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Let f : R® — R be a convex function. In these notes, we consider methods for solving
infzex f(z). In general, this infimum is not achieved, but for simplicity we will assume throughout
that it is achieved by at a point z*. (Otherwise, one could assume that z* is an approximate
minimizer, since our algorithms provide only approximate solutions anyways.)

1 Lipschitz functions

1.1 The basic setting

We begin with the most basic setting, in which f is L-Lipschitz with respect to the Euclidean norm.
Since f is convex, we have df(x) # () for all x € R™. The algorithm is shown in Algorithm

Algorithm 1 Gradient descent for minimizing a convex, 1-Lipschitz function over R".
1: procedure GRADIENTDESCENT(z1 € R", T € N)
2. Letn=1/VT
3: fori+1,...,T—1do
4: Tiy1  x — ng;, where g; = Vf(x;) if f is differentiable, and otherwise g; is any
subgradient in df(z;).
5: return Zszl x; /T

Theorem 1.1. Suppose that f : R" — R is convex and 1-Lipschitz (with respect to ||-||,). Fix an
optimal solution z* € argmin, f(z) and a starting point z; € R™. Define n = ﬁ Suppose that

|lz1 — x*|y < 1. Then

1 X
f(T;xz> - f(z*) <

Sl-

Proof. We bound the error on the it iteration as follows:

flx) — f(2*) < (gi xi —x") (by the subgradient inequality (3.2]))

1
= —(x; — ®it1, T — ") (by the gradient step in line
n



1

= 5 (s = @il + llee = 3 = llziss = a713) - (by the cosine law B))

To analyze the average error, sum the previous displayed equation over i. The last two terms
telescope, yielding

T T
S ()~ F@) < o ((Z i = zigal ) + llos = a3~ s x*n%)

i=1 277 1=1

T
1
< 27<Z HUQ@H% + ||z1 — x*”g) (by the gradient step in line [4)
i
T
< % + 5 (by (3.4) and assumption on z1)
n

Dividing by 7" and using Jensen’s inequality (Lemma and the definition of 7 gives

T 1 n 1 1
f(Zf)‘f(x*) < Zf(f(fﬂz)_f(x*)) < 5‘*’@ = ﬁv

i=1
as required. ]

Remark. Theorem achieves the optimal rate for any algorithm that only accesses f using a
subgradient oracle [2, Theorem 3.13].

Remark. Thinking ahead to future topics, let us observe a troubling aspect of this algorithm.
We may think of R™ as an abstract vector space V. The gradient V f(x;) then lives in the dual
space V*, whereas the iterates x; lie in the primal space V. Nevertheless, the algorithm performs
arithmetic between these objects lying in different spaces. If we think of gradients as row vectors,
then we are implicitly using the transpose operation to map from the dual to the primal space.

General reduction from arbitrary scale & Lipschitz value. The analysis present above
assumes that the given function f is 1-Lipschitz. How shall we handle a function that is L-
Lipschitz? It also has a certain “scale assumption” ||z; — 2*||, < 1. How could we handle a general
scale, say ||z1 — 2*||, < R? In Section |1.7| we will discuss a general reduction that can handle such
scenarios.

Theorem 1.2. Suppose that we have a theorem giving a convergence rate guarantee ¢(7') for
gradient descent assuming f is 1-Lipschitz and assuming the “scale” ||z1 — z*||, < 1. Suppose h is
an L-Lipschitz function whose “scale” is bounded by R. Then there is a black-box reduction from
h to f, showing that gradient descent on h achieves convergence rate RL - ¢(T).

1.2 The constrained setting

In this section we consider the problem min,cx f(x) where X is a closed, convex set. Again, f is
assumed to be convex and 1-Lipschitz.

The ordinary gradient descent algorithm does not ensure that the iterates remain in X. In this
section we modify the algorithm to project back onto X. The algorithm now takes a gradient step



from the iterate x; to compute a new point y; 11, then projects onto X to obtain the new iterate
Lj41-

Algorithm 2 Projected gradient descent for minimizing convex, 1-Lipschitz functions over a convex
set.

1: procedure PROJECTEDGRADIENTDESCENT(X CR", z; € X, T € N)

2. Letn=1/VT

3: fori+1,...,T—1do

4: Yit1 < x; —ng;, where g; € Of (;).

5: Tiy1 < Mx(yiv1)
6: return Y. 2;/T

The algorithm, shown in Algorithm [2], is a slight modification of Algorithm [I The theorem is
a slight modification of Theorem The only changes are highlighted below.

Theorem 1.3. Let X C R” be a convex set. Suppose that f: X — R is convex and 1-Lipschitz

with respect to ||||,). Fix an optimal solution z* € argmin, f(z) and a starting point ;1 € X .
2 T

Define n = % Suppose that ||z1 — 2*||, < 1. Then

1 T
f(Tz_;x> - f@) <

5l-

Proof. We bound the error on the it iteration as follows:

flx) — f(z%) < (gi i — ™) (by the subgradient inequality (3.2]))

1

= —(xi— Yiy1, i — ") (by the gradient step in line
n
1 2 *12 * 2 .

= %( ‘ Ti — Yit1 H2 + ||z — 2¥||5 — H Yigl — T H2) (by the cosine law (3.1]))
1 2 " *

< g (o = s |, + s =15 — s —"15).

The last line uses Claim since x;41 is the projected point Iy (y;+1) and x* € X, the corollary
yields that [|z;y1 — 2*[|3 < |lyis1 — 2*||3. To analyze the average error, sum the previous displayed
equation over 7. The last two terms telescope, yielding

T T
1 2 X X
(f@) — F@?) < 5 ((Z s = wst |) + s = 213 = arsa — 2 H%)
i=1 T\ M=
LT
< ?<Z Ingill3 + llz1 — ac*||§) (by the gradient step in line [4)
YA
1 .
< 5 + o (by (3.4) and the assumption on z)
n



Dividing by 7" and using Jensen’s inequality (Lemma and the definition of 7 gives

T ; T 1 . . ,

i=1

as required. O

1.3 Online setting

Suppose that at time step ¢, the algorithm proposes a point x;, the adversary chooses a function
fi, and the algorithm receives a subgradient g; € df;(x;). The algorithm’s cost of this iteration is
fi(x;). The goal is to minimize the regret (or total regret), which is defined to be

Regret(T Z filxy) — Illé%zf’

This is the algorithm’s cost minus the cost of the best fized point.

The projected gradient descent algorithm (Algorithm [2)) works in this setting with only trivial
changes: replacing f with f; throughout. The modified algorithm is shown in Algorithm [3] The
theorem is a slight modification of Theorem

Algorithm 3 Online projected gradient descent for Lipschitz functions.
1: procedure ONLINEPROJECTEDGRADIENTDESCENT(X C R", 21 € X, T € N)
2: Let n = 1/ﬁ
3: fori+1,....,T—1do
> Incur cost f;(x;), receive a subgradient g; € 0f;(z;)

4: Yi+1 < Tj — NG;
5: Tiy1 + x(yiv1)
Theorem 1.4. Let X C R™ be a convex set. Suppose that fi, fa,... : X — R are convex and

1-Lipschitz (with respect to [|-||,). Fix a starting point z; € X. Define n = \/1:7 Suppose that

|z1 — 2*||, < 1. Then the regret satisfies

T
Regret(T Z fi(z:) — fi(z )) < VT.

=1

Proof. We bound the error on the " iteration as follows:

fi (z3) = fi (%) <

—~

Gi, Ti — ") (by the subgradient inequality (3.2))

1
= — (@ — Yir1, x; — ") (by the gradient step in line [))
n
1 * * .
= 5 (s = wisal i = 2l = lyia = 213) - (by the cosine law BT))
1 2 2 2
< 5 (o =gl + o = "1 s — "),



The last line uses Claim [3.4] ﬂ since $1+1 is the projected point Iy (y;1+1) and z* € X, the corollary
yields that ||z;s1 — 2*|3 < [[yiz1 — 2*||3. To analyze the average error, sum the previous displayed
equation over i. The last two terms telescope, yielding

T
* 1 *
> (fi @) = fi @) < 5 ((Z s = isall3 ) + s = 113 = lorsa — 2 H%)
i=1
T
< <Z Ingsll5 + llx1 — :c*Hg) (by the gradient step in line [4)
i=1
nT 1 .
< 5 tor (by (3.4) and definition of R)
n

Jensen’s inequality is not needed here, as we wish to bound the regret: the total error of the iterates.
Substituting 1 completes the proof of the regret bound. O

1.4 Unknown time horizon (with diameter bound)

A disadvantage of the preceding algorithms is that they require the step size 1 to be chosen with
knowledge of T, the iteration at which a good approximation is desired. What if T" is not known at
the time that gradient descent starts executing? It is possible to make GD oblivious to the value
of T' by allowing the step size to depend on the iteration.

Let us illustrate this technique by analyzing the online, projected setting. This result requires a
slightly stronger hypothesis: a bound on the diameter of X. The proof is very similar to the proof
of Theorem [L4

Algorithm 4 Online projected gradient descent for Lipschitz functions, with unknown time hori-
zon.
1: procedure ONLINEPROJECTEDGRADIENTDESCENT(X C R", 27 € X)
2: Let n; = 1/y/i for all i € N
3: 141
4: repeat
> Incur cost f;(x;), receive a subgradient g; € 0f;(x;)

5: Yit1 < Ti — 1iG;
6: Tiy1 + Ty (yiv1)
7: 1 1+1
8: until solution desired in iteration T
Theorem 1.5. Let X C R” be a convex set. Suppose that fi, fo,... : X — R are convex

and 1-Lipschitz (with respect to ||-||,). Let n; = \/LZ Suppose that diam(X) < 1. Then the regret
satisfies

T
Regret(T) = Z (fi(wi) = fi(z*)) < V2T vT > 1.
i=1



Consequently, in the offline setting where each f; = f,
1 T
(330 - o0 <
1=

References. This result is originally due to [8, Theorem 1], with slightly worse parameters. See also [3] Theorem
3.1].

VT > 1.

N

Proof. We bound the error on the " iteration as follows:

filzi) — filz™) < (gi, zi —2") (by the subgradient inequality (3.2))
1
= (i — Yig1, x; — ™) (by the gradient step in line
T
1 * * :
= g (= vl + i = o715~ lyia = 2°13) - (by the cosine law BT))
(2

< (o= w3+ s = 2713~z — 2”13,
i

The last line uses Claim (3.4 -: since $H_1 is the projected point Iy (y;11) and z* € X, the corollary

yields that [|z;41 — 2*||3 < ||yir1 — 2*||3. To analyze the average error, sum the previous displayed

equation over i. The last two terms no longer telescope, but nearly do, and this is enough to get a

good upper bound:

T
fz xz fz ))

i=1

<Lyl yan ||:c1—xug+§:< )Hx._x*”2_|yxT+l—x*u§

T2\ N Mi-1 ' : NT+1

T ; T
1 (| a]
<3 Z 2 + \/52 (\/; =i= 1) (by definition of 7; and the diameter bound)
SV i=1
T
1 1
- 9 (Z 5 +v 2T> (by (3.4) and telescoping)
=1 Vb

<

(ﬂ +V2T)  (by Claim[3)
< V2T

This completes the proof of the regret bound.



In the offline setting, we divide by 7" and use Jensen’s inequality (Lemma [3.8), obtaining

T
S 2 (f(@i) - f=*) < VIT.

T o
f(Z?%) I < 2

1.4.1 Removing the diameter bound

Theorem [1.5]is nice in that it allows decreasing step sizes. However, unlike our previous theorems, it
requires a diameter bound on X instead of simply bounding the distance ||z; — 2*||. This additional
assumption is distasteful and, as it turns out, unnecessary. In this section we remove this assumption
by introducing a stabilization trick, in which each iterate x; is always mixed with a certain fraction
of the starting point x;.

Algorithm 5 Stabilized online projected gradient descent for Lipschitz functions.
1: procedure STABILIZEDGRADIENTDESCENT(X CR" ;€ X, n: N =R, v: N — R)
2: repeat
> Incur cost f;(x;), receive a subgradient g; € 0f;(z;)

3 Yitl < Ti — i

4: iv1 < Yilly(yir1) + (1 —v)x1  (project y;+1 onto X then mix with z)
5 1—1+1

6 until solution desired in iteration T'

Theorem 1.6. Let X C R"™ be a convex set. Suppose that fi, fa,... : X — R are convex and
1-Lipschitz (with respect to ||-||;). Assume that ||z; —2*|, < 1. Let n; = ﬁ and v; = ni41/Mi-
Then the regret satisfies

Regret(T Z filxy) — fi(z )) < V2T vT > 1.
=1

Proof. Defining x;; as the mixture ;11 = v¥;IIx(yi+1) + (1 — v;)z1 has a useful consequence due
to convexity.

%i I (1) = 2[5+ (1 =) ey —a*[l; (by convexity of -[3)

IN

i1 — 213
*12 1 *12 * 12
= Wli) =213 2> (o =213 = (1 =30 o = 2”1 )
(2

i * (|2 Ui * (12
= i —2*3 - (- 1) e — 23, (1.1)
Ni+1 Mi+1

by the definition of ~;.



Next, we follow the proof of Theorem The error on the i*" iteration is bounded as follows:
fi(zi) = fi(z")

1 2 2 2
g (i = vl + i = 15 = e = 2713
(2

IN

IN

1 * * :
o (s = w3 + 1o = o[ = Ma(win) = a*[5) (b Claim B)
(2

1 7
< 2(Hxi—ym%Hxi—x*ué—Zuwm—x*n%( L) Hm—x*r\3> (by Eq. (1))
i i+1 Ti+1
Uz = gielly | Nz — 2%l Jlies — 2713 11 *|2
= 5 + - (== =)l =211 ).
T i Mi+1 ANyl Tk
telescopes tele;cropes

Summing this over ¢ yields

Z fz -% fz ))

=1

< L5 Il ymuz I Y (el S el W SRS A P
T2\ . ni Nit1 — \Niv1 M 2
1= = K2
T 2
1 i — yz+1H2 lzr — ™[5 ,
< = telescoping
(2 T
Ly ngzlb s — 213
= = < Z > (by the gradient step in line 3)
2\~ nr
1, T
< 5(21% + ) (by the assumptions ||g;||, < 1 and ||z; — 2™||, < 1)
i=1
1/ 2 . .
<3 <E\/T + 2T) (by Claim and the definition of ;)

1.5 Stochastic gradient setting

Now we consider the setting in which we have a stochastic gradient oracle. When executed at
a point x, it returns a vector § such that the expectation of § (conditioned on the past) is in
Of(x). The stochastic gradient descent algorithm, shown in Algorithm |§|, is a trivial modification
of Algorithm [2] to use this stochastic oracle.

The expected error of the stochastic gradient descent algorithm is easy to analyze. The proof
is a modification of Theorem that just requires a bit of care with conditional expectations.

First let us introduce some notation. Let F; denote the sigma-field generated by ¢1, ..., g;. If



Algorithm 6 Stochastic gradient descent for minimizing convex, Lipschitz functions over a convex
set.
1: procedure STOCHASTICGRADIENTDESCENT(X C R", z; € X, t € N)

2: Let n =1/t

3: fori<«1,...,tdo

4: Let g; be a random vector obtained from the subgradient oracle at x;
> SoE [gz ’ Fi—l] € af(l‘z)
Yir1 < T — 1 Gi

6: Tip1 < Hx(yiv1)

return Y \_, x;/t

=

that is an uncomfortable notion for you, just think of F; as being the vector (g1, ..., g;). Define

Expected subgradient: ¢; = E[g | Fi—1]

Noise in subgradient: 2, = ¢; — g;
Theorem 1.7. Let X' C R"™ be a convex set. Suppose that f: X — R is convex. Assume that:
(a) gi € Of (x;) for all i (with probability 1).

(b) E [||giy|§} <1 for all .

Fix an optimal solution z* € argmin,, f(x) and a starting point x; € X. Define n = ﬁ Suppose
that ||z1 — 2*||, < 1. Then

References. [0, Theorem 14.8], [2, Section 6.1].

Proof. Hypothesis (a) and the subgradient inequality (3.2)) imply that
flzi)—f@@*) < (gi,zi—z*) = (E[g | Fie1], s —z*) (with probability 1).

Observe that both the left- and right-hand side are J;_;-measurable random variables. To see this,
note that z; = x1 — 172;;11 Jj, so the randomness of z; is completely determined by g1, ..., gi—1.
Taking the (unconditional) expectation

E[f(z:)] = f(z") < E[(E[g | Fia], zi—a") ]
E[ E[(g zi—2%) | Fia] |
= E[<gl,$z—$*>],

since E[E[A | F']] = E[A] for any random variable (or sigma-field) F'.



We bound the error on the i*! iteration as follows:

E [f(zi)] = f@") = B [{gi,zi—2")]

[1
= E | —(x; — yit1, & — x™) (by the gradient step)
L7
[ 1 2 * (|2 * 12
= B | 5o (ot = wenall3 o+ llmi = 21 = s = 2”13 )
[ 1 2 *12 *12
< 1B | 5o (o= wosall + s = 13 = howsa = 2°1B ) |

The last line uses Claim since x;41 is the projected point Iy (y;1+1) and z* € X, the corollary
yields that ||z;41 — x*Hg < lyiv1 — x*||§ To analyze the average error, sum the previous displayed
equation over i. The last two terms telescope, yielding

T
1 * *
E [%<(ani—yi+lr§) + llzy = a3 = llorsa — 2 H%)]
=1
1 T
5 (S8 ||

=
| —
[~
—
=
3
|
=
)
*
S—
SN—
| IS
IN

IN

2
2] + ||z — a;*Hg) (by the gradient step)

i=1
nT 1 . .
< 5 + > (by hypothesis (b) and assumption on x7)
n

Dividing by T and using Jensen’s inequality (Lemma and the definition of 7 gives

(27)

as required. ]

1 1

E —f(@*) < E Z;(f($z)_f(w*))] < g_'—ﬂ = ﬁ7

Remark. Suppose that f is 1/2-Lipschitz and that E [||21||2} < 1/4 for each i. By Theorem
we have ||g;|| < 1/2 for all i (with probability 1). Furthermore,

E[11°] = E[lg—2IP] < 2B[lal®+1a1°] < 20 +E[I20°]) < 1

So Theorem [I.7] applies.

1.6 Analysis of the last iterate

Theorem 1.8. Let X C R"™ be a convex set. Suppose that f: X — R is convex and 1-Lipschitz
(with respect to [|-||5). Define n; = % Suppose that diam(X) < 1. Then Algorithm ﬁ satisfies

3(2+1logT)

flar) - fat) < 22

References. Shamir-Zhang [7, Theorem 2].

10



Algorithm 7 Projected gradient descent for minimizing a convex, 1-Lipschitz function f with an

unknown time horizon.
1: procedure PROJECTEDGRADIENTDESCENT(X C R", z; € X)

2: for i+ 1,2,... do

3 Let n; = 1/\6

4: Yitl < T — nig;r, where g; € Of(x;).
5 Tip1 < My (yiv1)

Proof. The first step is identical to the proof of Theorem
f(@i) = fw) < (gi, 2 —w)

1
= —(Zi = Yit1, Ti — W)

Ua

1 2 2 2
= o (s = ot + s = wl3 = 1y — w3 )

i

1 2 2 2

5 (llzi = w3 + i = wl} = loia — wl3 ).

i

The next step is similar to the proof of Theorem except that the sum starts at ¢ = T — k.
Crucially, instead of substituting w = x*, we substitute w = x7_, which causes the quantity
|7k — wl|3 to vanish.

IN

T
(f (@) = flzr—i))
i=T—k
T T
<y ”x;”' +3 3 (-5 s arli - o llore - oral?
i=T—Fk i i=T—hg1 1 Tl m
T T
< Z ”7719z||2 Z Vi—1 di bound
< 5 Vi—i— (diameter bound)
e o
T
1 1 1
= - Z — 4+ (VT —-VT —k) (Lipschitz assumption)
2 i 2
i=T—k
3
< ;¢T— T —k—1),

due to the bound

IN

b -1 4
ZW < /_1 %dx 2(vb — Va —1).

Thus, using Claim we have

w

XT: fra) < 3. k+1
e = T T — k-1
Now divide this by k + 1 and define Sy = k%_l ST o f(x:) to obtain

3
2T

[\]

Sk — fler—x) <

11



Observe that kSi_1 = (k+ 1)Sg — f(z7—_k). Combining this with the previous inequality yields

3
kSip_1 = kSL+ (Sk — _ < kS + ——.
k-1 k4 (Sk — flar—p)) < b UT

Dividing by k, we obtain
3

Spq < Sp+——.
YN

Thus, by induction,
3 1
xr) = Sg < Sp_q1+ —— - < St ——— :
f(xr) O_leﬁ;k_Tl Wi

Finally, in the proof of Theorem we have already shown that

T

1 3
Sr—1— f(z*) = = x;) — f(z¥)) < —.
r = ) = () - 1) < 5o
Combining the last two inequalities yields
. 3 3(1+1logT)
zr)—flz7) < + ,
completing the proof. O

1.7 General reduction from arbitrary scale & Lipschitz value
Our analyses above make two assumptions

e Scale of codomain: the given function f is 1-Lipschitz, and

e Scale of domain: |z —a*||, < 1.

How can we handle a general scale, say an L-Lipschitz function with ||z; — 2*||, < R? There is a
general reduction that can handle such scenarios.

Meta-theorem. Suppose that we have a theorem giving a convergence rate guarantee ¢(7') for
gradient descent assuming that f : X — R is 1-Lipschitz and assuming [lz; — 2*||, < 1. Suppose
that h: X — R is a convex function that is L-Lipschitz, and such that ||z; — 2*|| < R. Then there
is a black-box reduction from h to f, showing that gradient descent on h achieves convergence rate
RL - ¢(T).

Proof of meta-theorem. Let OPT = mingcy h(z). Define ¥ = X/R and f : X — R by

1

flz) = ﬁ(h(Ra:) — OPT).

Thus,
h(z) = RL- f(z/R) + OPT (1.2)
min f(z) = 0.

zeX

12



Claim 1.9. v € Oh(z) iff v/L € 0f(x/R).
Consider running gradient descent on h with step sizes 1, = Lii/i from the starting point xq,
producing iterates a9, 3, .... Let g; be the subgradient used in the i*" iteration. Define §; = g;/L.

Simulataneously, imagine running gradient descent on f with step sizes 7 = % = %nt and
vectors §; = gi/L, from the starting point #; = x1/R. Let &2, 73, ... be the vectors produced.

Claim 1.10. #; = x;/R for all i > 1.

Proof. By induction, the case i = 1 true by definition. So suppose true up to i. By definition
gi € Oh(x;), so Claim [L.9] implies that §; € 0f(z;/R) = 0f(&;). Then

1 L 1

. R . 1 1
Tiv1 = Li—0i i = pri— gl 79 = @i —nigi) = prier. O

To illustrate the meta-theorem, we apply it to Theorem obtaining:

Theorem 1.11. Suppose that f : R”™ — R is convex and L-Lipschitz (with respect to [-||,). Fix
an optimal solution z* € argmin, f(z) and a starting point x; € R™. Define n = RL\/T' Suppose
that ||z1 — 2*[|, < R. Then

T T
h(Ziﬁ) — h(z*) = RLJ(ZR}) (by (L2))

i=1

=1
T .

- RL-f(Z?) (by Claim [10)
=1

IN

RL
— by Theorem |1.1)).
7z (o

13



2 Strongly convex and Lipschitz functions

In this section we consider a stronger assumption on the function f: we assume it is a-strongly
convex and L-Lipschitz.

2.1 Online setting

First of all we do the online, projected setting, with unknown time horizon. The theorem is a
modification of Theorem [L.5l

Algorithm 8 Online projected gradient descent for strongly convex, Lipschitz functions, with
unknown time horizon.
1: procedure ONLINEPROJECTEDGRADIENTDESCENT(X C R", 27 € X)
2: Let n; = 1/i forallie N
3: 14+ 1
4: repeat
> Incur cost fi(z;), receive a subgradient g; € 9f;(x;)
Yi+1 < Ti — 1iGi
Tiv1 < a(yiv1)
14 1+1
until solution desired in iteration T'
return Zszl -

Theorem 2.1. Let X C R" be a convex set. Suppose that fi, fo,... : X — R are 1-strongly
convex and 1-Lipschitz (with respect to ||-||,). Set 7; = +. Then

T
Regret(t) = Y (filzi) — filz")) < # VT > 1.

=1

Consequently, in the offline setting where each f; = f,

T
1 1+1InT
SN - fat) < > 1.
f<Ti:1$z> f) = 2 e

References. In the online setting, this result originally appeared as [4, Theorem 1]. See also [3| Theorem 3.3], [I}
Theorem 2.3].

Proof. We bound the error on the it iteration as follows:

filw) — fia?) < g mi—at) — glm—a’l} by @)

1 1
= 77—( Ti — Yitl, Ti — T ) — 3 ||z — x*||§ (by the gradient step in line [5))
(2
1 2 * 12 *112 1 *12
= 5o (s =gl 4 e ="l e 1) — Gl ="l (boy @T))
7

14



1 2 2 2 i 2

< 5 (e =gl + s = 213 = oo —2*13 ) = 5 llws = %113 -
i

The last line uses Claim [3.4] . since xlﬂ is the projected point Iy (y;1+1) and z* € X, the corollary

yields that ||z;s1 — 2*|3 < [lyiz1 — 2*||3. To analyze the average error, sum the previous displayed

equation over ¢. The parameter 7; is chosen so that the sum involving the last three terms will

telescope:

Z filzi) = filz ))

=1
T

lzi —yiralls | 1/1 w2 1 1 1 .2
Slertenlh L) 1S (2 L)

IA

i Ti—1

= migilly |, 1 a2 IS (o 0
= >t g () e =l 3 (1= G- 1) = 1) e =2
i=1 ~———

1=2 ~~

=0 =0

_ 1§T:||giu§
24~
1=1
1+InT
—_— 2 .

This completes the proof of the regret bound. Dividing by T and using Jensen’s inequality
(Lemma [3.8)), we obtain

T ) T n
(5] < Lt -y < St

as required. O

2.2 Improved bound in the offline setting

In the offline setting, we can improve the analysis by a factor of log(7T") through the use of a
non-uniform convex combination. The algorithm, shown in Algorithm [9] is a small variant of
Algorithm 8] with non-uniform averaging. The theorem is a modification of Theorem

Theorem 2.2. Let X C R"™ be a convex set Suppose that f: X — R is 1-strongly convex and

1-Lipschitz (with respect to ||-||5). Set n; = Then, letting \; =

H—l T(T+1)/2’

d 2
f(Z /\ixi>—f(ﬂf*) < 7
=1

References. [2, Theorem 3.9], [I, Theorem 2.4], [5].

Remark. Theorem is optimal [2, Theorem 3.13].
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Algorithm 9 Projected gradient descent for strongly convex, Lipschitz functions, with an unknown
time horizon.
1: procedure STRONGGDNONUNIFORM(X C R", z; € X)

2: Let n; = ZJ%I for all i € N

14+ 1

repeat
Yit1 < x; — 10;9;, where g; € 0f(x;)
Tip1 < Hx(yiv1)
1 1+1

until solution desired in iteration T

T 7 )
return Zi:l m ZT;

Proof. We bound the error on the " iteration as follows:

f) = S < {goai—at) - glm=al3 by @B)

1 1
= — (& — Yit1, v — ") — 5 s — *|3 (by the gradient step in line [5)
i

1 2 *112 * 12 1 * 12
= o (o=l 4 o= 21 = i - ) - Gl Gy @D)
(2

1 2 2 2 1 2
< o (s = genl + o = 2713 = wews —213) = 5 llas =213
2n; 2

The last line uses Claim since ;41 is the projected point Iy (y;+1) and z* € X, the corollary

yields that ||z 1 — 2*||3 < [Jyiz1 — «*|)3.

To avoid a harmonic sum arising from the first term, we first multiply this inequality by ¢ before
summing. First, we simplify as follows:

. oy < ilmgly o1 1 e :
i (f) = f@) < SRR (g = ) e =l gl — 2l
7 (2 (2
illgilly | (iti+1) _ 2i 2 i+ 1) 2
= St (T = ) i =l = S e — 2”3
I .
< 145+ (i = Do — 2" = iG+D) o — 213 )-

Now, summing over ¢, the right-hand side telescopes and we obtain

;i.(fui)—f(m*)) < T—iT(T.H) fera 22 < T.

Dividing by T'(T'+ 1)/2 and applying Jensen’s inequality completes the proof.
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3 Basic Facts

Claim 3.1 (Cosine Law).
la =0l = llallz — 2276+ [Bll;  Va,beR™ (3.1)
Claim 3.2. ForanyneN,2y/n—-2<>"", % < 2y/n—1.

Claim 3.3 (Difference of square roots). /a —+va—b = ﬁ.

Proof. Note that (va — va —b)(va+va—b)=+a>—va—b =b. O
Claim 3.4 (Projection decreases Euclidean distance). |y (y) — x|y < |ly — ||, for all z € X.

Definition 3.5 (Subgradient). Let f: X — R"™ be a function. Recall that a subgradient of f at
x is any vector g satisfying:

fly) = f@)+(g,y—x) Vyecki. (3.2)

Theorem 3.6 (Lipschitz equivalence). Let X’ be convex and open. Let f : X — R be convex. For
any norm ||-||, the following conditions are equivalent.

e f:X — Ris L-Lipschitz with respect to ||-|:
[f(@) = f| < Lle—yl  Vo,yed. (3.3)
e f has bounded subgradients:
lgll, <L Vwe X, g€ df(w). (3.4)
Claim 3.7. Suppose that f is a-strongly convex and g € 9f(z). Then
f@) 2 J@)+{gy—a)+Slle—yl; vyex. (3.5)
Lemma 3.8 (Jensen’s inequality). Let f: X — R be a convex function. Let z1,...,x, € X. Let

Ay ooy An € [0,1] satisfy > A = 1. Then f(O°0 Niz) < Doy Nif ().
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