UBC CPSC 536N: Sparse Approximations Winter 2013

Lecture 22 — March 27, 2013
Prof. Nick Harvey Scribe: Zachary Drudi

In this lecture, we prove Tropp’s inequality, asuming Lieb’s inequality. We first state Lieb’s inequality
and record some easy consequences. Then we review the proof of the Chernoff bound before proving
Tropp’s inequality, which can be thought of as a matrix generalization of the Chernoff bound.

1 Preliminaries

Definition 1. If A, B are positive definite, define A ® B = exp(log(A) + log(B)).

This binary operation yields an abelian group on the set of positive definite matrices. In particular, ®
is commutative. Also, if A and B commute then A ® B is the usual product AB.

Theorem 2. (Lieb) Fix any symmetric H. The map A + traceexp (log(A) + H) is concave on
positive definite matrices.

This result is difficult, and we will not be doing the proof.

Corollary 3. trace(A ® B) is concave in A.
Proof. trace(A ® B) = traceexp(log A + log B). Apply Lieb’s theorem with H = log B. [

Corollary 4. Let B be fixed, and A a random matrix. Then E[trace(A ® B)] < trace(E[A] ® B).
Proof. Apply Jensen’s inequality. |

Corollary 5. Let Ay, ..., A be independent random positive definite matrices. Then

Eltrace(A; © ... ® Ay)] < trace(E[A1] © ... © E[A4g])

Proof. Induction, applied to the preceding result. |



2 The Chernoff Bound

To highlight the similarities between Tropp’s inequality and the Chernoff bound, we first present a
complete proof of the Chernoff bound.

Theorem 6. Let X7,..., X} be independent random variables with 0 < X; < R.
Let ptmin < Y, E[X;] < ftmax. Then, for all § € [0,1],

(CL) #max/R (b)

Pr [Zf:1 Xz > (1 4 5),Umax:| < (ﬁ) < 6762,umax/3R
(C) _ Mmax/R (d)

Pr [Zi-‘;l Xi<(1- 5)umm} < (ﬁ) < e hmn/2R,

Inequality (a) is actually valid for all § > 0.

We now prove inequality (a). Inequalities (b) and (d) are proven in the appendix.

Claim 7. . i
Pr ZZ_:le_t < 5226 il:IlE[e }
Proof. Fix 6 > 0.
Pr() . X;>t] = Pr[) ,0X; > 0t]
= Prlexp(d_,0X;) > exp(ft)] (monotonicity of e*)
< e % Elexp(}.,0X:)] (Markov’s inequality)

This expectation can be simplified:

B[exp(S,0X:)] = B[ITe™ ]
= [LLE [eeXi} (independence)

Combining these proves the claim. |

Claim 8. Let X be a random variable with 0 < X < 1. Then

E[e”} < 1+ —1)-E[X].

Proof. For z € [0,1] we have ¢ <1+ (e — 1) -z, by convexity of the left-hand side. Since X € [0, 1],

X <14 -1)-X
— E[e"X} < 1+ (e —1)-B[X],

since inequalities are preserved under taking expectation. |
Proof (of Chernoff Upper Bound). Without loss of generality R = 1.

15, E [e”ﬂ < T, (14 (P~1)-E[X;])  (by Claim[iT)

= exp (ZL log (1+ (¢”—~1) - E[X;] ))
exp (Zle(ee—l) ‘E[X;]) (using log(1 + z) < x)
€xp ((60 - 1):umax)

IN N



Applying Claim [10| with ¢ = (1 + 0) tmax and 6 = In(1 + 6)

Pr ZXi > (14 6),umaX] < exp ( —In(1+6)- (14 5)Mmax) - exp(8 - fhmax)

6 max
= (a7 gm)



3 Tropp’s Matrix Chernoff Bound

Theorem 9. Let X1, ..., X} be independent random d X d symmetric matrices with 0 < X; < R - I.
Let ptmin - I <D, E[X;] < fimax - I. Then, for all § € [0, 1],

=

(a) 5 Hmax/R (® _ 52
Pr [ dmax(S01 X 2 (14 Opimax | = d- (557 2 4. e 0%max/3R

(C) 676 Hmin/R - .
Pr [ Amin(S5, X0) < (1= O)ptmin | = d- (5575 ) < dee /28,

—~
S
=

Inequality (a) is actually valid for all § > 0.

We now prove inequality (a). Inequalities (b) and (d) follow from the discussion in the appendix.

Claim 10. i i
p Amax( Xi)>t < infef .t E[ ele .
[ 2 ] < et QEle

Proof. Fix 6 > 0.

Pr{dmax(D_;Xi) > t] = Pr[Amax(>_,0X;) > 0t] (homogeneity of max eigenvalue)
= Pr[exp (Amax(>_;0X;)) > exp(ft)] (monotonocity of e”)
< e E [exp (Amax(>;0X5)) | (Markov’s inequality)

We can bound the maximum eigenvalue by a trace:

exp (Amax(3;0X5))

= )\max( exp(ZiGXi)) (definition of matrix exponentiation)
< tr (exp(},0X;)) (max eigenvalue < sum of eigenvalues)

Taking the expectation gives the bound:
Pr{dmax(>;Xi) > t] < e . E [tr (exp(EiHXi))] :

This expectation can be bounded:

E[tr(exp(3;0X:)) ] = E[tr(exp(3;log4;))] (let A; = e9%%)
= E[tr(A1 0 -0 Ak)] (definition of ®)
< tr (E[41]®---®E[Ag]) (by Corollary [5)

Combining these inequalities proves the claim. |

Claim 11. Let X be a random symmetric d x d matrix with 0 < X < 1. Then
E [eGX] < I+( 1) E[X].
Proof. For z € [0,1] we have e/* < 1+ (e? — 1) -z, by convexity of the left-hand side. Since X has all
eigenvalues in [0, 1], Claim 2 from Lecture 21 gives
X < T (f-1)- X
— E[e"X} < I+("-1) B[X],

since the Lowner ordering is preserved under taking expectation (Claim 3 from Lecture 21). |

Proof (of Matrix Chernoff Upper Bound). Without loss of generality R = 1. Our first observation is
a bound for a sum of logs:

ZlelogE[eQX’l = k- ZZ 1klog { GXZ'}

e
= k-log (Zk 12E [eexi] ) (by operator concavity of log) (1)
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Next:
w(B[e™]o - oB["])

= trexp (ZZ 1 logE [e"Xi]) (definition of ®)

< trexp (k log ( i 1k [ ] )) (by and Claim 5 from Lecture 21)

< d- Amax ( exp (k log (Z % E [eaXi ] ))) (sum of eigenvalues < d times maximum)
< d-exp (k-log Amax (Zf 17 B [ 0X; ] )) (definition of matrix exp and log)

IA

d

d - exp k-log)\max(I+Zi:1E(e —1)E[Xi])> (by Claim
= d-exp(k-log (1+$)\max(2f:1E[Xi]))

d

d

IN

exp ((e"=1) - Amax (S0 E[ X)) (using log(1 + 2) < )

-exp ((ef—1) - umax)

IN

Apply Claim [10| with ¢t = (1 4 §)ttmax and 6 = In(1 + 9):

Pr [ a0, X0) = (1+ 8)ptma ] < exp (= 1n(1+8) - (14 ) amax) - (- exp(6 - )
1

_ 4. ((1—i_€5)1—~_5)/"‘max



4 Appendix

In this appendix, we prove inequalities (b) and (d) from Theorem [6] The same argument also proves
inequalities (b) and (d) in Theorem [9
4.1 Proof of inequality (b)

Claim 12. Suppose 6 € [0,1]. Then (1+ x)In(1 +z) —z > 22/3.

Proof. Note that the LHS and RHS both vanish at x = 0. So the claim holds if the derivative of the
LHS is at least the derivative of the RHS on the interval [0, 1]. By simple calculus,

i[(1—}—x) In(1+4z) —z] =In(1l + ) and im2/3:2ac/3.

dx dx
At x =0, In(1 4+ z) equals 2x/3. At x = 1, we have In(1 + z) = In(2) > 0.69 and 2x/3 < 0.67. Since
In(1 4+ z) is concave, we have In(1 + x) > 2z/3 for all z € [0, 1]. [ ]

Corollary 13. For all § € [0, 1],

k
Pr[ZXiz(l—ké)umaX] < exp (= (6%/3)pmax/R).

=1

Proof. Claim [12|implies that (ﬁ) < e—02/3. [

4.2 Proof of inequality (d)

Claim 14. Suppose = € [0,1]. Then (1 — z)In(1 — x) +z > 2%/2.

Proof. Note that the LHS and RHS both vanish at £ = 0. So the claim holds if the derivative of the
LHS is at least the derivative of the RHS on the interval [0,1). By simple calculus,

d d
%[(1—1‘)111(1—1‘)4-%] = —In(1 —2) and %m2/2:x.
The linear approximation of —In(1 — x) at x = 0 is
z- L (—In(l-2x)) o= (=) =T

Furthermore, —In(1 — z) is convex on [0,1) because its second derivative is 1/(1 — 2)?> > 0. Thus
—In(1—z) >z on [0,1). |

Corollary 15. For all § € [0, 1],

k
Pr [ZXZ» <(1- 5)umin] < exp ( — (6%/2) ttmin/R)

=1

Proof. Claim (14| implies that (%) < o—02/2. -
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