2D System of Inequalities

Consider the polyhedron -

Q={(x,y):-3x+y<6,
X+y<3,

-y-2x<5,
x-y<4}

e Given x, for what values of y is (x,y) feasible?
e Need: y<3x+6, y<-x+3, y>-2x-5, and y>x-4



2D System of Inequalities

Consider the polyhedron
Q={(x,y):-3x+y<6,
X+y<3,
-y-2X<5,
x-y<4}

X=-3

x=-0.8

F3x+y <6

y

X+y<3

-y-2x<5

e Given x, for what values of y is (x,y) feasible?

e je., y<min{3x+6, -x+3} and y>max{-2x-5, x-4 }

e For x=-0.8, (x,y) feasible if yY<min{3.6,3.8} and y>max{-3.4,-4.8}
* For x=-3, (x,y) feasible if y<min{-3,6} and y>max{1,-7} Impossible!



2D System of Inequalities

e Consider the set
Q={(x,y) : -3x+y<6, x+y<3, -y-2x<5, x-y<4 }

e Given x, for what values of y is (x,y) feasible?
e ji.e., Y<min{3x+6, -x+3} and y>max{ -2x-5, x-4 }
e Such ayexists < max{-2x-5, x-4} < min{3x+6, -x+3}
< the following inequalities are solvable

4 4 A
Every “lower” _ZX_Z E §X+g '5X§11\ XZ'11/5
constraint is < X-4 < oX+ — A =-2x<10 _ . Xx>-5
ever ”LIJ Ier” v _ = Q _< X P > _< X >
y “upp 2x-5 < -x+3 -x<8 X=>-8
constraint — —
X-4 < -x+3 . 2x<7 ) C x<7/2

e Conclusion: Qis non-empty < Q’is non-empty.
e This is easy to decide because Q’ involves only 1 variable!



Fourier-Motzkin Elimination

k>
£

Joseph Fourier Theo&ore Motzkin
* Generalization: given aset Q ={(x,,...,x,) : Ax<b },
we want to find set Q" = { (x’,...,x", ;) : AX’<b’ } satisfying
(Xy,...,%,1)€EQ & Ix, st (xqg,...,%, ,%,)EQ
e Q’is called a projection of Q

e Fourier-Motzkin Elimination is a procedure for producing Q" from Q
* Consequences:

e An (inefficient!) algorithm for solving systems of inequalities,
and hence for solving LPs too

e A way of proving Farkas’ Lemma by induction



Lemma: Let Q = { (x,...,x,) : Ax<b }. We can construct
Q ={(xy,....x" 1) s Ax'<b’ } satisfying
(1) (xg,....x,1)€Q & 3Ix, st (xqg,...%, ,%,)EQ
(2) Every inequality defining Q' is a non-negative linear
combination of the inequalities defining Q.
Proof: Put inequalities of Q in three groups:
Z={i:a;,=0} P={j:a; >0} N={k:a, <0}
WLOG, a; =1 VjeP and a, =-1 VkeN
For any x€R", let x’€IR"! be vector obtained by deleting coordinate x
The constraints defining Q’ are:

n

e a'x'<b, Viez
). ) ) ) . S 'th th 3
° an +akx S bj+bk \V/JEP, \V/kEN This is sum of j*" and k' constraints of Q,

] because n™ coordinate of a; +a, is zero!
This proves (2).

In fact, (2) implies the “<« direction” of (1):

For every x€Q, x’ satisfies all inequalities defining Q.

Why? Because every constraint of Q’ is a non-negative lin. comb.
of constraints from Q, with nt" coordinate equal to O.



Lemma: Let Q = { (x,...,x,) : Ax<b }. We can construct
Q ={(xy,....x" 1) s Ax'<b’ } satisfying
(1) (xg,....x,1)€Q & 3Ix, st (xqg,...%, ,%,)EQ
(2) Every inequality defining Q' is a non-negative linear
combination of the inequalities defining Q.
Proof: Put inequalities of Q in three groups:

Z={i:a;,=0} P={j:a;,=1} N={k:a,=-1}
The constraints defining Q” are:
. ai’x’gbi Viez By definition o_f X,
o a/x'+a/x’ < bjtb, VjeP, VkEN /and $INCe i =1
It remains to prove the “=- direction” of (1). By definition of x,,
a, /X -b, <x,

Note that: a /x’-b, < bi-a/x" VjeP, VkeN.
= max,y {3 x-by } < minj, { bj-a;’x” }

g
Let x,, be this value, and(let x =@’1,. X X)
Then: ax-b,=a’x'-x -b, <0 VkeEN )
bi-ajx =bi-a/x’-x, >0 VjeP » = xeQ
ax=a'x <b, ViezZ
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Variants of Farkas’ Lemma g

Gyula Farkas

The System Ax < b Ax=Db

has no solution x>0 iff | 3y>0, Aly>0, bTy<0 | JyeR", Aly>0, b'y<0

e —

- N
has no solution xeR" iff ( Jy>0, Aly=0, bTy<0 ) dyeR", Aly=0, bTy<0
\ /

e ——

T

We'll prove this one




e Lemma: Exactly one of the following holds:
—There exists xeR" satisfying Ax<b

—There exists y>0 satisfying y"A=0 and y'b<0

e Proof: Suppose x exists. Need to show y cannot exist.

Suppose y also exists. Then:

0=0z=y Az <y'b<0

Contradiction! y cannot exist.



e Lemma: Exactly one of the following holds:
—There exists xeR" satisfying Ax<b
—There exists y>0 satisfying y"A=0 and y'b<0

e Proof: Suppose no solution x exists.
We use induction. Trivial for n=0, so let n>1.
We use Fourier-Motzkin Elimination.
Get an equivalent system A'x’<b’ where
(A’ 0)=MA b’=Mb
for some non-negative matrix M.

Lemma: Let Q = { (x,...,x,) : Ax<b }. We can construct

Q" ={(xq,....x,1) : Ax’<b’ } satisfying

1) Qis non-empty < Q’is non-empty

2) Every inequality defining Q’ is a non-negative linear combination
of the inequalities defining Q.

(This statement is slightly simpler than our previous lemma)




e Lemma: Exactly one of the following holds:
—There exists xeR" satisfying Ax<b

—There exists y>0 satisfying y"A=0 and y'b<0
* Proof:

Get an equivalent system A'x’<b’ where
(A’ 0)=MA b’=Mb

for some non-negative matrix M.

We assume Ax < b has no solution, so A’x’<b’ has no solution.

By induction, dy’>0 s.t. y"TA’=0 and y’"b’< 0.

Define y=MTvy’.

Then: y>0, because y’>0 and M non-negative
VIA=y'TMA=y'T(A’|0)=0
vib=y'"TMb=y'"Tb’ <0



