
code in typed modules when a run-time type check fails.

Currently, this common, realistic situation poses a major
difficulty for the (unfortunate) programmers of the company.
Ideally, they should port one module at a time, always leav-
ing the overall product intact and running. Most foreign-
language interfaces, however, support only connections be-
tween high-level languages and C-level libraries. Support
for connecting a high-level typed language with a high-level
dynamically typed language rarely exists. Hence, program-
mers often re-develop the entire program from scratch and
run into Brooks’s “second system” syndrome [8].

In this paper, we investigate an alternative to this reim-
plementation approach. Specifically, we present a frame-
work for porting programs in a gradual manner from an
dynamically typed to a syntactically and semantically re-
lated, statically typed programming language. We are mak-
ing three philosophical assumptions. First, a program is a
sequence of modules in a safe, but dynamically typed pro-
gramming language. The second assumption is that we have
an explicitly, statically typed programming language that is
variant of the dynamically typed language. Specifically, the
two languages share run-time values and differ only in that
one has a type system and the other doesn’t. While there
have been few realistic examples of such systems [7], one
can imagine creating such a pair of languages from any dy-
namically typed language (say Scheme), possibly based on
the decade-old soft typing research. Finally, a third and less
realistic assumption is that (at least) one of the modules is
“typable,” meaning that equipping variables with type dec-

1Although Kent Beck has coined the phrase and popular-
ized test-driven development, the idea of developing tests
first had been around for ages in the Scheme community and
had been inherited from the Lisp community. For example,
see the unpublished manuscript “A Guide to the Metaphys-
ical Universe” by Friedman, Haynes, Kohlbecker, and Wand
ca. 1984.
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In this paper, we present a framework for expressing this
form of interlanguage migration. Given a program that con-
sists of modules in the untyped lambda calculus, we prove
that rewriting one of them in a simply typed lambda calcu-
lus produces an equivalent program and adds the expected
amount of type safety, i.e., code in typed modules can’t go
wrong. To ensure these guarantees, the migration process
infers constraints from the statically typed module and im-
poses them on the dynamically typed modules in the form
of behavioral contracts.

1. WHEN SCRIPTS GROWUP
In the beginning, the programmer created a script to

mechanize some routine but problematic task. The script
consisted of a few dozen lines of code in a dynamically typed
and expressive scripting language. Before long, the pro-
grammer discovered that friends were coping with similar
problems, and with a few changes here and a few hacks there,
the script became a useful 1,000-line program for his friends,
too. Not surprisingly, the programmer decided to offer this
service to some of his favorite mailing lists and modified the
program a few more times. At that point, there were ac-
tually several related applications; each consisted of a few
dozen components, mostly drawn from a common library
of modules; and all these applications supported different
tasks, only superficially related to the original one. It goes
without saying that the application suite became the core
of a small, yet exponentially growing business and that the
programmer sold it for a lot of money to some big company.

Fortunately, our programmer has employed a test-driven
or test-first approach to programming [5], a technique that
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originated with dynamically typed languages such as Lisp,
Scheme and Smalltalk. 1 Every bug report has been turned
into a test case; the test suites have been maintained in a
meticulous manner. Unfortunately the big company isn’t
satisfied with the result. Because the software deals with
people’s financial holdings, the company’s management team
wants to cross all the t’s and dot all the i’s, at least for the
critical modules. The team has set the goal to rewrite the
program in a programming language with a sound type sys-
tem. They believe that this step will eliminate some long-
standing bugs from the modules and improve the efficiency
of the debugging team. After all, “typed programs can’t go
wrong” [24], i.e., the programmer doesn’t have to look at
code in typed modules when a run-time type check fails.

Currently, this common, realistic situation poses a major
difficulty for the (unfortunate) programmers of the company.
Ideally, they should port one module at a time, always leav-
ing the overall product intact and running. Most foreign-
language interfaces, however, support only connections be-
tween high-level languages and C-level libraries. Support
for connecting a high-level typed language with a high-level
dynamically typed language rarely exists. Hence, program-
mers often re-develop the entire program from scratch and
run into Brooks’s “second system” syndrome [8].

In this paper, we investigate an alternative to this reim-
plementation approach. Specifically, we present a frame-
work for porting programs in a gradual manner from an
dynamically typed to a syntactically and semantically re-
lated, statically typed programming language. We are mak-
ing three philosophical assumptions. First, a program is a
sequence of modules in a safe, but dynamically typed pro-
gramming language. The second assumption is that we have
an explicitly, statically typed programming language that is
variant of the dynamically typed language. Specifically, the
two languages share run-time values and differ only in that
one has a type system and the other doesn’t. While there
have been few realistic examples of such systems [7], one
can imagine creating such a pair of languages from any dy-
namically typed language (say Scheme), possibly based on
the decade-old soft typing research. Finally, a third and less
realistic assumption is that (at least) one of the modules is
“typable,” meaning that equipping variables with type dec-

1Although Kent Beck has coined the phrase and popular-
ized test-driven development, the idea of developing tests
first had been around for ages in the Scheme community and
had been inherited from the Lisp community. For example,
see the unpublished manuscript “A Guide to the Metaphys-
ical Universe” by Friedman, Haynes, Kohlbecker, and Wand
ca. 1984.

DLS 2006



Dynamic

111

Interlanguage Migration: From Scripts to Programs

Sam Tobin-Hochstadt
Northeastern University

Boston, MA
samth@ccs.neu.edu

Matthias Felleisen
Northeastern University

Boston, MA
matthias@ccs.neu.edu

ABSTRACT
As scripts grow into full-fledged applications, programmers
should want to port portions of their programs from script-
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In this paper, we present a framework for expressing this
form of interlanguage migration. Given a program that con-
sists of modules in the untyped lambda calculus, we prove
that rewriting one of them in a simply typed lambda calcu-
lus produces an equivalent program and adds the expected
amount of type safety, i.e., code in typed modules can’t go
wrong. To ensure these guarantees, the migration process
infers constraints from the statically typed module and im-
poses them on the dynamically typed modules in the form
of behavioral contracts.

1. WHEN SCRIPTS GROWUP
In the beginning, the programmer created a script to

mechanize some routine but problematic task. The script
consisted of a few dozen lines of code in a dynamically typed
and expressive scripting language. Before long, the pro-
grammer discovered that friends were coping with similar
problems, and with a few changes here and a few hacks there,
the script became a useful 1,000-line program for his friends,
too. Not surprisingly, the programmer decided to offer this
service to some of his favorite mailing lists and modified the
program a few more times. At that point, there were ac-
tually several related applications; each consisted of a few
dozen components, mostly drawn from a common library
of modules; and all these applications supported different
tasks, only superficially related to the original one. It goes
without saying that the application suite became the core
of a small, yet exponentially growing business and that the
programmer sold it for a lot of money to some big company.

Fortunately, our programmer has employed a test-driven
or test-first approach to programming [5], a technique that
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originated with dynamically typed languages such as Lisp,
Scheme and Smalltalk. 1 Every bug report has been turned
into a test case; the test suites have been maintained in a
meticulous manner. Unfortunately the big company isn’t
satisfied with the result. Because the software deals with
people’s financial holdings, the company’s management team
wants to cross all the t’s and dot all the i’s, at least for the
critical modules. The team has set the goal to rewrite the
program in a programming language with a sound type sys-
tem. They believe that this step will eliminate some long-
standing bugs from the modules and improve the efficiency
of the debugging team. After all, “typed programs can’t go
wrong” [24], i.e., the programmer doesn’t have to look at
code in typed modules when a run-time type check fails.

Currently, this common, realistic situation poses a major
difficulty for the (unfortunate) programmers of the company.
Ideally, they should port one module at a time, always leav-
ing the overall product intact and running. Most foreign-
language interfaces, however, support only connections be-
tween high-level languages and C-level libraries. Support
for connecting a high-level typed language with a high-level
dynamically typed language rarely exists. Hence, program-
mers often re-develop the entire program from scratch and
run into Brooks’s “second system” syndrome [8].

In this paper, we investigate an alternative to this reim-
plementation approach. Specifically, we present a frame-
work for porting programs in a gradual manner from an
dynamically typed to a syntactically and semantically re-
lated, statically typed programming language. We are mak-
ing three philosophical assumptions. First, a program is a
sequence of modules in a safe, but dynamically typed pro-
gramming language. The second assumption is that we have
an explicitly, statically typed programming language that is
variant of the dynamically typed language. Specifically, the
two languages share run-time values and differ only in that
one has a type system and the other doesn’t. While there
have been few realistic examples of such systems [7], one
can imagine creating such a pair of languages from any dy-
namically typed language (say Scheme), possibly based on
the decade-old soft typing research. Finally, a third and less
realistic assumption is that (at least) one of the modules is
“typable,” meaning that equipping variables with type dec-

1Although Kent Beck has coined the phrase and popular-
ized test-driven development, the idea of developing tests
first had been around for ages in the Scheme community and
had been inherited from the Lisp community. For example,
see the unpublished manuscript “A Guide to the Metaphys-
ical Universe” by Friedman, Haynes, Kohlbecker, and Wand
ca. 1984.
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safety and provides minimal guarantees for reuse in other
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In this paper, we present a framework for expressing this
form of interlanguage migration. Given a program that con-
sists of modules in the untyped lambda calculus, we prove
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lus produces an equivalent program and adds the expected
amount of type safety, i.e., code in typed modules can’t go
wrong. To ensure these guarantees, the migration process
infers constraints from the statically typed module and im-
poses them on the dynamically typed modules in the form
of behavioral contracts.

1. WHEN SCRIPTS GROWUP
In the beginning, the programmer created a script to

mechanize some routine but problematic task. The script
consisted of a few dozen lines of code in a dynamically typed
and expressive scripting language. Before long, the pro-
grammer discovered that friends were coping with similar
problems, and with a few changes here and a few hacks there,
the script became a useful 1,000-line program for his friends,
too. Not surprisingly, the programmer decided to offer this
service to some of his favorite mailing lists and modified the
program a few more times. At that point, there were ac-
tually several related applications; each consisted of a few
dozen components, mostly drawn from a common library
of modules; and all these applications supported different
tasks, only superficially related to the original one. It goes
without saying that the application suite became the core
of a small, yet exponentially growing business and that the
programmer sold it for a lot of money to some big company.

Fortunately, our programmer has employed a test-driven
or test-first approach to programming [5], a technique that
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originated with dynamically typed languages such as Lisp,
Scheme and Smalltalk. 1 Every bug report has been turned
into a test case; the test suites have been maintained in a
meticulous manner. Unfortunately the big company isn’t
satisfied with the result. Because the software deals with
people’s financial holdings, the company’s management team
wants to cross all the t’s and dot all the i’s, at least for the
critical modules. The team has set the goal to rewrite the
program in a programming language with a sound type sys-
tem. They believe that this step will eliminate some long-
standing bugs from the modules and improve the efficiency
of the debugging team. After all, “typed programs can’t go
wrong” [24], i.e., the programmer doesn’t have to look at
code in typed modules when a run-time type check fails.

Currently, this common, realistic situation poses a major
difficulty for the (unfortunate) programmers of the company.
Ideally, they should port one module at a time, always leav-
ing the overall product intact and running. Most foreign-
language interfaces, however, support only connections be-
tween high-level languages and C-level libraries. Support
for connecting a high-level typed language with a high-level
dynamically typed language rarely exists. Hence, program-
mers often re-develop the entire program from scratch and
run into Brooks’s “second system” syndrome [8].

In this paper, we investigate an alternative to this reim-
plementation approach. Specifically, we present a frame-
work for porting programs in a gradual manner from an
dynamically typed to a syntactically and semantically re-
lated, statically typed programming language. We are mak-
ing three philosophical assumptions. First, a program is a
sequence of modules in a safe, but dynamically typed pro-
gramming language. The second assumption is that we have
an explicitly, statically typed programming language that is
variant of the dynamically typed language. Specifically, the
two languages share run-time values and differ only in that
one has a type system and the other doesn’t. While there
have been few realistic examples of such systems [7], one
can imagine creating such a pair of languages from any dy-
namically typed language (say Scheme), possibly based on
the decade-old soft typing research. Finally, a third and less
realistic assumption is that (at least) one of the modules is
“typable,” meaning that equipping variables with type dec-

1Although Kent Beck has coined the phrase and popular-
ized test-driven development, the idea of developing tests
first had been around for ages in the Scheme community and
had been inherited from the Lisp community. For example,
see the unpublished manuscript “A Guide to the Metaphys-
ical Universe” by Friedman, Haynes, Kohlbecker, and Wand
ca. 1984.
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Abstract
In this day and age, many developers work on large, untyped code repositories. Even if they
are the creators of the code, they notice that they have to figure out the equivalent of method
signatures every time they work on old code. This step is time consuming and error prone.

Ten years ago, the two lead authors outlined a linguistic solution to this problem. Specifically
they proposed the creation of typed twins for untyped programming languages so that developers
could migrate scripts from the untyped world to a typed one in an incremental manner. Their
programmatic paper also spelled out three guiding design principles concerning the acceptance
of grown idioms, the soundness of mixed-typed programs, and the units of migration.

This paper revisits this idea of a migratory type system as implemented for Racket. It explains
how the design principles have been used to produce the Typed Racket twin and presents an
assessment of the project’s status, highlighting successes and failures.

1998 ACM Subject Classification D.3 Language Design, F.3.3 Type Structure

Keywords and phrases design principles, type systems, gradual typing

Digital Object Identifier 10.4230/LIPIcs...0

1 Migratory Typing

In the 1970s and 80s, developers chose Lisp for its flexibility, its libraries, and occasionally
Lisp-specific hardware. They argued that higher-order functions, class systems, mixin classes,
automatic memory management and the absence of static types enhanced their productivity.
To their credit, statically typed languages with similar features did not exist, and existing
compilers used types mostly as hints for choosing data representations and optimizations.

In the 1990s and 00s, developers continued to opt into a wide array of scripting languages
that, like Lisp, lacked static types and simultaneously supported a rich collection of powerful
features. System administrators picked Perl as their scripting language. Python and Ruby
(on Rails) emerged as the primary vehicles for web-server extensions. PHP and JavaScript
became the assembly languages of the web (browser). Java, the first soundly typed production
language, tried and failed to take the place of these languages.

When the senior authors launched their pedagogical outreach project [15, 16], they settled
on an un(i)typed1 implementation language, Racket, for a mix of the same reasons that the
Lispers and their successors had o�ered before them. They knew that this choice would
enable them to rapidly build and deploy teaching languages [17, 18]. Within a few short

� Over 10 years, this work was partially supported by our host institutions (Chicago, Northeastern,
Northwestern, Indiana, and Utah) as well as AFOSR, DARPA, Mozilla, NSA, and NSF.

1 With this strange spelling, we emphasize that we are thinking of “safe” untyped languages, and we
acknowledge that Dana Scott suggested “unityped” as an alternative characterization.
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A soft type system infers types for the procedures and data structures of dynamically typed
programs. Like conventional static types, soft types express program invariants and thereby
provide valuable information for program optimization and debugging. A soft type checker uses
the types inferred by a soft type system to eliminate run-time checks that are provably unnecessary;
any remaining run-time checks are flagged as potential program errors. Soft Scheme is a practical
soft type checker for R4RS Scheme. Its underlying type system generalizes conventional Hindley-
Milner type inference by incorporating recursive types and a limited form of union type. Soft
Scheme accommodates all of R4RS Scheme including uncurried procedures of fixed and variable
arity, assignment, and continuations.

Categories and Subject Descriptors: D.3.2 [Programming Languages]: Language Classifications—
applicative languages; F.3.3 [Logics and Meanings of Programs]: Studies of Program Con-
structs—type structure; D.3.4 [Programming Languages]: Processors—optimization

General Terms: Performance, Reliability

Additional Key Words and Phrases: Run-time checks, soft typing

1. INTRODUCTION

Dynamically typed languages such as Scheme [Clinger and Rees 1991] permit pro-
gram operations to be defined over any computable subset of the data domain.
To ensure safe execution, primitive operations confirm via run-time checks that
their arguments belong to appropriate subsets called types. The simple argument
types that primitive operations enforce (e.g., num, bool , cons) induce more complex
types for the inputs of defined procedures (e.g., list of num, bool or num or cons).
Scheme programmers typically have strong intuitive ideas about the types of their

This article expands on the Lisp and Functional Programming conference paper
[Wright and Cartwright 1994] by including material drawn from the first author’s Ph. D.
thesis [Wright 1994].
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Abstract
Gradual typing lets programmers evolve their dynamically typed
programs by gradually adding explicit type annotations, which con-
fer benefits like improved performance and fewer run-time failures.
However, we argue that such evolution often requires a giant

leap, and that type inference can offer a crucial missing step. If
omitted type annotations are interpreted as unknown types, rather
than the dynamic type, then static types can often be inferred,
thereby removing unnecessary assumptions of the dynamic type.
The remaining assumptions of the dynamic type may then be re-
moved by either reasoning outside the static type system, or re-
structuring the code.
We present a type inference algorithm that can improve the per-

formance of existing gradually typed programs without introducing
any new run-time failures. To account for dynamic typing, types
that flow in to an unknown type are treated in a fundamentally dif-
ferent manner than types that flow out. Furthermore, in the interests
of backward-compatibility, an escape analysis is conducted to de-
cide which types are safe to infer. We have implemented our algo-
rithm for ActionScript, and evaluated it on the SunSpider and V8
benchmark suites. We demonstrate that our algorithm can improve
the performance of unannotated programs as well as recover most
of the type annotations in annotated programs.
Categories and Subject Descriptors D.3.4 [Programming Lan-
guages]: Processors—Optimization; F.3.2 [Logics and Meaning
of Programs]: Semantics of Programming Languages—Program
analysis; F.3.3 [Logics andMeaning of Programs]: Studies of Pro-
gram Constructs—Type structure
General Terms Algorithms, Languages, Performance, Theory
Keywords Gradual typing, Type inference, ActionScript

1. Introduction
Gradual Typing and Evolutionary Programming Gradual typ-
ing [12, 17] aims to combine the benefits of static typing and dy-
namic typing in a language. In a gradually typed program, dynam-
ically typed code can be mixed with statically typed code. While
the dynamically typed fragments are not constrained to follow the
structure enforced by a static type system, the statically typed frag-
ments enjoy not only some static safety guarantees (“well-typed
programs cannot be blamed”—the blame theorem [24]) but also

Permission to make digital or hard copies of all or part of this work for personal or
classroom use is granted without fee provided that copies are not made or distributed
for profit or commercial advantage and that copies bear this notice and the full citation
on the first page. To copy otherwise, to republish, to post on servers or to redistribute
to lists, requires prior specific permission and/or a fee.
POPL’12, January 25–27, 2012, Philadelphia, PA, USA.
Copyright c⃝ 2012 ACM 978-1-4503-1083-3/12/01. . . $10.00

admit performance optimizations that the dynamically typed frag-
ments do not. Gradual typing envisions a style of programming
where dynamically typed programs can be evolved into statically
typed programs by gradually trading off liberties in code structure
for assurances of safety and performance.
Although there has been much recent progress on mastering

the recipe of gradual typing, a key ingredient has been largely
missing—type inference. The only previous work on type inference
for gradually typed languages is based on unification [18], which
is unsuitable for use in object-oriented languages with subtyping.
Unfortunately, as we argue below, the lack of type inference may
be the most significant obstacle towards adopting the style of evo-
lutionary programming envisioned by gradual typing.

The Key Missing Ingredient: Type Inference In a gradually
typed language, a program may be partially annotated with types.
Any missing types are uniformly assumed to be the dynamic type.
This means that the fragments of the program that have missing
type annotations do not enjoy any of the benefits of static typing.
In particular, their performance is hindered by dynamic casts, even
if they implicitly satisfy the constraints of static typing (i.e., even if
the dynamic casts never fail). To improve performance, the missing
types have to be declared.
However, in our experience with a mainstream gradually typed

language, ActionScript [13], the task of evolving dynamically
typed programs to statically typed programs by declaring missing
types can be quite onerous. The annotation burden is often intimi-
dating: in the limit, types must be declared for every variable in the
evolving fragment, and the programmer may need to juggle several
annotations to satisfy the constraints of the static type system.
Furthermore, the programmer may eventually be forced to de-

clare dynamic types for some variables: it may not be possible to
satisfy the constraints of the static type system without restructur-
ing the code. This is because the programmer may be relying on an
invariant that cannot be expressed via static types in the language,
i.e., the proof of safety may rely on a form of reasoning (typically,
path-sensitive) that is outside the scope of the static type system.
Unfortunately, due to these difficulties, gradually typed pro-

grams often continue to miss out on important benefits of static
typing, such as performance optimizations. Consequently, evolu-
tionary programming remains a fantasy.
The crux of the problem is that a missing type is misinterpreted

as the dynamic type, whereas the intended interpretation is that of
an unknown type. Often, an unknown type can be inferred to be a
static type. In contrast, the dynamic type is a “fallback” to encode
imprecision: a variable must be of the dynamic type when the set
of values that the variable may denote cannot be expressed as a
static type in the language, thereby forcing imprecision in the type
abstraction.
Therefore, we envision an iterative process for evolution of dy-

namically typed programs to statically typed programs, that alter-
nates between two states. In one state, type inference removes un-

POPL 2012
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Unfortunately, as we argue below, the lack of type inference may
be the most significant obstacle towards adopting the style of evo-
lutionary programming envisioned by gradual typing.
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type annotations do not enjoy any of the benefits of static typing.
In particular, their performance is hindered by dynamic casts, even
if they implicitly satisfy the constraints of static typing (i.e., even if
the dynamic casts never fail). To improve performance, the missing
types have to be declared.
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language, ActionScript [13], the task of evolving dynamically
typed programs to statically typed programs by declaring missing
types can be quite onerous. The annotation burden is often intimi-
dating: in the limit, types must be declared for every variable in the
evolving fragment, and the programmer may need to juggle several
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invariant that cannot be expressed via static types in the language,
i.e., the proof of safety may rely on a form of reasoning (typically,
path-sensitive) that is outside the scope of the static type system.
Unfortunately, due to these difficulties, gradually typed pro-

grams often continue to miss out on important benefits of static
typing, such as performance optimizations. Consequently, evolu-
tionary programming remains a fantasy.
The crux of the problem is that a missing type is misinterpreted

as the dynamic type, whereas the intended interpretation is that of
an unknown type. Often, an unknown type can be inferred to be a
static type. In contrast, the dynamic type is a “fallback” to encode
imprecision: a variable must be of the dynamic type when the set
of values that the variable may denote cannot be expressed as a
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Gradual typing allows programs to enjoy the bene�ts of both static typing and dynamic typing. While it is often
desirable to migrate a program from more dynamically-typed to more statically-typed or vice versa, gradual
typing itself does not provide a way to facilitate this migration. This places the burden on programmers who
have to manually add or remove type annotations. Besides the general challenge of adding type annotations to
dynamically typed code, there are subtle interactions between these annotations in gradually typed code that
exacerbate the situation. For example, to migrate a program to be as static as possible, in general, all possible
combinations of adding or removing type annotations from parameters must be tried out and compared.

In this paper, we address this problem by developing migrational typing, which e�ciently types all possible
ways of adding or removing type annotations from a gradually typed program. The typing result supports
automatically migrating a program to be as static as possible, or introducing the least number of dynamic
types necessary to remove a type error. The approach can be extended to support user-de�ned criteria about
which annotations to modify. We have implemented migrational typing and evaluated it on large programs.
The results show that migrational typing scales linearly with the size of the program and takes only 2–4 times
longer than plain gradual typing.

CCS Concepts: • Theory of computation→ Type theory;

Additional Key Words and Phrases: gradual typing, variational types, program migration
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1 INTRODUCTION
Gradual typing promises to combine the bene�ts of static and dynamic typing in a single language.
In the original formulation by Siek and Taha (2006), the goal is to bring the documentation and
safety of static typing to a dynamically typed language. In their formalization, function parameters
have dynamic types by default but can be explicitly annotated with static types. The resulting type
system provides the same safety guarantees as static typing for expressions using type-annotated
variables, yet allows the �exibility of dynamic typing for expressions with unannotated variables.

Dually, one can start with a statically typed language with type inference (such as F#, SML, OCaml,
or Haskell) and allow the programmer to add annotations for dynamic types where needed (Garcia
and Cimini 2015; Siek and Vachharajani 2008). A function parameter can be annotated with Dyn

(the type of dynamic code) when dynamically typed behavior is needed or when the programmer
is unsure whether all de�nitions are type-correct but wants to test the runtime behavior.
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de�nitive Version of Record was published in Proc. ACM Program. Lang., http://dx.doi.org/10.1145/3158103.
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Abstract 

We present the dynamically typed A-calculus, an extension of the statically typed 
I-calculus with a special type Dyn and explicit dynamic type coercions corresponding to 
run-time type tagging and type check-and-untag operations. Programs in run-time typed 
languages can be interpreted in the dynamically typed L-calculus via a nondeterministic 
completion process that inserts explicit coercions and type declarations such that a 
well-typed term results. 

We characterize when two different completions of the same run-time typed program 
are coherent with an equational theory that is independent of an underlying I-theory. 
This theory is refined by orienting some equations to define safety and minimality of 
completions. Intuitively, a safe completion is one that does not produce an error at 
run-time which another completion would have avoided, and a minimal completion is 
a safe completion that executes fewest tagging and check-and-untag operations amongst 
all safe completions. 

We show that every untyped A-term has a safe completion at any type and that it 
is unique modulo a suitable congruence relation. Furthermore, we present a rewriting 
system for generating minimal completions. Assuming strong normalization of this 
rewriting system we show that every U-term has a minimal completion at any type, 
which is furthermore unique modulo equality in the dynamically typed A-calculus. 

1. Introduction 

We present an extension of the statically typed I-calculus with a special 
type Dyn and dynamic type coercions. These represent run-time tagged values 

* This research has been partially supported by Esprit BRA 3 124, Semantique. 
** E-mail: henglein@diku.dk. 

0167-6423/94/$07.00 @ 1994 Elsevier Science B.V. All rights reserved 
.S.SDZO167-6423(94)00004-X 



Dynamic Typing

119

ELSEVIER 

Science of 
Computer 
Programming 

Science of Computer Programming 22 (1994) 197-230 

Dynamic typing: syntax and proof theory* 
Fritz Henglein** 

University of Copenhagen, Universitetsparken 1, 2100 Copenhagen 0, Denmark 

Received July 1992; revised March 1993 

Abstract 

We present the dynamically typed A-calculus, an extension of the statically typed 
I-calculus with a special type Dyn and explicit dynamic type coercions corresponding to 
run-time type tagging and type check-and-untag operations. Programs in run-time typed 
languages can be interpreted in the dynamically typed L-calculus via a nondeterministic 
completion process that inserts explicit coercions and type declarations such that a 
well-typed term results. 

We characterize when two different completions of the same run-time typed program 
are coherent with an equational theory that is independent of an underlying I-theory. 
This theory is refined by orienting some equations to define safety and minimality of 
completions. Intuitively, a safe completion is one that does not produce an error at 
run-time which another completion would have avoided, and a minimal completion is 
a safe completion that executes fewest tagging and check-and-untag operations amongst 
all safe completions. 

We show that every untyped A-term has a safe completion at any type and that it 
is unique modulo a suitable congruence relation. Furthermore, we present a rewriting 
system for generating minimal completions. Assuming strong normalization of this 
rewriting system we show that every U-term has a minimal completion at any type, 
which is furthermore unique modulo equality in the dynamically typed A-calculus. 

1. Introduction 

We present an extension of the statically typed I-calculus with a special 
type Dyn and dynamic type coercions. These represent run-time tagged values 

* This research has been partially supported by Esprit BRA 3 124, Semantique. 
** E-mail: henglein@diku.dk. 

0167-6423/94/$07.00 @ 1994 Elsevier Science B.V. All rights reserved 
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• Typing in Small Pieces 
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• Strands and Related Works
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Gradual

StaticDynamic

Mixed

“Common 
Language Runtime”

Gradual Type 
Structure Determines 
Appropriate Linking

� ` e : T
<latexit sha1_base64="s/O2RGsfR99GnXfhCxfwoiILe6A=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwVBIRFE9FD3qs0C9oQplsNu3S3STsbgqh1L/ixYMiXv0h3vw3btsctPXBwOO9GWbmBSlnSjvOt7W2vrG5tV3aKe/u7R8c2kfHbZVkktAWSXgiuwEoyllMW5ppTruppCACTjvB6G7md8ZUKpbETZ2n1BcwiFnECGgj9e2Kdw9CAPbGIaghpvgGN/t21ak5c+BV4hakigo0+vaXFyYkEzTWhINSPddJtT8BqRnhdFr2MkVTICMY0J6hMQiq/Mn8+Ck+M0qIo0SaijWeq78nJiCUykVgOgXooVr2ZuJ/Xi/T0bU/YXGaaRqTxaIo41gneJYEDpmkRPPcECCSmVsxGYIEok1eZROCu/zyKmlf1Fyn5j5eVuu3RRwldIJO0Tly0RWqowfUQC1EUI6e0St6s56sF+vd+li0rlnFTAX9gfX5A8zmk40=</latexit><latexit sha1_base64="s/O2RGsfR99GnXfhCxfwoiILe6A=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwVBIRFE9FD3qs0C9oQplsNu3S3STsbgqh1L/ixYMiXv0h3vw3btsctPXBwOO9GWbmBSlnSjvOt7W2vrG5tV3aKe/u7R8c2kfHbZVkktAWSXgiuwEoyllMW5ppTruppCACTjvB6G7md8ZUKpbETZ2n1BcwiFnECGgj9e2Kdw9CAPbGIaghpvgGN/t21ak5c+BV4hakigo0+vaXFyYkEzTWhINSPddJtT8BqRnhdFr2MkVTICMY0J6hMQiq/Mn8+Ck+M0qIo0SaijWeq78nJiCUykVgOgXooVr2ZuJ/Xi/T0bU/YXGaaRqTxaIo41gneJYEDpmkRPPcECCSmVsxGYIEok1eZROCu/zyKmlf1Fyn5j5eVuu3RRwldIJO0Tly0RWqowfUQC1EUI6e0St6s56sF+vd+li0rlnFTAX9gfX5A8zmk40=</latexit><latexit sha1_base64="s/O2RGsfR99GnXfhCxfwoiILe6A=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwVBIRFE9FD3qs0C9oQplsNu3S3STsbgqh1L/ixYMiXv0h3vw3btsctPXBwOO9GWbmBSlnSjvOt7W2vrG5tV3aKe/u7R8c2kfHbZVkktAWSXgiuwEoyllMW5ppTruppCACTjvB6G7md8ZUKpbETZ2n1BcwiFnECGgj9e2Kdw9CAPbGIaghpvgGN/t21ak5c+BV4hakigo0+vaXFyYkEzTWhINSPddJtT8BqRnhdFr2MkVTICMY0J6hMQiq/Mn8+Ck+M0qIo0SaijWeq78nJiCUykVgOgXooVr2ZuJ/Xi/T0bU/YXGaaRqTxaIo41gneJYEDpmkRPPcECCSmVsxGYIEok1eZROCu/zyKmlf1Fyn5j5eVuu3RRwldIJO0Tly0RWqowfUQC1EUI6e0St6s56sF+vd+li0rlnFTAX9gfX5A8zmk40=</latexit><latexit sha1_base64="s/O2RGsfR99GnXfhCxfwoiILe6A=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwVBIRFE9FD3qs0C9oQplsNu3S3STsbgqh1L/ixYMiXv0h3vw3btsctPXBwOO9GWbmBSlnSjvOt7W2vrG5tV3aKe/u7R8c2kfHbZVkktAWSXgiuwEoyllMW5ppTruppCACTjvB6G7md8ZUKpbETZ2n1BcwiFnECGgj9e2Kdw9CAPbGIaghpvgGN/t21ak5c+BV4hakigo0+vaXFyYkEzTWhINSPddJtT8BqRnhdFr2MkVTICMY0J6hMQiq/Mn8+Ck+M0qIo0SaijWeq78nJiCUykVgOgXooVr2ZuJ/Xi/T0bU/YXGaaRqTxaIo41gneJYEDpmkRPPcECCSmVsxGYIEok1eZROCu/zyKmlf1Fyn5j5eVuu3RRwldIJO0Tly0RWqowfUQC1EUI6e0St6s56sF+vd+li0rlnFTAX9gfX5A8zmk40=</latexit>

� ` eX
<latexit sha1_base64="184rNPZv8As3A91Sfrw5WayNu5g=">AAACC3icbVA9SwNBEN2LXzF+RS1tlgTBKtyJoGXQQssI5gNyIcxtJsmS3btjdy8QjvQ2/hUbC0Vs/QN2/hv3khSa+GDg8d4MM/OCWHBtXPfbya2tb2xu5bcLO7t7+wfFw6OGjhLFsM4iEalWABoFD7FuuBHYihWCDAQ2g9FN5jfHqDSPwgczibEjYRDyPmdgrNQtlvxbkBKoP+6BHlL0JZhhFKc+GyIbSVCjabdYdivuDHSVeAtSJgvUusUvvxexRGJomACt254bm04KynAmcFrwE40xsBEMsG1pCBJ1J539MqWnVunRfqRshYbO1N8TKUitJzKwndmpetnLxP+8dmL6V52Uh3FiMGTzRf1EUBPRLBja4wqZERNLgClub6VsCAqYsfEVbAje8surpHFe8dyKd39Rrl4v4siTE1IiZ8Qjl6RK7kiN1Akjj+SZvJI358l5cd6dj3lrzlnMHJM/cD5/AEtLmzc=</latexit><latexit sha1_base64="184rNPZv8As3A91Sfrw5WayNu5g=">AAACC3icbVA9SwNBEN2LXzF+RS1tlgTBKtyJoGXQQssI5gNyIcxtJsmS3btjdy8QjvQ2/hUbC0Vs/QN2/hv3khSa+GDg8d4MM/OCWHBtXPfbya2tb2xu5bcLO7t7+wfFw6OGjhLFsM4iEalWABoFD7FuuBHYihWCDAQ2g9FN5jfHqDSPwgczibEjYRDyPmdgrNQtlvxbkBKoP+6BHlL0JZhhFKc+GyIbSVCjabdYdivuDHSVeAtSJgvUusUvvxexRGJomACt254bm04KynAmcFrwE40xsBEMsG1pCBJ1J539MqWnVunRfqRshYbO1N8TKUitJzKwndmpetnLxP+8dmL6V52Uh3FiMGTzRf1EUBPRLBja4wqZERNLgClub6VsCAqYsfEVbAje8surpHFe8dyKd39Rrl4v4siTE1IiZ8Qjl6RK7kiN1Akjj+SZvJI358l5cd6dj3lrzlnMHJM/cD5/AEtLmzc=</latexit><latexit sha1_base64="184rNPZv8As3A91Sfrw5WayNu5g=">AAACC3icbVA9SwNBEN2LXzF+RS1tlgTBKtyJoGXQQssI5gNyIcxtJsmS3btjdy8QjvQ2/hUbC0Vs/QN2/hv3khSa+GDg8d4MM/OCWHBtXPfbya2tb2xu5bcLO7t7+wfFw6OGjhLFsM4iEalWABoFD7FuuBHYihWCDAQ2g9FN5jfHqDSPwgczibEjYRDyPmdgrNQtlvxbkBKoP+6BHlL0JZhhFKc+GyIbSVCjabdYdivuDHSVeAtSJgvUusUvvxexRGJomACt254bm04KynAmcFrwE40xsBEMsG1pCBJ1J539MqWnVunRfqRshYbO1N8TKUitJzKwndmpetnLxP+8dmL6V52Uh3FiMGTzRf1EUBPRLBja4wqZERNLgClub6VsCAqYsfEVbAje8surpHFe8dyKd39Rrl4v4siTE1IiZ8Qjl6RK7kiN1Akjj+SZvJI358l5cd6dj3lrzlnMHJM/cD5/AEtLmzc=</latexit><latexit sha1_base64="184rNPZv8As3A91Sfrw5WayNu5g=">AAACC3icbVA9SwNBEN2LXzF+RS1tlgTBKtyJoGXQQssI5gNyIcxtJsmS3btjdy8QjvQ2/hUbC0Vs/QN2/hv3khSa+GDg8d4MM/OCWHBtXPfbya2tb2xu5bcLO7t7+wfFw6OGjhLFsM4iEalWABoFD7FuuBHYihWCDAQ2g9FN5jfHqDSPwgczibEjYRDyPmdgrNQtlvxbkBKoP+6BHlL0JZhhFKc+GyIbSVCjabdYdivuDHSVeAtSJgvUusUvvxexRGJomACt254bm04KynAmcFrwE40xsBEMsG1pCBJ1J539MqWnVunRfqRshYbO1N8TKUitJzKwndmpetnLxP+8dmL6V52Uh3FiMGTzRf1EUBPRLBja4wqZERNLgClub6VsCAqYsfEVbAje8surpHFe8dyKd39Rrl4v4siTE1IiZ8Qjl6RK7kiN1Akjj+SZvJI358l5cd6dj3lrzlnMHJM/cD5/AEtLmzc=</latexit>

� G̀ e : eT
<latexit sha1_base64="5kHcGbJLmrXovoP8c/1bzdORnnM=">AAACHXicbVBNS8NAEN3U7/oV9ehltQieSiIFxZPoQY8KbRWaWiababt0Nwm7m0oJ+SNe/CtePCjiwYv4b0xqD1p9y8LjvRlm5vmx4No4zqdVmpmdm19YXCovr6yurdsbm00dJYphg0UiUjc+aBQ8xIbhRuBNrBCkL/DaH5wV/vUQleZRWDejGNsSeiHvcgYmlzp2zTsHKYF6wwB0/zb1dsZPgukzEOl5llGkx9S74wEaLgJM61m5Y1ecqjMG/UvcCamQCS479rsXRCyRGBomQOuW68SmnYIynAnMyl6iMQY2gB62chqCRN1Ox9dldC9XAtqNVP5DQ8fqz44UpNYj6eeVxdp62ivE/7xWYrpH7ZSHcWIwZN+DuomgJqJFVDTgCpkRo5wAUzzflbI+KGAmD7QIwZ0++S9pHlRdp+pe1Sonp5M4Fsk22SX7xCWH5IRckEvSIIzck0fyTF6sB+vJerXevktL1qRni/yC9fEF8UehMg==</latexit><latexit sha1_base64="5kHcGbJLmrXovoP8c/1bzdORnnM=">AAACHXicbVBNS8NAEN3U7/oV9ehltQieSiIFxZPoQY8KbRWaWiababt0Nwm7m0oJ+SNe/CtePCjiwYv4b0xqD1p9y8LjvRlm5vmx4No4zqdVmpmdm19YXCovr6yurdsbm00dJYphg0UiUjc+aBQ8xIbhRuBNrBCkL/DaH5wV/vUQleZRWDejGNsSeiHvcgYmlzp2zTsHKYF6wwB0/zb1dsZPgukzEOl5llGkx9S74wEaLgJM61m5Y1ecqjMG/UvcCamQCS479rsXRCyRGBomQOuW68SmnYIynAnMyl6iMQY2gB62chqCRN1Ox9dldC9XAtqNVP5DQ8fqz44UpNYj6eeVxdp62ivE/7xWYrpH7ZSHcWIwZN+DuomgJqJFVDTgCpkRo5wAUzzflbI+KGAmD7QIwZ0++S9pHlRdp+pe1Sonp5M4Fsk22SX7xCWH5IRckEvSIIzck0fyTF6sB+vJerXevktL1qRni/yC9fEF8UehMg==</latexit><latexit sha1_base64="5kHcGbJLmrXovoP8c/1bzdORnnM=">AAACHXicbVBNS8NAEN3U7/oV9ehltQieSiIFxZPoQY8KbRWaWiababt0Nwm7m0oJ+SNe/CtePCjiwYv4b0xqD1p9y8LjvRlm5vmx4No4zqdVmpmdm19YXCovr6yurdsbm00dJYphg0UiUjc+aBQ8xIbhRuBNrBCkL/DaH5wV/vUQleZRWDejGNsSeiHvcgYmlzp2zTsHKYF6wwB0/zb1dsZPgukzEOl5llGkx9S74wEaLgJM61m5Y1ecqjMG/UvcCamQCS479rsXRCyRGBomQOuW68SmnYIynAnMyl6iMQY2gB62chqCRN1Ox9dldC9XAtqNVP5DQ8fqz44UpNYj6eeVxdp62ivE/7xWYrpH7ZSHcWIwZN+DuomgJqJFVDTgCpkRo5wAUzzflbI+KGAmD7QIwZ0++S9pHlRdp+pe1Sonp5M4Fsk22SX7xCWH5IRckEvSIIzck0fyTF6sB+vJerXevktL1qRni/yC9fEF8UehMg==</latexit><latexit sha1_base64="5kHcGbJLmrXovoP8c/1bzdORnnM=">AAACHXicbVBNS8NAEN3U7/oV9ehltQieSiIFxZPoQY8KbRWaWiababt0Nwm7m0oJ+SNe/CtePCjiwYv4b0xqD1p9y8LjvRlm5vmx4No4zqdVmpmdm19YXCovr6yurdsbm00dJYphg0UiUjc+aBQ8xIbhRuBNrBCkL/DaH5wV/vUQleZRWDejGNsSeiHvcgYmlzp2zTsHKYF6wwB0/zb1dsZPgukzEOl5llGkx9S74wEaLgJM61m5Y1ecqjMG/UvcCamQCS479rsXRCyRGBomQOuW68SmnYIynAnMyl6iMQY2gB62chqCRN1Ox9dldC9XAtqNVP5DQ8fqz44UpNYj6eeVxdp62ivE/7xWYrpH7ZSHcWIwZN+DuomgJqJFVDTgCpkRo5wAUzzflbI+KGAmD7QIwZ0++S9pHlRdp+pe1Sonp5M4Fsk22SX7xCWH5IRckEvSIIzck0fyTF6sB+vJerXevktL1qRni/yC9fEF8UehMg==</latexit>



–Yesterday Ron

“Dear Today Ron, 
You went one slide too far. 

Go back one slide.” 
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Gradual

“Common 
Language Runtime”

� G̀ e : eT
<latexit sha1_base64="5kHcGbJLmrXovoP8c/1bzdORnnM=">AAACHXicbVBNS8NAEN3U7/oV9ehltQieSiIFxZPoQY8KbRWaWiababt0Nwm7m0oJ+SNe/CtePCjiwYv4b0xqD1p9y8LjvRlm5vmx4No4zqdVmpmdm19YXCovr6yurdsbm00dJYphg0UiUjc+aBQ8xIbhRuBNrBCkL/DaH5wV/vUQleZRWDejGNsSeiHvcgYmlzp2zTsHKYF6wwB0/zb1dsZPgukzEOl5llGkx9S74wEaLgJM61m5Y1ecqjMG/UvcCamQCS479rsXRCyRGBomQOuW68SmnYIynAnMyl6iMQY2gB62chqCRN1Ox9dldC9XAtqNVP5DQ8fqz44UpNYj6eeVxdp62ivE/7xWYrpH7ZSHcWIwZN+DuomgJqJFVDTgCpkRo5wAUzzflbI+KGAmD7QIwZ0++S9pHlRdp+pe1Sonp5M4Fsk22SX7xCWH5IRckEvSIIzck0fyTF6sB+vJerXevktL1qRni/yC9fEF8UehMg==</latexit><latexit sha1_base64="5kHcGbJLmrXovoP8c/1bzdORnnM=">AAACHXicbVBNS8NAEN3U7/oV9ehltQieSiIFxZPoQY8KbRWaWiababt0Nwm7m0oJ+SNe/CtePCjiwYv4b0xqD1p9y8LjvRlm5vmx4No4zqdVmpmdm19YXCovr6yurdsbm00dJYphg0UiUjc+aBQ8xIbhRuBNrBCkL/DaH5wV/vUQleZRWDejGNsSeiHvcgYmlzp2zTsHKYF6wwB0/zb1dsZPgukzEOl5llGkx9S74wEaLgJM61m5Y1ecqjMG/UvcCamQCS479rsXRCyRGBomQOuW68SmnYIynAnMyl6iMQY2gB62chqCRN1Ox9dldC9XAtqNVP5DQ8fqz44UpNYj6eeVxdp62ivE/7xWYrpH7ZSHcWIwZN+DuomgJqJFVDTgCpkRo5wAUzzflbI+KGAmD7QIwZ0++S9pHlRdp+pe1Sonp5M4Fsk22SX7xCWH5IRckEvSIIzck0fyTF6sB+vJerXevktL1qRni/yC9fEF8UehMg==</latexit><latexit sha1_base64="5kHcGbJLmrXovoP8c/1bzdORnnM=">AAACHXicbVBNS8NAEN3U7/oV9ehltQieSiIFxZPoQY8KbRWaWiababt0Nwm7m0oJ+SNe/CtePCjiwYv4b0xqD1p9y8LjvRlm5vmx4No4zqdVmpmdm19YXCovr6yurdsbm00dJYphg0UiUjc+aBQ8xIbhRuBNrBCkL/DaH5wV/vUQleZRWDejGNsSeiHvcgYmlzp2zTsHKYF6wwB0/zb1dsZPgukzEOl5llGkx9S74wEaLgJM61m5Y1ecqjMG/UvcCamQCS479rsXRCyRGBomQOuW68SmnYIynAnMyl6iMQY2gB62chqCRN1Ox9dldC9XAtqNVP5DQ8fqz44UpNYj6eeVxdp62ivE/7xWYrpH7ZSHcWIwZN+DuomgJqJFVDTgCpkRo5wAUzzflbI+KGAmD7QIwZ0++S9pHlRdp+pe1Sonp5M4Fsk22SX7xCWH5IRckEvSIIzck0fyTF6sB+vJerXevktL1qRni/yC9fEF8UehMg==</latexit><latexit sha1_base64="5kHcGbJLmrXovoP8c/1bzdORnnM=">AAACHXicbVBNS8NAEN3U7/oV9ehltQieSiIFxZPoQY8KbRWaWiababt0Nwm7m0oJ+SNe/CtePCjiwYv4b0xqD1p9y8LjvRlm5vmx4No4zqdVmpmdm19YXCovr6yurdsbm00dJYphg0UiUjc+aBQ8xIbhRuBNrBCkL/DaH5wV/vUQleZRWDejGNsSeiHvcgYmlzp2zTsHKYF6wwB0/zb1dsZPgukzEOl5llGkx9S74wEaLgJM61m5Y1ecqjMG/UvcCamQCS479rsXRCyRGBomQOuW68SmnYIynAnMyl6iMQY2gB62chqCRN1Ox9dldC9XAtqNVP5DQ8fqz44UpNYj6eeVxdp62ivE/7xWYrpH7ZSHcWIwZN+DuomgJqJFVDTgCpkRo5wAUzzflbI+KGAmD7QIwZ0++S9pHlRdp+pe1Sonp5M4Fsk22SX7xCWH5IRckEvSIIzck0fyTF6sB+vJerXevktL1qRni/yC9fEF8UehMg==</latexit>
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Gradual

Static

Injection

“Common 
Language Runtime”

� ` e : T
<latexit sha1_base64="s/O2RGsfR99GnXfhCxfwoiILe6A=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwVBIRFE9FD3qs0C9oQplsNu3S3STsbgqh1L/ixYMiXv0h3vw3btsctPXBwOO9GWbmBSlnSjvOt7W2vrG5tV3aKe/u7R8c2kfHbZVkktAWSXgiuwEoyllMW5ppTruppCACTjvB6G7md8ZUKpbETZ2n1BcwiFnECGgj9e2Kdw9CAPbGIaghpvgGN/t21ak5c+BV4hakigo0+vaXFyYkEzTWhINSPddJtT8BqRnhdFr2MkVTICMY0J6hMQiq/Mn8+Ck+M0qIo0SaijWeq78nJiCUykVgOgXooVr2ZuJ/Xi/T0bU/YXGaaRqTxaIo41gneJYEDpmkRPPcECCSmVsxGYIEok1eZROCu/zyKmlf1Fyn5j5eVuu3RRwldIJO0Tly0RWqowfUQC1EUI6e0St6s56sF+vd+li0rlnFTAX9gfX5A8zmk40=</latexit><latexit sha1_base64="s/O2RGsfR99GnXfhCxfwoiILe6A=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwVBIRFE9FD3qs0C9oQplsNu3S3STsbgqh1L/ixYMiXv0h3vw3btsctPXBwOO9GWbmBSlnSjvOt7W2vrG5tV3aKe/u7R8c2kfHbZVkktAWSXgiuwEoyllMW5ppTruppCACTjvB6G7md8ZUKpbETZ2n1BcwiFnECGgj9e2Kdw9CAPbGIaghpvgGN/t21ak5c+BV4hakigo0+vaXFyYkEzTWhINSPddJtT8BqRnhdFr2MkVTICMY0J6hMQiq/Mn8+Ck+M0qIo0SaijWeq78nJiCUykVgOgXooVr2ZuJ/Xi/T0bU/YXGaaRqTxaIo41gneJYEDpmkRPPcECCSmVsxGYIEok1eZROCu/zyKmlf1Fyn5j5eVuu3RRwldIJO0Tly0RWqowfUQC1EUI6e0St6s56sF+vd+li0rlnFTAX9gfX5A8zmk40=</latexit><latexit sha1_base64="s/O2RGsfR99GnXfhCxfwoiILe6A=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwVBIRFE9FD3qs0C9oQplsNu3S3STsbgqh1L/ixYMiXv0h3vw3btsctPXBwOO9GWbmBSlnSjvOt7W2vrG5tV3aKe/u7R8c2kfHbZVkktAWSXgiuwEoyllMW5ppTruppCACTjvB6G7md8ZUKpbETZ2n1BcwiFnECGgj9e2Kdw9CAPbGIaghpvgGN/t21ak5c+BV4hakigo0+vaXFyYkEzTWhINSPddJtT8BqRnhdFr2MkVTICMY0J6hMQiq/Mn8+Ck+M0qIo0SaijWeq78nJiCUykVgOgXooVr2ZuJ/Xi/T0bU/YXGaaRqTxaIo41gneJYEDpmkRPPcECCSmVsxGYIEok1eZROCu/zyKmlf1Fyn5j5eVuu3RRwldIJO0Tly0RWqowfUQC1EUI6e0St6s56sF+vd+li0rlnFTAX9gfX5A8zmk40=</latexit><latexit sha1_base64="s/O2RGsfR99GnXfhCxfwoiILe6A=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwVBIRFE9FD3qs0C9oQplsNu3S3STsbgqh1L/ixYMiXv0h3vw3btsctPXBwOO9GWbmBSlnSjvOt7W2vrG5tV3aKe/u7R8c2kfHbZVkktAWSXgiuwEoyllMW5ppTruppCACTjvB6G7md8ZUKpbETZ2n1BcwiFnECGgj9e2Kdw9CAPbGIaghpvgGN/t21ak5c+BV4hakigo0+vaXFyYkEzTWhINSPddJtT8BqRnhdFr2MkVTICMY0J6hMQiq/Mn8+Ck+M0qIo0SaijWeq78nJiCUykVgOgXooVr2ZuJ/Xi/T0bU/YXGaaRqTxaIo41gneJYEDpmkRPPcECCSmVsxGYIEok1eZROCu/zyKmlf1Fyn5j5eVuu3RRwldIJO0Tly0RWqowfUQC1EUI6e0St6s56sF+vd+li0rlnFTAX9gfX5A8zmk40=</latexit>

� G̀ e : eT
<latexit sha1_base64="5kHcGbJLmrXovoP8c/1bzdORnnM=">AAACHXicbVBNS8NAEN3U7/oV9ehltQieSiIFxZPoQY8KbRWaWiababt0Nwm7m0oJ+SNe/CtePCjiwYv4b0xqD1p9y8LjvRlm5vmx4No4zqdVmpmdm19YXCovr6yurdsbm00dJYphg0UiUjc+aBQ8xIbhRuBNrBCkL/DaH5wV/vUQleZRWDejGNsSeiHvcgYmlzp2zTsHKYF6wwB0/zb1dsZPgukzEOl5llGkx9S74wEaLgJM61m5Y1ecqjMG/UvcCamQCS479rsXRCyRGBomQOuW68SmnYIynAnMyl6iMQY2gB62chqCRN1Ox9dldC9XAtqNVP5DQ8fqz44UpNYj6eeVxdp62ivE/7xWYrpH7ZSHcWIwZN+DuomgJqJFVDTgCpkRo5wAUzzflbI+KGAmD7QIwZ0++S9pHlRdp+pe1Sonp5M4Fsk22SX7xCWH5IRckEvSIIzck0fyTF6sB+vJerXevktL1qRni/yC9fEF8UehMg==</latexit><latexit sha1_base64="5kHcGbJLmrXovoP8c/1bzdORnnM=">AAACHXicbVBNS8NAEN3U7/oV9ehltQieSiIFxZPoQY8KbRWaWiababt0Nwm7m0oJ+SNe/CtePCjiwYv4b0xqD1p9y8LjvRlm5vmx4No4zqdVmpmdm19YXCovr6yurdsbm00dJYphg0UiUjc+aBQ8xIbhRuBNrBCkL/DaH5wV/vUQleZRWDejGNsSeiHvcgYmlzp2zTsHKYF6wwB0/zb1dsZPgukzEOl5llGkx9S74wEaLgJM61m5Y1ecqjMG/UvcCamQCS479rsXRCyRGBomQOuW68SmnYIynAnMyl6iMQY2gB62chqCRN1Ox9dldC9XAtqNVP5DQ8fqz44UpNYj6eeVxdp62ivE/7xWYrpH7ZSHcWIwZN+DuomgJqJFVDTgCpkRo5wAUzzflbI+KGAmD7QIwZ0++S9pHlRdp+pe1Sonp5M4Fsk22SX7xCWH5IRckEvSIIzck0fyTF6sB+vJerXevktL1qRni/yC9fEF8UehMg==</latexit><latexit sha1_base64="5kHcGbJLmrXovoP8c/1bzdORnnM=">AAACHXicbVBNS8NAEN3U7/oV9ehltQieSiIFxZPoQY8KbRWaWiababt0Nwm7m0oJ+SNe/CtePCjiwYv4b0xqD1p9y8LjvRlm5vmx4No4zqdVmpmdm19YXCovr6yurdsbm00dJYphg0UiUjc+aBQ8xIbhRuBNrBCkL/DaH5wV/vUQleZRWDejGNsSeiHvcgYmlzp2zTsHKYF6wwB0/zb1dsZPgukzEOl5llGkx9S74wEaLgJM61m5Y1ecqjMG/UvcCamQCS479rsXRCyRGBomQOuW68SmnYIynAnMyl6iMQY2gB62chqCRN1Ox9dldC9XAtqNVP5DQ8fqz44UpNYj6eeVxdp62ivE/7xWYrpH7ZSHcWIwZN+DuomgJqJFVDTgCpkRo5wAUzzflbI+KGAmD7QIwZ0++S9pHlRdp+pe1Sonp5M4Fsk22SX7xCWH5IRckEvSIIzck0fyTF6sB+vJerXevktL1qRni/yC9fEF8UehMg==</latexit><latexit sha1_base64="5kHcGbJLmrXovoP8c/1bzdORnnM=">AAACHXicbVBNS8NAEN3U7/oV9ehltQieSiIFxZPoQY8KbRWaWiababt0Nwm7m0oJ+SNe/CtePCjiwYv4b0xqD1p9y8LjvRlm5vmx4No4zqdVmpmdm19YXCovr6yurdsbm00dJYphg0UiUjc+aBQ8xIbhRuBNrBCkL/DaH5wV/vUQleZRWDejGNsSeiHvcgYmlzp2zTsHKYF6wwB0/zb1dsZPgukzEOl5llGkx9S74wEaLgJM61m5Y1ecqjMG/UvcCamQCS479rsXRCyRGBomQOuW68SmnYIynAnMyl6iMQY2gB62chqCRN1Ox9dldC9XAtqNVP5DQ8fqz44UpNYj6eeVxdp62ivE/7xWYrpH7ZSHcWIwZN+DuomgJqJFVDTgCpkRo5wAUzzflbI+KGAmD7QIwZ0++S9pHlRdp+pe1Sonp5M4Fsk22SX7xCWH5IRckEvSIIzck0fyTF6sB+vJerXevktL1qRni/yC9fEF8UehMg==</latexit>



132

Gradual

Static
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Dynamic

Compositional 
Translation

“Common 
Language Runtime”

� ` e : T
<latexit sha1_base64="s/O2RGsfR99GnXfhCxfwoiILe6A=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwVBIRFE9FD3qs0C9oQplsNu3S3STsbgqh1L/ixYMiXv0h3vw3btsctPXBwOO9GWbmBSlnSjvOt7W2vrG5tV3aKe/u7R8c2kfHbZVkktAWSXgiuwEoyllMW5ppTruppCACTjvB6G7md8ZUKpbETZ2n1BcwiFnECGgj9e2Kdw9CAPbGIaghpvgGN/t21ak5c+BV4hakigo0+vaXFyYkEzTWhINSPddJtT8BqRnhdFr2MkVTICMY0J6hMQiq/Mn8+Ck+M0qIo0SaijWeq78nJiCUykVgOgXooVr2ZuJ/Xi/T0bU/YXGaaRqTxaIo41gneJYEDpmkRPPcECCSmVsxGYIEok1eZROCu/zyKmlf1Fyn5j5eVuu3RRwldIJO0Tly0RWqowfUQC1EUI6e0St6s56sF+vd+li0rlnFTAX9gfX5A8zmk40=</latexit><latexit sha1_base64="s/O2RGsfR99GnXfhCxfwoiILe6A=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwVBIRFE9FD3qs0C9oQplsNu3S3STsbgqh1L/ixYMiXv0h3vw3btsctPXBwOO9GWbmBSlnSjvOt7W2vrG5tV3aKe/u7R8c2kfHbZVkktAWSXgiuwEoyllMW5ppTruppCACTjvB6G7md8ZUKpbETZ2n1BcwiFnECGgj9e2Kdw9CAPbGIaghpvgGN/t21ak5c+BV4hakigo0+vaXFyYkEzTWhINSPddJtT8BqRnhdFr2MkVTICMY0J6hMQiq/Mn8+Ck+M0qIo0SaijWeq78nJiCUykVgOgXooVr2ZuJ/Xi/T0bU/YXGaaRqTxaIo41gneJYEDpmkRPPcECCSmVsxGYIEok1eZROCu/zyKmlf1Fyn5j5eVuu3RRwldIJO0Tly0RWqowfUQC1EUI6e0St6s56sF+vd+li0rlnFTAX9gfX5A8zmk40=</latexit><latexit sha1_base64="s/O2RGsfR99GnXfhCxfwoiILe6A=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwVBIRFE9FD3qs0C9oQplsNu3S3STsbgqh1L/ixYMiXv0h3vw3btsctPXBwOO9GWbmBSlnSjvOt7W2vrG5tV3aKe/u7R8c2kfHbZVkktAWSXgiuwEoyllMW5ppTruppCACTjvB6G7md8ZUKpbETZ2n1BcwiFnECGgj9e2Kdw9CAPbGIaghpvgGN/t21ak5c+BV4hakigo0+vaXFyYkEzTWhINSPddJtT8BqRnhdFr2MkVTICMY0J6hMQiq/Mn8+Ck+M0qIo0SaijWeq78nJiCUykVgOgXooVr2ZuJ/Xi/T0bU/YXGaaRqTxaIo41gneJYEDpmkRPPcECCSmVsxGYIEok1eZROCu/zyKmlf1Fyn5j5eVuu3RRwldIJO0Tly0RWqowfUQC1EUI6e0St6s56sF+vd+li0rlnFTAX9gfX5A8zmk40=</latexit><latexit sha1_base64="s/O2RGsfR99GnXfhCxfwoiILe6A=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwVBIRFE9FD3qs0C9oQplsNu3S3STsbgqh1L/ixYMiXv0h3vw3btsctPXBwOO9GWbmBSlnSjvOt7W2vrG5tV3aKe/u7R8c2kfHbZVkktAWSXgiuwEoyllMW5ppTruppCACTjvB6G7md8ZUKpbETZ2n1BcwiFnECGgj9e2Kdw9CAPbGIaghpvgGN/t21ak5c+BV4hakigo0+vaXFyYkEzTWhINSPddJtT8BqRnhdFr2MkVTICMY0J6hMQiq/Mn8+Ck+M0qIo0SaijWeq78nJiCUykVgOgXooVr2ZuJ/Xi/T0bU/YXGaaRqTxaIo41gneJYEDpmkRPPcECCSmVsxGYIEok1eZROCu/zyKmlf1Fyn5j5eVuu3RRwldIJO0Tly0RWqowfUQC1EUI6e0St6s56sF+vd+li0rlnFTAX9gfX5A8zmk40=</latexit>

� ` eX
<latexit sha1_base64="184rNPZv8As3A91Sfrw5WayNu5g=">AAACC3icbVA9SwNBEN2LXzF+RS1tlgTBKtyJoGXQQssI5gNyIcxtJsmS3btjdy8QjvQ2/hUbC0Vs/QN2/hv3khSa+GDg8d4MM/OCWHBtXPfbya2tb2xu5bcLO7t7+wfFw6OGjhLFsM4iEalWABoFD7FuuBHYihWCDAQ2g9FN5jfHqDSPwgczibEjYRDyPmdgrNQtlvxbkBKoP+6BHlL0JZhhFKc+GyIbSVCjabdYdivuDHSVeAtSJgvUusUvvxexRGJomACt254bm04KynAmcFrwE40xsBEMsG1pCBJ1J539MqWnVunRfqRshYbO1N8TKUitJzKwndmpetnLxP+8dmL6V52Uh3FiMGTzRf1EUBPRLBja4wqZERNLgClub6VsCAqYsfEVbAje8surpHFe8dyKd39Rrl4v4siTE1IiZ8Qjl6RK7kiN1Akjj+SZvJI358l5cd6dj3lrzlnMHJM/cD5/AEtLmzc=</latexit><latexit sha1_base64="184rNPZv8As3A91Sfrw5WayNu5g=">AAACC3icbVA9SwNBEN2LXzF+RS1tlgTBKtyJoGXQQssI5gNyIcxtJsmS3btjdy8QjvQ2/hUbC0Vs/QN2/hv3khSa+GDg8d4MM/OCWHBtXPfbya2tb2xu5bcLO7t7+wfFw6OGjhLFsM4iEalWABoFD7FuuBHYihWCDAQ2g9FN5jfHqDSPwgczibEjYRDyPmdgrNQtlvxbkBKoP+6BHlL0JZhhFKc+GyIbSVCjabdYdivuDHSVeAtSJgvUusUvvxexRGJomACt254bm04KynAmcFrwE40xsBEMsG1pCBJ1J539MqWnVunRfqRshYbO1N8TKUitJzKwndmpetnLxP+8dmL6V52Uh3FiMGTzRf1EUBPRLBja4wqZERNLgClub6VsCAqYsfEVbAje8surpHFe8dyKd39Rrl4v4siTE1IiZ8Qjl6RK7kiN1Akjj+SZvJI358l5cd6dj3lrzlnMHJM/cD5/AEtLmzc=</latexit><latexit sha1_base64="184rNPZv8As3A91Sfrw5WayNu5g=">AAACC3icbVA9SwNBEN2LXzF+RS1tlgTBKtyJoGXQQssI5gNyIcxtJsmS3btjdy8QjvQ2/hUbC0Vs/QN2/hv3khSa+GDg8d4MM/OCWHBtXPfbya2tb2xu5bcLO7t7+wfFw6OGjhLFsM4iEalWABoFD7FuuBHYihWCDAQ2g9FN5jfHqDSPwgczibEjYRDyPmdgrNQtlvxbkBKoP+6BHlL0JZhhFKc+GyIbSVCjabdYdivuDHSVeAtSJgvUusUvvxexRGJomACt254bm04KynAmcFrwE40xsBEMsG1pCBJ1J539MqWnVunRfqRshYbO1N8TKUitJzKwndmpetnLxP+8dmL6V52Uh3FiMGTzRf1EUBPRLBja4wqZERNLgClub6VsCAqYsfEVbAje8surpHFe8dyKd39Rrl4v4siTE1IiZ8Qjl6RK7kiN1Akjj+SZvJI358l5cd6dj3lrzlnMHJM/cD5/AEtLmzc=</latexit><latexit sha1_base64="184rNPZv8As3A91Sfrw5WayNu5g=">AAACC3icbVA9SwNBEN2LXzF+RS1tlgTBKtyJoGXQQssI5gNyIcxtJsmS3btjdy8QjvQ2/hUbC0Vs/QN2/hv3khSa+GDg8d4MM/OCWHBtXPfbya2tb2xu5bcLO7t7+wfFw6OGjhLFsM4iEalWABoFD7FuuBHYihWCDAQ2g9FN5jfHqDSPwgczibEjYRDyPmdgrNQtlvxbkBKoP+6BHlL0JZhhFKc+GyIbSVCjabdYdivuDHSVeAtSJgvUusUvvxexRGJomACt254bm04KynAmcFrwE40xsBEMsG1pCBJ1J539MqWnVunRfqRshYbO1N8TKUitJzKwndmpetnLxP+8dmL6V52Uh3FiMGTzRf1EUBPRLBja4wqZERNLgClub6VsCAqYsfEVbAje8surpHFe8dyKd39Rrl4v4siTE1IiZ8Qjl6RK7kiN1Akjj+SZvJI358l5cd6dj3lrzlnMHJM/cD5/AEtLmzc=</latexit>

� G̀ e : eT
<latexit sha1_base64="5kHcGbJLmrXovoP8c/1bzdORnnM=">AAACHXicbVBNS8NAEN3U7/oV9ehltQieSiIFxZPoQY8KbRWaWiababt0Nwm7m0oJ+SNe/CtePCjiwYv4b0xqD1p9y8LjvRlm5vmx4No4zqdVmpmdm19YXCovr6yurdsbm00dJYphg0UiUjc+aBQ8xIbhRuBNrBCkL/DaH5wV/vUQleZRWDejGNsSeiHvcgYmlzp2zTsHKYF6wwB0/zb1dsZPgukzEOl5llGkx9S74wEaLgJM61m5Y1ecqjMG/UvcCamQCS479rsXRCyRGBomQOuW68SmnYIynAnMyl6iMQY2gB62chqCRN1Ox9dldC9XAtqNVP5DQ8fqz44UpNYj6eeVxdp62ivE/7xWYrpH7ZSHcWIwZN+DuomgJqJFVDTgCpkRo5wAUzzflbI+KGAmD7QIwZ0++S9pHlRdp+pe1Sonp5M4Fsk22SX7xCWH5IRckEvSIIzck0fyTF6sB+vJerXevktL1qRni/yC9fEF8UehMg==</latexit><latexit sha1_base64="5kHcGbJLmrXovoP8c/1bzdORnnM=">AAACHXicbVBNS8NAEN3U7/oV9ehltQieSiIFxZPoQY8KbRWaWiababt0Nwm7m0oJ+SNe/CtePCjiwYv4b0xqD1p9y8LjvRlm5vmx4No4zqdVmpmdm19YXCovr6yurdsbm00dJYphg0UiUjc+aBQ8xIbhRuBNrBCkL/DaH5wV/vUQleZRWDejGNsSeiHvcgYmlzp2zTsHKYF6wwB0/zb1dsZPgukzEOl5llGkx9S74wEaLgJM61m5Y1ecqjMG/UvcCamQCS479rsXRCyRGBomQOuW68SmnYIynAnMyl6iMQY2gB62chqCRN1Ox9dldC9XAtqNVP5DQ8fqz44UpNYj6eeVxdp62ivE/7xWYrpH7ZSHcWIwZN+DuomgJqJFVDTgCpkRo5wAUzzflbI+KGAmD7QIwZ0++S9pHlRdp+pe1Sonp5M4Fsk22SX7xCWH5IRckEvSIIzck0fyTF6sB+vJerXevktL1qRni/yC9fEF8UehMg==</latexit><latexit sha1_base64="5kHcGbJLmrXovoP8c/1bzdORnnM=">AAACHXicbVBNS8NAEN3U7/oV9ehltQieSiIFxZPoQY8KbRWaWiababt0Nwm7m0oJ+SNe/CtePCjiwYv4b0xqD1p9y8LjvRlm5vmx4No4zqdVmpmdm19YXCovr6yurdsbm00dJYphg0UiUjc+aBQ8xIbhRuBNrBCkL/DaH5wV/vUQleZRWDejGNsSeiHvcgYmlzp2zTsHKYF6wwB0/zb1dsZPgukzEOl5llGkx9S74wEaLgJM61m5Y1ecqjMG/UvcCamQCS479rsXRCyRGBomQOuW68SmnYIynAnMyl6iMQY2gB62chqCRN1Ox9dldC9XAtqNVP5DQ8fqz44UpNYj6eeVxdp62ivE/7xWYrpH7ZSHcWIwZN+DuomgJqJFVDTgCpkRo5wAUzzflbI+KGAmD7QIwZ0++S9pHlRdp+pe1Sonp5M4Fsk22SX7xCWH5IRckEvSIIzck0fyTF6sB+vJerXevktL1qRni/yC9fEF8UehMg==</latexit><latexit sha1_base64="5kHcGbJLmrXovoP8c/1bzdORnnM=">AAACHXicbVBNS8NAEN3U7/oV9ehltQieSiIFxZPoQY8KbRWaWiababt0Nwm7m0oJ+SNe/CtePCjiwYv4b0xqD1p9y8LjvRlm5vmx4No4zqdVmpmdm19YXCovr6yurdsbm00dJYphg0UiUjc+aBQ8xIbhRuBNrBCkL/DaH5wV/vUQleZRWDejGNsSeiHvcgYmlzp2zTsHKYF6wwB0/zb1dsZPgukzEOl5llGkx9S74wEaLgJM61m5Y1ecqjMG/UvcCamQCS479rsXRCyRGBomQOuW68SmnYIynAnMyl6iMQY2gB62chqCRN1Ox9dldC9XAtqNVP5DQ8fqz44UpNYj6eeVxdp62ivE/7xWYrpH7ZSHcWIwZN+DuomgJqJFVDTgCpkRo5wAUzzflbI+KGAmD7QIwZ0++S9pHlRdp+pe1Sonp5M4Fsk22SX7xCWH5IRckEvSIIzck0fyTF6sB+vJerXevktL1qRni/yC9fEF8UehMg==</latexit>
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Language Runtime”
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Appropriate Linking

� ` e : T
<latexit sha1_base64="s/O2RGsfR99GnXfhCxfwoiILe6A=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwVBIRFE9FD3qs0C9oQplsNu3S3STsbgqh1L/ixYMiXv0h3vw3btsctPXBwOO9GWbmBSlnSjvOt7W2vrG5tV3aKe/u7R8c2kfHbZVkktAWSXgiuwEoyllMW5ppTruppCACTjvB6G7md8ZUKpbETZ2n1BcwiFnECGgj9e2Kdw9CAPbGIaghpvgGN/t21ak5c+BV4hakigo0+vaXFyYkEzTWhINSPddJtT8BqRnhdFr2MkVTICMY0J6hMQiq/Mn8+Ck+M0qIo0SaijWeq78nJiCUykVgOgXooVr2ZuJ/Xi/T0bU/YXGaaRqTxaIo41gneJYEDpmkRPPcECCSmVsxGYIEok1eZROCu/zyKmlf1Fyn5j5eVuu3RRwldIJO0Tly0RWqowfUQC1EUI6e0St6s56sF+vd+li0rlnFTAX9gfX5A8zmk40=</latexit><latexit sha1_base64="s/O2RGsfR99GnXfhCxfwoiILe6A=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwVBIRFE9FD3qs0C9oQplsNu3S3STsbgqh1L/ixYMiXv0h3vw3btsctPXBwOO9GWbmBSlnSjvOt7W2vrG5tV3aKe/u7R8c2kfHbZVkktAWSXgiuwEoyllMW5ppTruppCACTjvB6G7md8ZUKpbETZ2n1BcwiFnECGgj9e2Kdw9CAPbGIaghpvgGN/t21ak5c+BV4hakigo0+vaXFyYkEzTWhINSPddJtT8BqRnhdFr2MkVTICMY0J6hMQiq/Mn8+Ck+M0qIo0SaijWeq78nJiCUykVgOgXooVr2ZuJ/Xi/T0bU/YXGaaRqTxaIo41gneJYEDpmkRPPcECCSmVsxGYIEok1eZROCu/zyKmlf1Fyn5j5eVuu3RRwldIJO0Tly0RWqowfUQC1EUI6e0St6s56sF+vd+li0rlnFTAX9gfX5A8zmk40=</latexit><latexit sha1_base64="s/O2RGsfR99GnXfhCxfwoiILe6A=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwVBIRFE9FD3qs0C9oQplsNu3S3STsbgqh1L/ixYMiXv0h3vw3btsctPXBwOO9GWbmBSlnSjvOt7W2vrG5tV3aKe/u7R8c2kfHbZVkktAWSXgiuwEoyllMW5ppTruppCACTjvB6G7md8ZUKpbETZ2n1BcwiFnECGgj9e2Kdw9CAPbGIaghpvgGN/t21ak5c+BV4hakigo0+vaXFyYkEzTWhINSPddJtT8BqRnhdFr2MkVTICMY0J6hMQiq/Mn8+Ck+M0qIo0SaijWeq78nJiCUykVgOgXooVr2ZuJ/Xi/T0bU/YXGaaRqTxaIo41gneJYEDpmkRPPcECCSmVsxGYIEok1eZROCu/zyKmlf1Fyn5j5eVuu3RRwldIJO0Tly0RWqowfUQC1EUI6e0St6s56sF+vd+li0rlnFTAX9gfX5A8zmk40=</latexit><latexit sha1_base64="s/O2RGsfR99GnXfhCxfwoiILe6A=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwVBIRFE9FD3qs0C9oQplsNu3S3STsbgqh1L/ixYMiXv0h3vw3btsctPXBwOO9GWbmBSlnSjvOt7W2vrG5tV3aKe/u7R8c2kfHbZVkktAWSXgiuwEoyllMW5ppTruppCACTjvB6G7md8ZUKpbETZ2n1BcwiFnECGgj9e2Kdw9CAPbGIaghpvgGN/t21ak5c+BV4hakigo0+vaXFyYkEzTWhINSPddJtT8BqRnhdFr2MkVTICMY0J6hMQiq/Mn8+Ck+M0qIo0SaijWeq78nJiCUykVgOgXooVr2ZuJ/Xi/T0bU/YXGaaRqTxaIo41gneJYEDpmkRPPcECCSmVsxGYIEok1eZROCu/zyKmlf1Fyn5j5eVuu3RRwldIJO0Tly0RWqowfUQC1EUI6e0St6s56sF+vd+li0rlnFTAX9gfX5A8zmk40=</latexit>

� ` eX
<latexit sha1_base64="184rNPZv8As3A91Sfrw5WayNu5g=">AAACC3icbVA9SwNBEN2LXzF+RS1tlgTBKtyJoGXQQssI5gNyIcxtJsmS3btjdy8QjvQ2/hUbC0Vs/QN2/hv3khSa+GDg8d4MM/OCWHBtXPfbya2tb2xu5bcLO7t7+wfFw6OGjhLFsM4iEalWABoFD7FuuBHYihWCDAQ2g9FN5jfHqDSPwgczibEjYRDyPmdgrNQtlvxbkBKoP+6BHlL0JZhhFKc+GyIbSVCjabdYdivuDHSVeAtSJgvUusUvvxexRGJomACt254bm04KynAmcFrwE40xsBEMsG1pCBJ1J539MqWnVunRfqRshYbO1N8TKUitJzKwndmpetnLxP+8dmL6V52Uh3FiMGTzRf1EUBPRLBja4wqZERNLgClub6VsCAqYsfEVbAje8surpHFe8dyKd39Rrl4v4siTE1IiZ8Qjl6RK7kiN1Akjj+SZvJI358l5cd6dj3lrzlnMHJM/cD5/AEtLmzc=</latexit><latexit sha1_base64="184rNPZv8As3A91Sfrw5WayNu5g=">AAACC3icbVA9SwNBEN2LXzF+RS1tlgTBKtyJoGXQQssI5gNyIcxtJsmS3btjdy8QjvQ2/hUbC0Vs/QN2/hv3khSa+GDg8d4MM/OCWHBtXPfbya2tb2xu5bcLO7t7+wfFw6OGjhLFsM4iEalWABoFD7FuuBHYihWCDAQ2g9FN5jfHqDSPwgczibEjYRDyPmdgrNQtlvxbkBKoP+6BHlL0JZhhFKc+GyIbSVCjabdYdivuDHSVeAtSJgvUusUvvxexRGJomACt254bm04KynAmcFrwE40xsBEMsG1pCBJ1J539MqWnVunRfqRshYbO1N8TKUitJzKwndmpetnLxP+8dmL6V52Uh3FiMGTzRf1EUBPRLBja4wqZERNLgClub6VsCAqYsfEVbAje8surpHFe8dyKd39Rrl4v4siTE1IiZ8Qjl6RK7kiN1Akjj+SZvJI358l5cd6dj3lrzlnMHJM/cD5/AEtLmzc=</latexit><latexit sha1_base64="184rNPZv8As3A91Sfrw5WayNu5g=">AAACC3icbVA9SwNBEN2LXzF+RS1tlgTBKtyJoGXQQssI5gNyIcxtJsmS3btjdy8QjvQ2/hUbC0Vs/QN2/hv3khSa+GDg8d4MM/OCWHBtXPfbya2tb2xu5bcLO7t7+wfFw6OGjhLFsM4iEalWABoFD7FuuBHYihWCDAQ2g9FN5jfHqDSPwgczibEjYRDyPmdgrNQtlvxbkBKoP+6BHlL0JZhhFKc+GyIbSVCjabdYdivuDHSVeAtSJgvUusUvvxexRGJomACt254bm04KynAmcFrwE40xsBEMsG1pCBJ1J539MqWnVunRfqRshYbO1N8TKUitJzKwndmpetnLxP+8dmL6V52Uh3FiMGTzRf1EUBPRLBja4wqZERNLgClub6VsCAqYsfEVbAje8surpHFe8dyKd39Rrl4v4siTE1IiZ8Qjl6RK7kiN1Akjj+SZvJI358l5cd6dj3lrzlnMHJM/cD5/AEtLmzc=</latexit><latexit sha1_base64="184rNPZv8As3A91Sfrw5WayNu5g=">AAACC3icbVA9SwNBEN2LXzF+RS1tlgTBKtyJoGXQQssI5gNyIcxtJsmS3btjdy8QjvQ2/hUbC0Vs/QN2/hv3khSa+GDg8d4MM/OCWHBtXPfbya2tb2xu5bcLO7t7+wfFw6OGjhLFsM4iEalWABoFD7FuuBHYihWCDAQ2g9FN5jfHqDSPwgczibEjYRDyPmdgrNQtlvxbkBKoP+6BHlL0JZhhFKc+GyIbSVCjabdYdivuDHSVeAtSJgvUusUvvxexRGJomACt254bm04KynAmcFrwE40xsBEMsG1pCBJ1J539MqWnVunRfqRshYbO1N8TKUitJzKwndmpetnLxP+8dmL6V52Uh3FiMGTzRf1EUBPRLBja4wqZERNLgClub6VsCAqYsfEVbAje8surpHFe8dyKd39Rrl4v4siTE1IiZ8Qjl6RK7kiN1Akjj+SZvJI358l5cd6dj3lrzlnMHJM/cD5/AEtLmzc=</latexit>

� G̀ e : eT
<latexit sha1_base64="5kHcGbJLmrXovoP8c/1bzdORnnM=">AAACHXicbVBNS8NAEN3U7/oV9ehltQieSiIFxZPoQY8KbRWaWiababt0Nwm7m0oJ+SNe/CtePCjiwYv4b0xqD1p9y8LjvRlm5vmx4No4zqdVmpmdm19YXCovr6yurdsbm00dJYphg0UiUjc+aBQ8xIbhRuBNrBCkL/DaH5wV/vUQleZRWDejGNsSeiHvcgYmlzp2zTsHKYF6wwB0/zb1dsZPgukzEOl5llGkx9S74wEaLgJM61m5Y1ecqjMG/UvcCamQCS479rsXRCyRGBomQOuW68SmnYIynAnMyl6iMQY2gB62chqCRN1Ox9dldC9XAtqNVP5DQ8fqz44UpNYj6eeVxdp62ivE/7xWYrpH7ZSHcWIwZN+DuomgJqJFVDTgCpkRo5wAUzzflbI+KGAmD7QIwZ0++S9pHlRdp+pe1Sonp5M4Fsk22SX7xCWH5IRckEvSIIzck0fyTF6sB+vJerXevktL1qRni/yC9fEF8UehMg==</latexit><latexit sha1_base64="5kHcGbJLmrXovoP8c/1bzdORnnM=">AAACHXicbVBNS8NAEN3U7/oV9ehltQieSiIFxZPoQY8KbRWaWiababt0Nwm7m0oJ+SNe/CtePCjiwYv4b0xqD1p9y8LjvRlm5vmx4No4zqdVmpmdm19YXCovr6yurdsbm00dJYphg0UiUjc+aBQ8xIbhRuBNrBCkL/DaH5wV/vUQleZRWDejGNsSeiHvcgYmlzp2zTsHKYF6wwB0/zb1dsZPgukzEOl5llGkx9S74wEaLgJM61m5Y1ecqjMG/UvcCamQCS479rsXRCyRGBomQOuW68SmnYIynAnMyl6iMQY2gB62chqCRN1Ox9dldC9XAtqNVP5DQ8fqz44UpNYj6eeVxdp62ivE/7xWYrpH7ZSHcWIwZN+DuomgJqJFVDTgCpkRo5wAUzzflbI+KGAmD7QIwZ0++S9pHlRdp+pe1Sonp5M4Fsk22SX7xCWH5IRckEvSIIzck0fyTF6sB+vJerXevktL1qRni/yC9fEF8UehMg==</latexit><latexit sha1_base64="5kHcGbJLmrXovoP8c/1bzdORnnM=">AAACHXicbVBNS8NAEN3U7/oV9ehltQieSiIFxZPoQY8KbRWaWiababt0Nwm7m0oJ+SNe/CtePCjiwYv4b0xqD1p9y8LjvRlm5vmx4No4zqdVmpmdm19YXCovr6yurdsbm00dJYphg0UiUjc+aBQ8xIbhRuBNrBCkL/DaH5wV/vUQleZRWDejGNsSeiHvcgYmlzp2zTsHKYF6wwB0/zb1dsZPgukzEOl5llGkx9S74wEaLgJM61m5Y1ecqjMG/UvcCamQCS479rsXRCyRGBomQOuW68SmnYIynAnMyl6iMQY2gB62chqCRN1Ox9dldC9XAtqNVP5DQ8fqz44UpNYj6eeVxdp62ivE/7xWYrpH7ZSHcWIwZN+DuomgJqJFVDTgCpkRo5wAUzzflbI+KGAmD7QIwZ0++S9pHlRdp+pe1Sonp5M4Fsk22SX7xCWH5IRckEvSIIzck0fyTF6sB+vJerXevktL1qRni/yC9fEF8UehMg==</latexit><latexit sha1_base64="5kHcGbJLmrXovoP8c/1bzdORnnM=">AAACHXicbVBNS8NAEN3U7/oV9ehltQieSiIFxZPoQY8KbRWaWiababt0Nwm7m0oJ+SNe/CtePCjiwYv4b0xqD1p9y8LjvRlm5vmx4No4zqdVmpmdm19YXCovr6yurdsbm00dJYphg0UiUjc+aBQ8xIbhRuBNrBCkL/DaH5wV/vUQleZRWDejGNsSeiHvcgYmlzp2zTsHKYF6wwB0/zb1dsZPgukzEOl5llGkx9S74wEaLgJM61m5Y1ecqjMG/UvcCamQCS479rsXRCyRGBomQOuW68SmnYIynAnMyl6iMQY2gB62chqCRN1Ox9dldC9XAtqNVP5DQ8fqz44UpNYj6eeVxdp62ivE/7xWYrpH7ZSHcWIwZN+DuomgJqJFVDTgCpkRo5wAUzzflbI+KGAmD7QIwZ0++S9pHlRdp+pe1Sonp5M4Fsk22SX7xCWH5IRckEvSIIzck0fyTF6sB+vJerXevktL1qRni/yC9fEF8UehMg==</latexit>
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Abstract
Siek and Taha [2006] coined the term gradual typing to describe a theory for integrating static
and dynamic typing within a single language that 1) puts the programmer in control of which
regions of code are statically or dynamically typed and 2) enables the gradual evolution of code
between the two typing disciplines. Since 2006, the term gradual typing has become quite popular
but its meaning has become diluted to encompass anything related to the integration of static
and dynamic typing. This dilution is partly the fault of the original paper, which provided an
incomplete formal characterization of what it means to be gradually typed. In this paper we
draw a crisp line in the sand that includes a new formal property, named the gradual guarantee,
that relates the behavior of programs that di�er only with respect to their type annotations. We
argue that the gradual guarantee provides important guidance for designers of gradually typed
languages. We survey the gradual typing literature, critiquing designs in light of the gradual
guarantee. We also report on a mechanized proof that the gradual guarantee holds for the
Gradually Typed Lambda Calculus.

1998 ACM Subject Classification F.3.3 Studies of Program Constructs – Type structure

Keywords and phrases gradual typing, type systems, semantics, dynamic languages

Digital Object Identifier 10.4230/LIPIcs.xxx.yyy.p

1 Introduction

Statically and dynamically typed languages have complementary strengths. Static typing
guarantees the absence of type errors, facilitates the generation of e�cient code, and provides
machine-checked documentation. On the other hand, dynamic typing enables rapid prototyp-
ing, flexible programming idioms, and fast adaptation to changing requirements. The theory
of gradual typing provides both of these typing disciplines within a single language, puts the
programmer in control of which discipline is used for each region of code, provides seamless
interoperability, and enables the convenient evolution of code between the two disciplines.
Gradual typing touches both the static type system and the dynamic semantics of a language.
The key innovation in the static type system is the consistency relation on types, which
allows implicit casts to and from the unknown type, here written ı, while still catching static
type errors [5, 27, 49].1 The dynamic semantics for gradual typing is based on the semantics

ú
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The consistency relation is also known as compatibility.
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Static and Dynamic Gradual Guarantee!

Varying The Type Precision of a Program 
Monotonically Changes only

static and dynamic type errors
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Theorems about Blame
• Tobin-Hochstadt and Felleisen 2006 

• Wadler and Findler 2008 

• Dimoulas et al.  

• Dimoulas … 

• Takikawa …
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Racket Contract Blame
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point-in?: contract violation
  expected: real?
  given: #f
  in: the 2nd argument of
      (-> pict? real? real? boolean?)
  contract from: point-in-module
  blaming: top-level
   (assuming the contract is correct)
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Wherein Shriram 
Unwittingly Writes My 
Blame Schpiel For Me
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Racket Contract Blame

141

point-in?: contract violation
  expected: real?
  given: #f
  in: the 2nd argument of
      (-> pict? real? real? boolean?)
  contract from: point-in-module
  blaming: top-level
   (assuming the contract is correct)
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