
© Alla Sheffer, Helge Rhodin

CPSC 427

Video Game Programming

Helge Rhodin

Curves and Animation
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https://www.pluralsight.com/blog/film-

games/stepped-vs-spline-curves-blocking-animation
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Overview

1. Recap Physical simulation

2. Impulse response

3. Animation basics

4. Curves
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Multiple forces?

Forces add up (and cancel):

• This holds for all types of
forces!

• Notation you might see:

3

𝐹 = −𝑚𝑔1
𝑎1
𝑏1

−𝑚𝑔2
𝑎2
𝑏2
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Ordinary Differential Equations

𝜕

𝜕𝑡
റ𝑋(𝑡) = 𝑓( റ𝑋 𝑡 , 𝑡)

Given that റ𝑋0 = റ𝑋 𝑡0

Compute റ𝑋 𝑡 for t > 𝑡0

∆ റ𝑋(𝑡) = 𝑓( റ𝑋 𝑡 , 𝑡)∆𝑡

• Simulation: 

• path through state-space

• driven by vector field
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ODE Numerical Integration: 

Explicit (Forward) Euler

𝜕

𝜕𝑡
റ𝑋(𝑡) = 𝑓( റ𝑋 𝑡 , 𝑡)

Given that റ𝑋0 = റ𝑋 𝑡0

Compute റ𝑋 𝑡 for t > t0

∆𝑡 = t𝑖 − t𝑖−1

∆ റ𝑋 t𝑖−1 = ∆𝑡 𝑓( റ𝑋 t𝑖−1 , t𝑖−1)

റ𝑋𝑖 = റ𝑋𝑖−1 + ∆𝑡 𝑓( റ𝑋𝑖−1, t𝑖−1)

𝒇(𝑿 𝒕 , 𝒕)

∆𝒕 𝒇(𝑿 𝒕 , 𝒕)

𝑿 𝒕

𝑿 𝒕 + ∆𝒕
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Explicit Euler Problems

• Solution spirals out

• Even with small time steps

• Although smaller time steps 

are still better

Definition: Explicit

• Closed-form/analytic solution

• no iterative solve required
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Trapezoid Method

𝒇𝒕

𝑿 𝒕

𝑿𝒂 = 𝑿 + ∆𝑿(𝒕)

∆𝒕 𝒇(𝑿 𝒕 , 𝒕)

𝑿𝒃 = 𝑿 𝒕 + ∆𝒕 𝒇𝒕

½𝑿𝒂 + ½𝑿𝒃

1. full Euler step get 𝑿𝒂

2. evaluate ft at 𝑿𝒂

3. full step using ft get 𝑿𝒃

4. average 𝑿𝒂 and 𝑿𝒃

𝒇(𝑿 𝒕 , 𝒕)
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• Use forces at destination + 

derivative at the destination

Implicit (Backward) Euler: 

𝒙𝒏+𝟏 = 𝒙𝒏 + 𝒉 𝒗𝒏+𝟏

𝒗𝒏+𝟏 = 𝒗𝒏 + 𝒉
𝑭𝒏+𝟏
𝒎

Solve system of equations
𝜕

𝜕𝑡
റ𝑥
റ𝑣
=

റ𝑣

𝛴 റ𝐹/𝑚

𝒙𝒏+𝟏 = 𝒙𝒏 + 𝒉 𝒗𝒏+𝟏

𝒗𝒏+𝟏 = 𝒗𝒏 + 𝒉
−𝒌 𝒙𝒏+𝟏

𝒎

Example: Spring Force

𝐹 = −𝑘𝑥

Analytic or iterative solve?
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Forward vs Backward

Backward Euler

Forward Euler

𝒙𝒏+𝟏 = 𝒙𝒏 + 𝒉 𝒗𝒏

𝒗𝒏+𝟏 = 𝒗𝒏 + 𝒉
−𝒌 𝒙𝒏
𝒎

𝒙𝒏+𝟏 = 𝒙𝒏 + 𝒉 𝒗𝒏+𝟏

𝒗𝒏+𝟏 = 𝒗𝒏 + 𝒉
−𝒌 𝒙𝒏+𝟏

𝒎

Could one apply the Trapezoid Method

on backwards Euler?
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New today: Impulse response

10 From MIT EECS 6.837 – Matusik
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Particle-Plane Collisions

• Apply an ‘impulse’ റ𝒋 of magnitude j

• Inversely proportional to mass of particle

• In direction of normal

𝒗− 𝒗+

ෝ𝒏 𝒋 = 𝟏 + 𝝐 𝒗−◦ ෝ𝒏 𝒎

റ𝒋 = 𝒋 ෝ𝒏

𝒗+ = 𝒗− +
റ𝒋

𝒎

Impulse in physics: Integral of F over time

In games: an instantaneous step change

(not physically possible), i.e., the force 

applied over one time step of the simulation

What is the

effect of 𝝐 ?

Something

missing?

𝒗⊥
+ = −𝝐𝒗⊥

−

𝒗∥
+ = 𝒗∥

−
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Particle-Particle Collisions (radius=0)

• Particle-particle frictionless elastic impulse response

1. Momentum is preserved

𝒎𝟏𝒗𝟏
− +𝒎𝟐𝒗𝟐

− = 𝒎𝟏𝒗𝟏
+ +𝒎𝟐𝒗𝟐

+

2. Kinetic energy is preserved

½𝒎𝟏𝒗𝟏
−𝟐

+½𝒎𝟐𝒗𝟐
−𝟐

= ½𝒎𝟏𝒗𝟏
+𝟐

+½𝒎𝟐𝒗𝟐
+𝟐

𝒎𝟏

𝒎𝟐

𝒎𝟏

𝒎𝟐

𝒗𝟏
−

𝒗𝟐
− 𝒗𝟏

+

𝒗𝟐
+

Before After
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Particle-Particle Collisions (radius >0)

𝒗𝟏
−

𝒑𝟐: 𝒙𝟐, 𝒚𝟐

𝒑𝟏: 𝒙𝟏, 𝒚𝟏

𝒗𝟐
−

𝒎𝟐

𝒎𝟏

• What we know…

• Particle centers

• Initial velocities

• Particle Masses

• What we can calculate…

• Contact normal

• Contact tangent

Observation: Velocity is preserved in tangential direction
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Reduces to a 1D problem:

• Impulse direction along 

contact normal

• Impulse magnitude 

proportional to mass of 

other particle

Particle-Particle Collisions (radius >0)

𝒗𝟏
−

𝒗𝟐
−

𝒗𝟏
+

𝒗𝟐
+

𝒎𝟐

𝒎𝟏
𝒎𝟐 < 𝒎1

𝒑𝟐: 𝒙𝟐, 𝒚𝟐

𝒑𝟏: 𝒙𝟏, 𝒚𝟏
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Particle-Particle Collisions (radius >0)

𝒗𝟏
+ = 𝒗𝟏

− −
𝟐𝒎𝟐

𝒎𝟏 +𝒎𝟐

𝒗𝟏
− − 𝒗𝟐

− ∙ 𝒑𝟏 − 𝒑𝟐
𝒑𝟏 − 𝒑𝟐

𝟐
𝒑𝟏 − 𝒑𝟐

𝒗𝟐
+ = 𝒗𝟐

− −
𝟐𝒎𝟏

𝒎𝟏 +𝒎𝟐

𝒗𝟐
− − 𝒗𝟏

− ∙ 𝒑𝟐 − 𝒑𝟏
𝒑𝟐 − 𝒑𝟏

𝟐
𝒑𝟐 − 𝒑𝟏

• More formally…

• This is in terms of velocity, what would 

the corresponding impulse be?

https://en.wikipedia.org/wiki/Elastic_collision#Two-dimensional

https://en.wikipedia.org/wiki/Elastic_collision#Two-dimensional
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Self-study: change of velocity (1D) 

17

https://en.wikipedia.org/wiki/Elastic_collision#Two-dimensional

https://en.wikipedia.org/wiki/Elastic_collision#Two-dimensional
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Rigid Body Dynamics 

(rotational motion of objects?)

• From particles to rigid bodies…

Rigid body

𝒔𝒕𝒂𝒕𝒆 =

𝒙 𝒑𝒐𝒔𝒊𝒕𝒊𝒐𝒏

𝒗 𝒗𝒆𝒍𝒐𝒄𝒊𝒕𝒚
𝑹 𝒓𝒐𝒕𝒂𝒕𝒊𝒐𝒏𝒎𝒂𝒕𝒓𝒊𝒙 𝟑𝒙𝟑
𝒘 𝒂𝒏𝒈𝒖𝒍𝒂𝒓 𝒗𝒆𝒍𝒐𝒄𝒊𝒕𝒚

ℝ𝟏𝟐 in 3D

Particle

𝒔𝒕𝒂𝒕𝒆 = ൝
𝒙 𝒑𝒐𝒔𝒊𝒕𝒊𝒐𝒏

𝒗 𝒗𝒆𝒍𝒐𝒄𝒊𝒕𝒚

ℝ𝟒 in 2D

ℝ𝟔 in 3D
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Self-study: Rigid body collision

19

More: https://www.scss.tcd.ie/Michael.Manzke/CS7057/cs7057-1516-09-CollisionResponse-mm.pdf
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Self-study: Constrained physics 

20

By Nilson Souto

https://www.toptal.com/game/video-

game-physics-part-iii-constrained-rigid-

body-simulation
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Logistics

• Team presentations on Tuesday (9th)

• Guest lecture on Thursday (11th)

• Craig Peters (EA)

• Debugging and peer review

• Upcoming lectures

• Testing and User Studies 

• Composite transformations and inverse kinematics animation

21
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CPSC 427

Video Game Programming

Helge Rhodin

Curves and Animation

22

https://www.pluralsight.com/blog/film-

games/stepped-vs-spline-curves-blocking-animation
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Keyframe animation

23
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Recap: Line equation

Parametric form

• 3D: x, y, and z are functions of a parameter value t

24
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What things can we

interpolate?
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Interpolating general properties

• position

• aspect ratio?

• scale

• color

• What else?

25
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Other Parametric Functions
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Splines

27

Segments of simple functions

E.g., linear functions
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Usually parametric

• C(t)=[x(t),y(t)] or C(t)=[x(t),y(t),z(t)]

Description = basis functions + coefficients

• Same basis functions for all coordinates 

Splines – Free Form Curves
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Curves
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Smooth curve

30
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Smooth curve

31
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Smooth curve

32
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Smooth curve

33
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Geometrically-oriented coefficients

• 2 positions + 2 tangents 

Require C(0)=P0, C(1) = P1, C’(0)=T0, C’(1)=T1

Define basis functions, one per requirement 

Hermite Cubic Basis

C t P h t P h t T h t T h t( ) ( ) ( ) ( ) ( )= + + +0 00 1 01 0 10 1 11

Derivatives of C at 0 and 1
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To enforce C(0)=P0, C(1) = P1, C’(0)=T0, C’(1)=T1 basis should satisfy 

Hermite Basis Functions

]1,0[,1,0,:)( = tjithij

curve C(0) C(1) C’(0) C’(1)

1

1

1

1

0

0

0 0

0

0 0

0

0

0

0

0h t00 ( )

h t01 ( )

h t10 ( )

h t11 ( )

C t P h t P h t T h t T h t( ) ( ) ( ) ( ) ( )= + + +0 00 1 01 0 10 1 11

𝒉𝟎𝟎 𝟎 = 𝟏

𝒉𝟎𝟎′ 𝟎 = 𝒉𝟎𝟎′ 𝟎 = 0
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Geometric meaning of coefficients (base)

• Approximate/interpolate set of positions, derivatives, etc..

Will see one example

Splines – Free Form Curves
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Possible solution?

37
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Can satisfy with cubic polynomials as basis

Obtain - solve 4 linear equations in 4 unknowns for each 
basis function

Hermite Cubic Basis

01

2

2

3
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]1,0[,1,0,:)( = tjithij
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Four cubic polynomials that satisfy the 
conditions

Hermite Cubic Basis
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Curves
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Applications: 

Keyframe animation & mesh creation

41

https://www.youtube.

com/watch?v=LLIimJ

xTyNw

Dave’s Tutorial
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