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A long-standing shortcoming of statically typed functional languages is that type checking does not rule out pattern-matching
failures (run-time match exceptions). Refinement types distinguish
different values of datatypes; if a program annotated with refinements passes type checking, pattern-matching failures become impossible. Unfortunately, refinement is a monolithic property of a
type, exacerbating the difficulty of adding refinement types to nontrivial programs.
Gradual typing has explored how to incrementally move between static typing and dynamic typing. We develop a type system of gradual sums that combines refinement with imprecision.
Then, we develop a bidirectional version of the type system, which
rules out excessive imprecision, and give a type-directed translation to a target language with explicit casts. We prove that the static
sublanguage cannot have match failures, that a well-typed program
remains well-typed if its type annotations are made less precise,
and that making annotations less precise causes target programs to
fail later. Several of these results correspond to criteria for gradual
typing given by Siek et al. (2015).
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Yet Standard ML programmers frequently write code that is essentially the same as the scorned operations on Dynamic—and that
has the same unfortunate risk of run-time errors. The definition of
SML (Milner et al. 1997) requires compilers to accept nonexhaustive case expressions, which do not cover all the possible instances
of the datatype. A nonexhaustive case expression is isomorphic to
an implicit tag check over Dynamic: the non-error case is the only
one written out explicitly, while an error case is inserted by the
sneaky compiler.
In fairness, the definition encourages compilers to warn about
nonexhaustive case expressions. But this only causes programmers
to write their own “raise Match” arms, even when the fall-through
case is impossible because of an invariant known by the programmer. This leads to verbose code. In response, Freeman and Pfenning
(1991) developed datasort refinements that can encode many invariants about datatypes, allowing compilers to accept “nonexhaustive”
case expressions when they are known to cover all possible cases.
For case analyses of refined types, the nonexhaustiveness warning
becomes a nonexhaustiveness error, which the programmer should
solve by declaring and using refinements of the datatype.
Unfortunately, this approach is all-or-nothing: either a type is
refined and the compiler rejects a nonexhaustive match over it,
or the type is not refined and the compiler issues a noncommittal warning. In practice, programmers may want to migrate code
written with unrefined types to code that uses refined types; doing
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gous to Theorem 8.3.2. The statement of the theorem needs one small change:
we Γare
in closed terms, with no free variables. For open terms,
⊢ interested
[x # s]t1only
: Bool
theΓ progress
theorem
actually fails: a term like f true is a normal form,
⊢ [x # s]t
2 :T
but not a value. However, this failure does not represent a defect in the lanΓ ⊢ [x # s]t3 : T,
guage, since complete programs—which are the terms we actually care about
evaluating—are
from
which thealways
resultclosed.
follows by T-If.
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termhalf
(thatof
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⊢ ttype
Using the
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lemma,
can prove
the other
for some T). Then either t is a value or else there is some t′ with t "→ t′ . !

property—that evaluation preserves well-typedness.

Proof: Straightforward induction on typing derivations.′The cases for′boolean
$
Theorem [Preservation]: If Γ ⊢ t : T and t %→ t , then Γ ⊢ t : T.
constants and conditions are exactly the same as in the proof of progress for
typed arithmetic expressions (8.3.2). The variable case cannot occur (because
Proof: Exercise [Recommended, &&&]. The structure is very similar to th
t is closed). The abstraction case is immediate, since abstractions are values.
proof of the
type preservation
theorem
for go
arithmetic
expressions (8.3.3)
“Well-typed
programs
don’t
wrong”
The only interesting case is the one for application, where t = t1 t2 with
$
except
the use
of the substitution lemma.
T11 →T
⊢ t1 : for
12 and ⊢ t2 : T11 . By the induction hypothesis, either t1 is a
value or else it can make a step of evaluation, and likewise t2 . If t1 can take a
step, then rule E-App1 applies to t. If t1 is a value and t2 can take a step, then
rule E-App2 applies. Finally, if both t1 and t2 are values, then the canonical
forms lemma tells us that t1 has the form λx:T11 .t12 , and so rule E-AppAbs
!
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gous to Theorem 8.3.2. The statement of the theorem needs one small change:
we Γare
in closed terms, with no free variables. For open terms,
⊢ interested
[x # s]t1only
: Bool
theΓ progress
theorem
actually fails: a term like f true is a normal form,
⊢ [x # s]t
2 :T
but not a value. However, this failure does not represent a defect in the lanΓ ⊢ [x # s]t3 : T,
guage, since complete programs—which are the terms we actually care about
evaluating—are
from
which thealways
resultclosed.
follows by T-If.

Type Safety

$

: T safet
Theorem
[Progress]:
Suppose
t is we
a closed,
well-typed
termhalf
(thatof
is,the
⊢ ttype
Using the
substitution
lemma,
can prove
the other
for some T). Then either t is a value or else there is some t′ with t "→ t′ . !

property—that evaluation preserves well-typedness.

Proof: Straightforward induction on typing derivations.′The cases for′boolean
$
Theorem [Preservation]: If Γ ⊢ t : T and t %→ t , then Γ ⊢ t : T.
constants and conditions are exactly the same as in the proof of progress for
typed arithmetic expressions (8.3.2). The variable case cannot occur (because
Proof: Exercise [Recommended, &&&]. The structure is very similar to th
t is closed). The abstraction case is immediate, since abstractions are values.
proof“Well-typed
of the type preservation
theorem
forwrong”
arithmetic expressions (8.3.3)
programs
don’t
go
The only interesting case is the one for application, where t = t1 t2 with
$
except
the use
of the substitution lemma.
T11 →T
⊢ t1 : for
12 and ⊢ t2 : T11 . By the induction hypothesis, either t1 is a
value or else it can make a step of evaluation, and likewise t2 . If t1 can take a
step, then rule E-App1 applies to t. If t1 is a value and t2 can take a step, then
rule E-App2 applies. Finally, if both t1 and t2 are values, then the canonical
forms lemma tells us that t1 has the form λx:T11 .t12 , and so rule E-AppAbs
!
applies to t.
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3.7.
Well-Typed
Expressions
Go Wrong
The aim
of this work
is largely Do a Not
practical
one. A widely employed
style of programming,
particularly
in structure-processing
languages
which
impose
no discipline
of types,
First we need a simple relation between semantic environments 7 and our type enentails
defining
procedures
which
work well on objects
of a wide variety.
We present
a
vironments-which
are typed prefixed p. We say
formal
type discipline
for such polymorphic
procedures
in the context
of a simple
programming
language,
and a compile
time type-checking
algorithm
w which
enforces
the
r] respects p iff, whenever let x, or hx, or
discipline.
A Semantic
Soundness
Theorem
(based on a formal
semantics
for the language)
$x
x, is “go
active
in jJ, $c]
: p.
states that well-type
programs
cannot
wrong”
and a Syntactic
Soundness
Theorem
states that if fl accepts
a program
then it is well typed.
We also discuss
extending
these
Soundness).
respects jj based
and pon 1 &w is is well
typedalready
then
results THEOREM
to richer 1 (Semantic
languages;
a type-checking If 7 algorithm
in fact
&[dJT : 7.
implemented
and working,
for the metalanguage
ML in the Edinburgh
LCF
system,

A fairly simple structural induction. Take the six cases for & .

Proof.

i.e.,Ifif p ` de : ⌧T then
then |=
p |=
e :dT.: ⌧
(9 x7 . Then either Xx, or fix x7 is active in 3, and ~l[xll : 7, so b//x]7 : 7, or let x0
is active in p, and ~[[x] : o; but then
T < u, so ai[x]~ = ~[x] : 7, by Proposition 1.
1. INTRODUCTION
<latexit sha1_base64="xC7BEmic1T8t5XIxg+hzT35DAgQ="></latexit>

(ii) (&+$,J7 . Then F 1E,,+.,is wt, so b[[ejs : u -+ 7, and similarly &[e’]v, : 0. Then
from the semantic equation (remembering that wrong has no type) and by Proposition 2
The aim of this work is largely a practical one. A widely employed style of programming,
we get &[dJ+ : T.
particularly in structure-processing languages which impose no discipline of types
(iii) (if cLOthen 5: else E:). Straightforward; the only extra detail needed here is that
(LISP Ivis ahasperfect
example), entails defining procedures which work well on objects of
every type.

a wide variety (e.g., on lists of atoms, integers, or lists). Such flexibility is almost essential
(iv) (Ax, * G),+. . Then 8 * Xx, 1E, is wt. Now we require (hv . &[[e] r]{v/x}) in V
in this style of programming; unfortunately one often pays a price for it in the time taken
: p ---f 0. Denote this function by fin V. The inverse of Proposition 2 does not hold,
to findthatrather
inscrutable
who mistakenly
CDRthattowhenever
an atom in
is, to show
f in V : bugs-anyone
p + o it is not sufficient
(though it applies
is necessary)
LISP, v:p,fv:a.Whatisrequiredisthatforevery77--,v~p4u,finV:~4~.
and finds himself absurdly adding a property list to an integer, will know the
symptoms.
such as that of ALGOL 68 [22] which
73
[Milner
1978] On the other hand a type discipline
Suppose then that p +

v

< p -+ u. Then there is a substitution S, involving only the
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of a wide variety.
We present
a
vironments-which
are typed prefixed p. We say
formal
type discipline
for such polymorphic
procedures
in the context
of a simple
programming
language,
and a compile
time type-checking
algorithm
w which
enforces
the
r] respects p iff, whenever let x, or hx, or
discipline.
A Semantic
Soundness
Theorem
(based on a formal
semantics
for the language)
$x
x, is “go
active
in jJ, $c]
: p.
states that well-type
programs
cannot
wrong”
and a Syntactic
Soundness
Theorem
states that if fl accepts
a program
then it is well typed.
We also discuss
extending
these
Soundness).
respects jj based
and pon 1 &w is is well
typedalready
then
results THEOREM
to richer 1 (Semantic
languages;
a type-checking If 7 algorithm
in fact
&[dJT : 7.
implemented
and working,
for the metalanguage
ML in the Edinburgh
LCF
system,

A fairly simple structural induction. Take the six cases for & .

Proof.

i.e.,Ifif p ` de : ⌧T then
then |=
p |=
e :dT.: ⌧
(9 x7 . Then either Xx, or fix x7 is active in 3, and ~l[xll : 7, so b//x]7 : 7, or let x0
is active in p, and ~[[x] : o; but then
T < u, so ai[x]~ = ~[x] : 7, by Proposition 1.
1. INTRODUCTION
<latexit sha1_base64="xC7BEmic1T8t5XIxg+hzT35DAgQ="></latexit>

(ii) (&+$,J7 . Then F 1E,,+.,is wt, so b[[ejs : u -+ 7, and similarly &[e’]v, : 0. Then
from the semantic equation (remembering that wrong has no type) and by Proposition 2
The aim of this work is largely a practical one. A widely employed style of programming,
we get &[dJ+ : T.
particularly in structure-processing languages which impose no discipline of types
(iii) (if cLOthen 5: else E:). Straightforward; the only extra detail needed here is that
(LISP Ivis ahasperfect
example), entails defining procedures which work well on objects of
every type.

a wide variety (e.g., on lists of atoms, integers, or lists). Such flexibility is almost essential
(iv) (Ax, * G),+. . Then 8 * Xx, 1E, is wt. Now we require (hv . &[[e] r]{v/x}) in V
in this style of programming; unfortunately one often pays a price for it in the time taken
: p ---f 0. Denote this function by fin V. The inverse of Proposition 2 does not hold,
to findthatrather
inscrutable
who mistakenly
CDRthattowhenever
an atom in
is, to show
f in V : bugs-anyone
p + o it is not sufficient
(though it applies
is necessary)
LISP, v:p,fv:a.Whatisrequiredisthatforevery77--,v~p4u,finV:~4~.
and finds himself absurdly adding a property list to an integer, will know the
symptoms.
such as that of ALGOL 68 [22] which
73
[Milner
1978] On the other hand a type discipline
Suppose then that p +

v

< p -+ u. Then there is a substitution S, involving only the
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“Gradual” in which sense?
71:22

Ben Greenman and Ma�hias Felleisen

6.1 Gradual Typing
Migratory typing is closely related to gradual typing [66, 67]. In the broad sense, the term gradual
typing has come to describe any type system that allows some amount of dynamic typing. In the
precise sense of Siek et al. [67], a gradual typing system includes: (1) a dynamic type that may
be implicitly cast to any other type; (2) a relation between types that are equal up to occurrences
of the dynamic type; and (3) a proof that replacing any type with the dynamic type can only (3a)
remove a compile-time type error or (3b) remove a run-time boundary error.
Gradual typing and migratory
typing have
di�erent
goals. Migratory
typing always starts with a
[Greenman
&
Felleisen
ICFP18]
dynamically typed language, whereas gradual typing may begin with a static type system and add
a dynamic type [20, 28, 41], an idea that also goes back decades [1, 42, 78].
6.2 Concrete Types
Thorn is a statically-typed language that allows dynamically-typed methods [14, 89]. In particular:
every value in Thorn is an instance of a class; every value has a (concrete) type, i.e., the name
86
of its class; and a method may be de�ned for a dynamically-typed argument, in which case
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Abstract
Static and dynamic type systems have well-known strengths and
weaknesses, and each is better suited for different programming
tasks. There have been many efforts to integrate static and dynamic
typing and thereby combine the benefits of both typing disciplines
in the same language. The flexibility of static typing can be improved by adding a type Dynamic and a typecase form. The safety
and performance of dynamic typing can be improved by adding
optional type annotations or by performing type inference (as in
soft typing). However, there has been little formal work on type
systems that allow a programmer-controlled migration between dynamic and static typing. Thatte proposed Quasi-Static Typing, but
it does not statically catch all type errors in completely annotated
programs. Anderson and Drossopoulou defined a nominal type system for an object-oriented language with optional type annotations.
However, developing a sound, gradual type system for functional
languages with structural types is an open problem.
In this paper we present a solution based on the intuition that the 87

ling the degree of static checking by annotating function parameters
with types, or not. We use the term gradual typing for type systems
that provide this capability. Languages that support gradual typing
to a large degree include Cecil [8], Boo [10], extensions to Visual
Basic.NET and C# proposed by Meijer and Drayton [26], and extensions to Java proposed by Gray et al. [17], and the Bigloo [6, 36]
dialect of Scheme [24]. The purpose of this paper is to provide a
type-theoretic foundation for languages such as these with gradual
typing.
There are numerous other ways to combine static and dynamic typing that fall outside the scope of gradual typing. Many dynamically
typed languages have optional type annotations that are used to improve run-time performance but not to increase the amount of static
checking. Common LISP [23] and Dylan [12, 37] are examples of
such languages. Similarly, the Soft Typing of Cartwright and Fagan [7] improves the performance of dynamically typed languages
but it does not statically catch type errors. At the other end of the
spectrum, statically typed languages can be made more flexible by
adding a Dynamic type and typecase form, as in the work by Abadi
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Typing Gradually
def f(x) = x + 2
def h(g) = g(1)
h(f)
Mixed Checking
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def f(x) = x + 2 Types might be
inferred”
def h(g) = g(1)
[Siek and Vachharajani DLS08]
h(f)
[Garcia and Cimini POPL15]

Mixed Checking
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Gradual Enforcement
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h(f)
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error
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Gradual

Abstract

Siek and Taha [2006] coined the term gradual typing to describe a theory for integrating static
and dynamic typing within a single language that 1) puts the programmer in control of which
regions of code are statically or dynamically typed and 2) enables the gradual evolution of code
between the two typing disciplines. Since 2006, the term gradual typing has become quite popular
but its meaning has become diluted to encompass anything related to the integration of static
and dynamic typing. This dilution is partly the fault of the original paper, which provided an
incomplete formal characterization of what it means to be gradually typed. In this paper we
draw a crisp line in the sand that includes a new formal property, named the gradual guarantee,
that relates the behavior of programs that differ only with respect to their type annotations. We
argue that the gradual guarantee provides important guidance for designers of gradually typed
languages. We survey the gradual typing literature, critiquing designs in light of the gradual
guarantee. We also report on a mechanized proof that the gradual guarantee holds for the
Gradually Typed Lambda Calculus.
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Introduction

Statically and dynamically typed languages have complementary strengths. Static typing
94absence of type errors, facilitates the generation of efficient code, and provides
guarantees the
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Siek and Taha [2006] coined the term gradual typing to describe a theory for integrating static
and dynamic typing within a single language that 1) puts the programmer in control of which
regions of code are statically or dynamically typed and 2) enables the gradual evolution of code
between the two typing disciplines. Since 2006, the term gradual typing has become quite popular
but its meaning has become diluted to encompass anything related to the integration of static
and dynamic typing. This dilution is partly the fault of the original paper, which provided an
incomplete formal characterization of what it means to be gradually typed. In this paper we
draw a crisp line in the sand that includes a new formal property, named the gradual guarantee,
that relates the behavior of programs that differ only with respect to their type annotations. We
argue that the gradual guarantee provides important guidance for designers of gradually typed
languages. We survey the gradual typing literature, critiquing designs in light of the gradual
guarantee. We also report on a mechanized proof that the gradual guarantee holds for the
Gradually Typed Lambda Calculus.
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Siek and Taha [2006] coined the term gradual typing to describe a theory for integrating static
and dynamic typing within a single language that 1) puts the programmer in control of which
regions of code are statically or dynamically typed and 2) enables the gradual evolution of code
between the two typing disciplines. Since 2006, the term gradual typing has become quite popular
but its meaning has become diluted to encompass anything related to the integration of static
and dynamic typing. This dilution is partly the fault of the original paper, which provided an
incomplete formal characterization of what it means to be gradually typed. In this paper we
draw a crisp line in the sand that includes a new formal property, named the gradual guarantee,
that relates the behavior of programs that differ only with respect to their type annotations. We
argue that the gradual guarantee provides important guidance for designers of gradually typed
languages. We survey the gradual typing literature, critiquing designs in light of the gradual
guarantee. We also report on a mechanized proof that the gradual guarantee holds for the
Gradually Typed Lambda Calculus.
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Siek and Taha [2006] coined the term gradual typing to describe a theory for integrating static
and dynamic typing within a single language that 1) puts the programmer in control of which
regions of code are statically or dynamically typed and 2) enables the gradual evolution of code
between the two typing disciplines. Since 2006, the term gradual typing has become quite popular
but its meaning has become diluted to encompass anything related to the integration of static
and dynamic typing. This dilution is partly the fault of the original paper, which provided an
incomplete formal characterization of what it means to be gradually typed. In this paper we
draw a crisp line in the sand that includes a new formal property, named the gradual guarantee,
that relates the behavior of programs that differ only with respect to their type annotations. We
argue that the gradual guarantee provides important guidance for designers of gradually typed
languages. We survey the gradual typing literature, critiquing designs in light of the gradual
guarantee. We also report on a mechanized proof that the gradual guarantee holds for the
Gradually Typed Lambda Calculus.
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Bool = Bool

Bool ⇠ Bool
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Int ! Bool 6⇠ Bool ! Int
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? ! Bool ⇠ Bool ! ?

Consistency conservatively extends equality
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Siek and Taha [2006] coined the term gradual typing to describe a theory for integrating static
and dynamic typing within a single language that 1) puts the programmer in control of which
regions of code are statically or dynamically typed and 2) enables the gradual evolution of code
between the two typing disciplines. Since 2006, the term gradual typing has become quite popular
but its meaning has become diluted to encompass anything related to the integration of static
and dynamic typing. This dilution is partly the fault of the original paper, which provided an
incomplete formal characterization of what it means to be gradually typed. In this paper we
draw a crisp line in the sand that includes a new formal property, named the gradual guarantee,
that relates the behavior of programs that differ only with respect to their type annotations. We
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Abstract

1.

Introduction

Language researchers and designers have extended a wide variety of type systems to support gradual typing, which enables languages to seamlessly combine dynamic and static checking. These
efforts consistently demonstrate that designing a satisfactory gradual counterpart to a static type system is challenging, and this challenge only increases with the sophistication of the type system.
Gradual type system designers need more formal tools to help them
conceptualize, structure, and evaluate their designs.
In this paper, we propose a new formal foundation for gradual typing, drawing on principles from abstract interpretation to
give gradual types a semantics in terms of pre-existing static types.
Abstracting Gradual Typing (AGT for short) yields a formal account of consistency—one of the cornerstones of the gradual typing
approach—that subsumes existing notions of consistency, which
were developed through intuition and ad hoc reasoning.
Given a syntax-directed static typing judgment, the AGT approach induces a corresponding gradual typing judgment. Then
the type safety proof for the underlying static discipline induces
a dynamic semantics for gradual programs defined over source107
language typing derivations. The AGT approach does not resort to

Software developers and researchers alike see great promise in programming languages that seamlessly combine static and dynamic
checking of program properties. One particularly promising and
vibrant line of work in this vein is gradual typing (Siek and Taha
2006). Gradual typing integrates an unknown type ? and a notion
of type consistency into a pre-existing static type system. These
concepts lay the groundwork for designing languages that support
fully dynamic checking, fully static checking, and any point on the
continuum, while supporting incremental migration in either direction. Programmers using such languages enjoy a number of properties that are central to this language design discipline including
complete control over how much checking is done statically versus
dynamically.
Researchers have developed gradually typed variants for a substantial breadth of languages, including object-oriented (Siek and
Taha 2007; Takikawa et al. 2012), typestates (Garcia et al. 2014;
Wolff et al. 2011), ownership types (Sergey and Clarke 2012), security typing (Disney and Flanagan 2011; Fennell and Thiemann
2013), and effects (Bañados Schwerter et al. 2014). Despite these
successes, gradual typing faces important challenges. One key chal-
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Abstract

ling the degree of static checking by annotating function parameters
with types, or not. We use the term gradual typing for type systems
Static and dynamic type systems have well-known strengths and
that provide this capability. Languages that support gradual typing
weaknesses, and each is better suited for different programming
to a large degree include Cecil [8], Boo [10], extensions to Visual
tasks. There have been many efforts to integrate static and dynamic
Basic.NET and C# proposed by Meijer and Drayton [26], and extyping and thereby combine the benefits of both typing disciplines
tensions to Java proposed by Gray et al. [17], and the Bigloo [6, 36]
in the same language. The flexibility of static typing can be imdialect of Scheme [24]. The purpose of this paper is to provide a
proved by adding a type Dynamic and a typecase form. The safety
type-theoretic foundation for languages such as these with gradual
and performance of dynamic typing can be improved by adding
typing.
optional type annotations or by performing type inference (as in
There are numerous other ways to combine static and dynamic typsoft typing). However, there has been little formal work on type
ing that fall outside the scope of gradual typing. Many dynamically
systems that allow a programmer-controlled migration between dytyped languages have optional type annotations that are used to imnamic and static typing. Thatte proposed Quasi-Static Typing, but
prove run-time performance but not to increase the amount of static
it does not statically catch all type errors in completely annotated
checking. Common LISP [23] and Dylan [12, 37] are examples of
programs. Anderson and Drossopoulou defined a nominal type syssuch languages. Similarly, the Soft Typing of Cartwright and Fatem for an object-oriented language with optional type annotations.
gan [7] improves the performance of dynamically typed languages
However, developing a sound, gradual type system for functional
but it does not statically catch type errors. At the other end of the
languages with structural types is an open problem.
spectrum, statically typed languages can be made more flexible by
In this paper we present a solution based on the intuition that the110 adding a Dynamic type and typecase form, as in the work by Abadi
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ABSTRACT
As scripts grow into full-fledged applications, programmers
should want to port portions of their programs from scripting languages to languages with sound and rich type systems. This form of interlanguage migration ensures typesafety and provides minimal guarantees for reuse in other
applications, too.
In this paper, we present a framework for expressing this
form of interlanguage migration. Given a program that consists of modules in the untyped lambda calculus, we prove
that rewriting one of them in a simply typed lambda calculus produces an equivalent program and adds the expected
amount of type safety, i.e., code in typed modules can’t go
wrong. To ensure these guarantees, the migration process
infers constraints from the statically typed module and imposes them on the dynamically typed modules in the form
of behavioral contracts.

originated with dynamically typed languages such as Lisp,
Scheme and Smalltalk. 1 Every bug report has been turned
into a test case; the test suites have been maintained in a
meticulous manner. Unfortunately the big company isn’t
satisfied with the result. Because the software deals with
people’s financial holdings, the company’s management team
wants to cross all the t’s and dot all the i’s, at least for the
critical modules. The team has set the goal to rewrite the
program in a programming language with a sound type system. They believe that this step will eliminate some longstanding bugs from the modules and improve the eﬃciency
of the debugging team. After all, “typed programs can’t go
wrong” [24], i.e., the programmer doesn’t have to look at
code in typed modules when a run-time type check fails.
Currently, this common, realistic situation poses a major
diﬃculty for the (unfortunate) programmers of the company.
Ideally, they should port one module at a time, always leaving the overall product intact and running. Most foreignlanguage interfaces, however, support only connections between high-level languages and C-level libraries. Support
for connecting a high-level typed language with a high-level
dynamically typed language rarely exists. Hence, programmers often re-develop the entire program from scratch and
run into Brooks’s “second system” syndrome [8].
In this paper, we investigate an alternative to this reimplementation approach. Specifically, we present a framework for porting programs in a gradual manner from an
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1.

WHEN SCRIPTS GROW UP

In the beginning, the programmer created a script to
mechanize some routine but problematic task. The script
consisted of a few dozen lines of code in a dynamically typed
and expressive scripting language. Before long, the programmer discovered that friends were coping with similar
problems, and with a few changes here and a few hacks there,
the script became a useful 1,000-line program for his friends, 111
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amount of type safety, i.e., code in typed modules can’t go
wrong. To ensure these guarantees, the migration process
infers constraints from the statically typed module and imposes them on the dynamically typed modules in the form
of behavioral contracts.
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Scheme and Smalltalk. 1 Every bug report has been turned
into a test case; the test suites have been maintained in a
meticulous manner. Unfortunately the big company isn’t
satisfied with the result. Because the software deals with
people’s financial holdings, the company’s management team
wants to cross all the t’s and dot all the i’s, at least for the
critical modules. The team has set the goal to rewrite the
program in a programming language with a sound type system. They believe that this step will eliminate some longstanding bugs from the modules and improve the eﬃciency
of the debugging team. After all, “typed programs can’t go
wrong” [24], i.e., the programmer doesn’t have to look at
code in typed modules when a run-time type check fails.
Currently, this common, realistic situation poses a major
diﬃculty for the (unfortunate) programmers of the company.
Ideally, they should port one module at a time, always leaving the overall product intact and running. Most foreignlanguage interfaces, however, support only connections between high-level languages and C-level libraries. Support
for connecting a high-level typed language with a high-level
dynamically typed language rarely exists. Hence, programmers often re-develop the entire program from scratch and
run into Brooks’s “second system” syndrome [8].
In this paper, we investigate an alternative to this reimplementation approach. Specifically, we present a framework for porting programs in a gradual manner from an
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Abstract
In this day and age, many developers work on large, untyped code repositories. Even if they
are the creators of the code, they notice that they have to figure out the equivalent of method
signatures every time they work on old code. This step is time consuming and error prone.
Ten years ago, the two lead authors outlined a linguistic solution to this problem. Specifically
they proposed the creation of typed twins for untyped programming languages so that developers
could migrate scripts from the untyped world to a typed one in an incremental manner. Their
programmatic paper also spelled out three guiding design principles concerning the acceptance
of grown idioms, the soundness of mixed-typed programs, and the units of migration.
This paper revisits this idea of a migratory type system as implemented for Racket. It explains
how the design principles have been used to produce the Typed Racket twin and presents an
assessment of the project’s status, highlighting successes and failures.
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A soft type system infers types for the procedures and data structures of dynamically typed
programs. Like conventional static types, soft types express program invariants and thereby
provide valuable information for program optimization and debugging. A soft type checker uses
the types inferred by a soft type system to eliminate run-time checks that are provably unnecessary;
any remaining run-time checks are flagged as potential program errors. Soft Scheme is a practical
soft type checker for R4RS Scheme. Its underlying type system generalizes conventional HindleyMilner type inference by incorporating recursive types and a limited form of union type. Soft
Scheme accommodates all of R4RS Scheme including uncurried procedures of fixed and variable
arity, assignment, and continuations.
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Abstract
Gradual typing lets programmers evolve their dynamically typed
programs by gradually adding explicit type annotations, which confer beneﬁts like improved performance and fewer run-time failures.
However, we argue that such evolution often requires a giant
leap, and that type inference can offer a crucial missing step. If
omitted type annotations are interpreted as unknown types, rather
than the dynamic type, then static types can often be inferred,
thereby removing unnecessary assumptions of the dynamic type.
The remaining assumptions of the dynamic type may then be removed by either reasoning outside the static type system, or restructuring the code.
We present a type inference algorithm that can improve the performance of existing gradually typed programs without introducing
any new run-time failures. To account for dynamic typing, types
that ﬂow in to an unknown type are treated in a fundamentally different manner than types that ﬂow out. Furthermore, in the interests
of backward-compatibility, an escape analysis is conducted to decide which types are safe to infer. We have implemented our algorithm for ActionScript, and evaluated it on the SunSpider and V8
benchmark suites. We demonstrate that our algorithm can improve
the performance of unannotated programs as well as recover most
117
of the type annotations in annotated programs.
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Abstract
We present the dynamically typed A-calculus, an extension of the statically typed
I-calculus with a special type Dyn and explicit dynamic type coercions corresponding to
run-time type tagging and type check-and-untag operations. Programs in run-time typed
languages can be interpreted in the dynamically typed L-calculus via a nondeterministic
completion process that inserts explicit coercions and type declarations
such that a
well-typed term results.
We characterize when two different completions of the same run-time typed program
are coherent with an equational theory that is independent
of an underlying I-theory.
This theory is refined by orienting some equations to define safety and minimality of
completions. Intuitively,
a safe completion is one that does not produce an error at
run-time which another completion would have avoided, and a minimal completion is
a safe completion
119that executes fewest tagging and check-and-untag operations amongst
all safe completions.
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<latexit sha1_base64="5kHcGbJLmrXovoP8c/1bzdORnnM=">AAACHXicbVBNS8NAEN3U7/oV9ehltQieSiIFxZPoQY8KbRWaWiababt0Nwm7m0oJ+SNe/CtePCjiwYv4b0xqD1p9y8LjvRlm5vmx4No4zqdVmpmdm19YXCovr6yurdsbm00dJYphg0UiUjc+aBQ8xIbhRuBNrBCkL/DaH5wV/vUQleZRWDejGNsSeiHvcgYmlzp2zTsHKYF6wwB0/zb1dsZPgukzEOl5llGkx9S74wEaLgJM61m5Y1ecqjMG/UvcCamQCS479rsXRCyRGBomQOuW68SmnYIynAnMyl6iMQY2gB62chqCRN1Ox9dldC9XAtqNVP5DQ8fqz44UpNYj6eeVxdp62ivE/7xWYrpH7ZSHcWIwZN+DuomgJqJFVDTgCpkRo5wAUzzflbI+KGAmD7QIwZ0++S9pHlRdp+pe1Sonp5M4Fsk22SX7xCWH5IRckEvSIIzck0fyTF6sB+vJerXevktL1qRni/yC9fEF8UehMg==</latexit>

Injection

Dynamic

<latexit sha1_base64="184rNPZv8As3A91Sfrw5WayNu5g=">AAACC3icbVA9SwNBEN2LXzF+RS1tlgTBKtyJoGXQQssI5gNyIcxtJsmS3btjdy8QjvQ2/hUbC0Vs/QN2/hv3khSa+GDg8d4MM/OCWHBtXPfbya2tb2xu5bcLO7t7+wfFw6OGjhLFsM4iEalWABoFD7FuuBHYihWCDAQ2g9FN5jfHqDSPwgczibEjYRDyPmdgrNQtlvxbkBKoP+6BHlL0JZhhFKc+GyIbSVCjabdYdivuDHSVeAtSJgvUusUvvxexRGJomACt254bm04KynAmcFrwE40xsBEMsG1pCBJ1J539MqWnVunRfqRshYbO1N8TKUitJzKwndmpetnLxP+8dmL6V52Uh3FiMGTzRf1EUBPRLBja4wqZERNLgClub6VsCAqYsfEVbAje8surpHFe8dyKd39Rrl4v4siTE1IiZ8Qjl6RK7kiN1Akjj+SZvJI358l5cd6dj3lrzlnMHJM/cD5/AEtLmzc=</latexit>

e : Te

G̀

Static

` eX

<latexit sha1_base64="s/O2RGsfR99GnXfhCxfwoiILe6A=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwVBIRFE9FD3qs0C9oQplsNu3S3STsbgqh1L/ixYMiXv0h3vw3btsctPXBwOO9GWbmBSlnSjvOt7W2vrG5tV3aKe/u7R8c2kfHbZVkktAWSXgiuwEoyllMW5ppTruppCACTjvB6G7md8ZUKpbETZ2n1BcwiFnECGgj9e2Kdw9CAPbGIaghpvgGN/t21ak5c+BV4hakigo0+vaXFyYkEzTWhINSPddJtT8BqRnhdFr2MkVTICMY0J6hMQiq/Mn8+Ck+M0qIo0SaijWeq78nJiCUykVgOgXooVr2ZuJ/Xi/T0bU/YXGaaRqTxaIo41gneJYEDpmkRPPcECCSmVsxGYIEok1eZROCu/zyKmlf1Fyn5j5eVuu3RRwldIJO0Tly0RWqowfUQC1EUI6e0St6s56sF+vd+li0rlnFTAX9gfX5A8zmk40=</latexit>
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<latexit sha1_base64="5kHcGbJLmrXovoP8c/1bzdORnnM=">AAACHXicbVBNS8NAEN3U7/oV9ehltQieSiIFxZPoQY8KbRWaWiababt0Nwm7m0oJ+SNe/CtePCjiwYv4b0xqD1p9y8LjvRlm5vmx4No4zqdVmpmdm19YXCovr6yurdsbm00dJYphg0UiUjc+aBQ8xIbhRuBNrBCkL/DaH5wV/vUQleZRWDejGNsSeiHvcgYmlzp2zTsHKYF6wwB0/zb1dsZPgukzEOl5llGkx9S74wEaLgJM61m5Y1ecqjMG/UvcCamQCS479rsXRCyRGBomQOuW68SmnYIynAnMyl6iMQY2gB62chqCRN1Ox9dldC9XAtqNVP5DQ8fqz44UpNYj6eeVxdp62ivE/7xWYrpH7ZSHcWIwZN+DuomgJqJFVDTgCpkRo5wAUzzflbI+KGAmD7QIwZ0++S9pHlRdp+pe1Sonp5M4Fsk22SX7xCWH5IRckEvSIIzck0fyTF6sB+vJerXevktL1qRni/yC9fEF8UehMg==</latexit>

Injection

Dynamic

<latexit sha1_base64="184rNPZv8As3A91Sfrw5WayNu5g=">AAACC3icbVA9SwNBEN2LXzF+RS1tlgTBKtyJoGXQQssI5gNyIcxtJsmS3btjdy8QjvQ2/hUbC0Vs/QN2/hv3khSa+GDg8d4MM/OCWHBtXPfbya2tb2xu5bcLO7t7+wfFw6OGjhLFsM4iEalWABoFD7FuuBHYihWCDAQ2g9FN5jfHqDSPwgczibEjYRDyPmdgrNQtlvxbkBKoP+6BHlL0JZhhFKc+GyIbSVCjabdYdivuDHSVeAtSJgvUusUvvxexRGJomACt254bm04KynAmcFrwE40xsBEMsG1pCBJ1J539MqWnVunRfqRshYbO1N8TKUitJzKwndmpetnLxP+8dmL6V52Uh3FiMGTzRf1EUBPRLBja4wqZERNLgClub6VsCAqYsfEVbAje8surpHFe8dyKd39Rrl4v4siTE1IiZ8Qjl6RK7kiN1Akjj+SZvJI358l5cd6dj3lrzlnMHJM/cD5/AEtLmzc=</latexit>

e : Te

G̀

Static

` eX

<latexit sha1_base64="s/O2RGsfR99GnXfhCxfwoiILe6A=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwVBIRFE9FD3qs0C9oQplsNu3S3STsbgqh1L/ixYMiXv0h3vw3btsctPXBwOO9GWbmBSlnSjvOt7W2vrG5tV3aKe/u7R8c2kfHbZVkktAWSXgiuwEoyllMW5ppTruppCACTjvB6G7md8ZUKpbETZ2n1BcwiFnECGgj9e2Kdw9CAPbGIaghpvgGN/t21ak5c+BV4hakigo0+vaXFyYkEzTWhINSPddJtT8BqRnhdFr2MkVTICMY0J6hMQiq/Mn8+Ck+M0qIo0SaijWeq78nJiCUykVgOgXooVr2ZuJ/Xi/T0bU/YXGaaRqTxaIo41gneJYEDpmkRPPcECCSmVsxGYIEok1eZROCu/zyKmlf1Fyn5j5eVuu3RRwldIJO0Tly0RWqowfUQC1EUI6e0St6s56sF+vd+li0rlnFTAX9gfX5A8zmk40=</latexit>
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Static and Dynamic Gradual Guarantee!
Gradual

Abstract

Siek and Taha [2006] coined the term gradual typing to describe a theory for integrating static
and dynamic typing within a single language that 1) puts the programmer in control of which
regions of code are statically or dynamically typed and 2) enables the gradual evolution of code
between the two typing disciplines. Since 2006, the term gradual typing has become quite popular
but its meaning has become diluted to encompass anything related to the integration of static
and dynamic typing. This dilution is partly the fault of the original paper, which provided an
incomplete formal characterization of what it means to be gradually typed. In this paper we
draw a crisp line in the sand that includes a new formal property, named the gradual guarantee,
that relates the behavior of programs that differ only with respect to their type annotations. We
argue that the gradual guarantee provides important guidance for designers of gradually typed
languages. We survey the gradual typing literature, critiquing designs in light of the gradual
guarantee. We also report on a mechanized proof that the gradual guarantee holds for the
Gradually Typed Lambda Calculus.

Varying The Type Precision of a Program
Monotonically Changes only
static and dynamic type errors
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Introduction

Statically and dynamically typed languages have complementary strengths. Static typing
guarantees 133
the absence of type errors, facilitates the generation of efficient code, and provides

Blame
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Theorems about Blame
•

Tobin-Hochstadt and Felleisen 2006

•

Wadler and Findler 2008

•

Dimoulas et al.

•

Dimoulas …

•

Takikawa …
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Racket Contract Blame
point-in?: contract violation
expected: real?
given: #f
Robby Findler
in: the 2nd argument of
(-> pict? real? real? boolean?)
contract from: point-in-module
blaming: top-level
(assuming the contract is correct)
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Wherein Shriram
Unwittingly Writes My
Blame Schpiel For Me
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Racket Contract Blame
point-in?: contract violation
expected: real?
given: #f
Robby Findler
in: the 2nd argument of
(-> pict? real? real? boolean?)
contract from: point-in-module
blaming: top-level
(assuming the contract is correct)
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