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Multivariate Gaussian Theorem (see KPM)

Theorem 4.2.1 (Marginals and conditionals of an MVN). Suppose x = (x1,x2) is jointly Gaussian
with parameters
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Then the marginals are given by

—ppx) = N ()ED

p(x2) = N(x2|py, Xo2)

and the posterior conditional is given by

p(x1]x2) :N(Xl\ﬂuza Z31|2)
Mo = My + X135, (X2 — )
= My — A1_11A12(X2 — o)
=32 (Aripy — Aga(x2 — o))
g = X1 — XX, Xo = AL}
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Gaussian basics
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Gaussian basics




GP: adistribution over functions
A GP I1s a Gaussian distribution over functions:

F(x) ~ GP(m(x). k(x,%))

m(x) = E[f(x)] —
p(x.x) = E[(f(x) = m(x)(f(x) —m(x))"] Uf(ﬂ% t') = exp(—gz(r — a’)?

n samples from the GP prior
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Sampling from P(f)

from __ future _import division
Import numpy as np
Import matplotlib.pyplot as pl

ef kernel(a, b)
"GP ed exponentia kernel """

sgdist = np.sum(a**2,1).reshape(-1,1) + np.sum(b**2,1) - 2*np.dot(a, b.T)
return np.exp(-.5* sgdist)

n=50 lZL/ # number of test points.
Xtest = np.linspace(-5, 5, n).reshape(-1,1) # Test points.
K_ = kernel(Xtest, Xtest) # Kernel at test points.

i\
# draw samples from the prior at our test poi nE./ K~
L = nplinalg.cholesky(K_ + 1e-6*np.eye(n)) e I\
f_prior = np.dot(L, np.random.normal (s ze=(n,%0))) & )

pl.plot(Xtest, f prior) V



GP posterior

D = {(xi. fi).i=1: N}

(D)p(f) I -
p(D) dota
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Posterior fit

Active learning with GPs
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Confidence intervals

Fosterior mean prediction
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Noilseless GP regression

we observe a training set D = {(x;, f;),i = 1: N}, where f; = f(x;)
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Given a test set X, of size N, x D, we want to predict the function outputs f..
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where K = (X, X) is N x N, K, = r(X, X,) is N x N,, and K., = k(X,, X,) is Ny x N,.




Noiseless GP regression
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p, = p(X)+ K KH(f—p(X))
= K..-K/K 'K,

Ten samples from the GP posterior




Effect of kernel width parameter

i(a.0') = oFexp(—55(@ =) Lol g




Noisy GP regression

017
m — f_}i) + 6 where € ~ N(O:U,f,)

p(fIX) = Nf\O K)

p(ylf) = IL N (il fi. o)
cov [y|X] = K +[oIn/ = K,

W
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Noisy GP regression

X
In the case of a single test input, this simplifies as follows
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where ky = [K(Xe,X1)s .- K(XeXn)] and kew = K(X, X T
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Noisy GP regression and Ridge

X € Rnxd
min ||y — X8|5 + 5|05 =) y € R"
= | %
T -2 T : 1xd
(X'X +0’1)8 =Xy | X; € R
solution can be written a.{@z@vhereg = 0"%(y — XQ),
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N Noisyd(%P regression and Ridge

A .
(X'X +61)0 =X"y el

solution can be written as 8 = X! o/ where a = §?(y — X0)

« can also be written as follows: a = (XXT + 521.”,)_1y
o~
vix\\

Sq = Y-XO
8'10( < Y —XXT(X

XXT‘X "‘QIIV\DK = y

V¥ o ¥ - x*XTo(



Noisy GP regression and Ridge
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Learning the kernel parameters

Max g mal L eliwood

ply|Xp= / (y 6. X)p(f[X) df

(¥
=)

p(f|X)'= N (£]0. K) p
p(y|E)= [T, N(yil fi. 02)

1 1 N
log p(y[X) = log N(y|0. K,) = —5yK, y - 5 10g [Ky [ — - log(2m)

. - _ (K™
70 — log p(y|X) 5Y Kl, 7, 'Ky > tr(K, 70, vy &



Numerical computation considerations

— kTKly K, = LLT
\/W a=K, ly = L L=y
/J\Lﬂ’\ ) ™
Lwm <Y quQ
Algorithm 15.1: GP regression
1 L= cholesky(K +0201); € A
\-ﬁ’IE L\ ) o
fil =kia; "
1 v=L\kg
5 var [f.] = K(Xs, X)) — viv;
6 logp(y|X) = % Ta—> . log Li; — % log(2m)




Next lecture

In the next lecture, we capitalize on GPs to introduce active
learning, Bayesian optimization and GP bandits.

For arecent article on bandits and at
work at Google, see:

http://anal ytics.blogspot.ca/201.3/01/multi-armed-bandit-
experiments.htmi

For an article on Bayesian optimization, see:

http://arxiv.org/abs/1012.2599



