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PROBABILITY DISTRIBUTIONS

Type|1D MultiD

D  |Binomial Bin(x|n, ) Multinomial Mu(x|n, 0)

D  |Bernoulli Ber(x|f) |Multinomial Mu(x|1,0)

C  |Gaussian N (x|u, o%) | Gaussian N (x|, X)

C Beta Beta(x|ag, o) |Dirichlet Dir(z|aq, ..., ax)



DISCRETE PROBABILITY DISTRIBUTIONS

Binomial X € {0,1,...,N}, 0 € [0,1]
Bi(X|n,0) = @ g5 (1 — )"~

Bernoulli X € {0,1}, 8 € [0, 1]
B€<X‘(9) — 9X(1 L Q)I—X — 9[(X21)<1 L H)I(X:O)

Multinomial X;. € {0,1,..., N}, 6;. € |0,1], Zéil 0. =1
. K
Mu(X|n,0) = §
(X, 0 (K>H ]

Multinomial X € {1,..., K}, 0, €0,1], Sor 6, =1
K .
Mu(X]1,0) = ] o]

J
J=1



1D (GAUSSIANS

Univariate € R, t € R, 0 € R

1 _ 1
N(zlp,0) € ———=e 22

Vomo?




MULTIVARIATE NORMAL

MVN z € RY, 1 e RY, X psd

p2(x.y)




MVN: MARGINALS AND CONDITIONALS

plylx=x0)

= p(x.,y)
KO ._.- --- -

px) T

p(x1,22) = p(a2)p(x1|T2)
= N(zo|p2, Bo2) N (z1|p1p, By )0)

Hijp = p1+ Y1985, (22 — p1o)
2l = 211 — 19555 591



BETA DISTRIBUTION

Beta z € [0,1], ag, 1 € RT

Lol gyl ()

Beta(x|aq, ap) = Blay.an)

a
4

3 1.5
2 1
1\ ) 0.5
0

0 0.5 1

a=2.00, b=3.00
2




DIRICHLET DISTRIBUTION

Dirichlet 2 € [0, 1], Duirj=1a;¢€ R

1 _ _ _
D(x|a) = T 1-:1:30 1---:1:(;([( : (12)

Z ()
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MAXIMUM LIKELIHOOD ESTIMATION

n n
gmle = arg max log Zl_[l p(x;]0) = arg max ; log p(x;|0) (13)

e Most widely used point estimate (enjoys various theoretical proper-
ties, often gives intuitive answer)

e \When maximizing likelihood with constraints, use Lagrange multipli-
ers eg., for multinomial, we maximize

06 =log [0, + a1 =" 6p) (14)
k k

e Frequentist (classical) statistics represents uncertainty in estimates
by deriving the sampling distribution @A(Xlzn) from the underyling
distributions of the X;: often this is asymptotically Gaussian. From
this, we can derive confidence intervals.



SOME MLES
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Bernoulli
n
Multinomial
;=
n
Gaussian
1= 2 i Ti _ =
n
1 _
0% = - Z(:zaZ — CL‘)2
1
1 B 7 1
2= EZ(% —T)( —T)" =

(15)

(16)

(17)

(18)

(19)
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BAYESIAN PARAMETER ESTIMATION

In Bayesian statistics, all forms of uncertainty are represented with prob-
ability distributions. We estimate parameters using Bayes rule

p(D[0)p(0) _ p(D|0)p(0)
p(D) [ p(D|0)p(6)db

A natural conjugate prior p() is a distribution of the same functional
form as the likelihood p(D|#). In this case, the posterior p(6|D) is
also the same form, and can be used as a prior for the next round of
learning.

p(f|D) =

(20)
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BETA-BERNOULLI MODEL

e Prior
1
9) = Be(0 - p—11 — gyao—loy
p(0) e(0|aq, ap) Blar.on) ( )70 (21)
(o))
B = 22
(@1.00) = [ 22
e Likelihood
N
p(D|0) = TToM (1 —6)"0 (23)
i—=1
e Posterior

p(8|D) = Be(aj + Ni, a9+ No) = Be(ay, o) (24)
e Marginal likelihood:
B(ay), af)

p(D) = Blay. op) (25)




e Posterior predictive.

p(X =1|D) =

/
aq

/ /
ozﬁ—ozo

16

(26)
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DIRICHLET-MULTINOMIAL (M; = 1) MODEL

e Prior
SNy - 1 ap—1 pao—1 ar—1
p(0|d) = Dir(0|a) = Za) 0, 0,0 -0 (27)
K
Zpi(@) = 1 25)
F(2liz i)
e Likelihood
K
p(D]f) = H (29)
7=1
e Posterior

p(0|D,@) = Dir(ag + Ny, ...,ax + Ng) = Dir(al, ..., o))



e Marginal likelihood:

e Posterior predictive

Z i (N + &

p(D) DZ?“( — )
ZDZ'?“(O‘)

, a; + N

p(X = j|D) L

18
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NORMAL-NORMAL MODEL

e Prior
p(p) = N(ulpo, 00) = L exp <1(M — Mo)2> (34)
ooV 2T 20(2)
e Likelihood
N
P(Dlp,0”) = | [N(@ilp, 0%) o< N(Z|p,0°/N)  (35)
i=1
e Posterior
p(ulD,0%) = N(ulpy, oR) (36)
o2 NO'%
HN = Nol T ko Nol+ —SHML (37)
0'20'(%

oa, =
N NJ(Q)+02



e Marginal likelihood
p(D) = N(Z|po, o5 +0°/N)
e Posterior predictive
p(X|D,0%) = N(X|uy, 05 +0)

20

(39)

(40)
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POSTERIOR MEAN

Posterior mean E|0|D] is a common point estimate derived from the
posterior. It is convex combination of prior mean and MLE. For Beta-
Binomial:

o] Ny

E0|D| = 1 — 41
01D) = v+ (1 - w)— (1)
where w = (a1 + ag) /(N7 + No + a1 + ap).
For Normal-Normal:
E(u|D) = wpg + (1 —w)x (42)

_ N
Where w = m
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POSTERIOR MODE (MAP ESTIMATION)

Posterior mode is another common point estimate
OMAL — arg max p(0|D) = arg maxlog p(D|0) + logp(d)  (43)

This is equivalent to penalized (regularized) maximum likelhiood.

For a Gaussian, posterior mode = posterior mean.

For a Beta, N |
GMAP _ 1+ a1 — (44)
No+ N1 +a1+ap—2
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EMPIRICAL BAYES FOR A (GAUSSIAN MEAN

Suppose X; ~ N(0;,0°) and 6; ~ N(u,72). We will estimate the
hyper parameters using ML-II:

(1,7%) = argmax | [ p(Xilp, ) (45)

1
= al”gmaXH/p(Xz'Wz')p(ei\u,T2)d9¢ (46)
i

= arg max HJ\/'(:CZ-\,u, 7+ o) (47)
1
We find
1 n
=~ 2 r; =T (48)
1=

7 = §* —o? (49)



SHRINKAGE

25

Plugging in the estimated hyperparameters yields the following posterior

mean:

AN

0 =Br+(1—B)x;, =7+ (1 — B)(z; — )

where the shrinkage factor is
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(50)

(51)
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EMPIRICAL BAYES FOR THE BETA-BINOMIAL MODEL

Suppose X; ~ Bin(n;,0;) and 0; ~ Beta(a, ). We can estimate the
hyper parameters using ML-II:

(o, B) = al“gmaXH/p(Xi\ez')p(ez'!O@ﬁ)d@i (52)
I, Xi=D+a,1(X;=0)+0)
o H Bla, ) o

or we can use method of moments to get

my(my — tmy)
mi((t — 1)my +t) — tmo
(t —my)(mg — tmy)
mi(4mq +t) — tms

Q

(54)

o (55)

where my =157 | X, and mo = 231 XZ and t = n;.
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BAYESIAN (GENERATIVE) CLASSIFIERS

plz,y) _ plzly)p(y)
ple) 0 plaly)py)

p(ylr) = (56)

p(y) is Multinomial.

Class conditioan| densities p(x|y) can be Gaussian or multinomial or
other.
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height

We usually use the plug-in rule

p(zly = c) = N(zfic, Xe) (57)
where the MLEs are
5, 1 S
fe = N, Z Ly (58)
1:Y;=C
A 1 R AN ~
2 = N, Z (Ti — fic)(T; — fic) (59)

i:yi:C



But we could be more Bayesian and use

p(zly = c) = //N (@|pte; Be)p(pe)p(Ee)dpcde

This results in a multivariate T-distribution which has fatter tails.

30

(60)



MULTINOMIAL CONDITIONAL DENSITIES
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We make the naive Bayes assumption

p(zly = c) = Hp vily = c)

We usually use the plug-in rule

5 I(x;
plajly = o) = plajly = e.0;0) = [[ 014"
k=1

j B Zi:yz-:c ]<x’ij — k)
jC]f o NC

where the MLEs are

(61)

(62)

(63)



But we could be more Bayesian and use

p(zly = c) /Mu xj|0ic)Dir(0clcje)dl . = H chk
k=1

where we plug in the posterior mean parameters
7 Zi:yz-:c [(:EZ']' = k) + ek
g =
Je Nc+Zk/&jck/

32

=k)

(64)

(65)
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CLASS POSTERIOR FOR (FAUSSIANS

If the class-conditional densities are Gaussian, then the posterior be-

comes

p(Z]Y = j)p(Y = j) (66)
S p(EY = k)p(Y = k)
Tj exp [ 5(T — ) SN - Mj)}

) Dk T) €XD {—%(l‘ — ) TS (F - Mk)}

p(Y = j|&) =

(67)
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2 CLASS CASE GIVES RISE TO LOGISTIC REGRESSION

p(Y = 1|7) = o(3' 7+ ) (68)
where
def ——1

B = X7 (1 — o) (69)

def _ T
v = =y — pp)'S 1(#1+#0)+10g7r—0 (70)

1 2

o(z) © — (71)

l4+e 7> e~+1
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K CLASS CASE GIVES RISE TO SOFTMAX REGRESSION

ﬂj@®{—%@?—uﬂT2}Vf—wwﬂ

p(Y = j|7) = — —— (72)
S mexp | —5(F = u) TS E - )]
exp {,uTZ r — Q,u] I'y - ,u] + log ﬂ]}
= (73)
> 1 €XD [ Iy~ 1x—§,ukZ 1,uk+log7rk}
If we define
9]- lef [ —H; Iy= Iu1] +logm;\ _ (7]) (74)
2 fhj ﬁ]
then we find
o 6«9]-T3:‘ 6T£IZ+7]
p(Y = j|7) = (75)

Z/{ 6(9%5? Zk 6@?1’%—7]{



DECISION BOUNDARY IN 1D
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DECISION BOUNDARIES IN 2D

The discriminant becomes
9;(T) = logp(Z|Y = j) +log P(Y = j) (76)
. 1,4 p
= —3(F — ) 7N T — ) - 5 l0g(27) — 5log [3] + log p(Y 77)

If > = X is shared, decision boundaries are linear, otherwise quadratic.

All boundaries are linear Some linear, some quadratic
10
10
5
5
0
X 0
-5
-10 -5 0 5 10 -10 -5 0 5 10
All boundaries are quadratic There are only 2 decision regions




