CS540 Machine learning

Lecture 16
EM: theory and applications




e Conditional mixture models
 EM for Empirical Bayes

e “Sparse Bayesian learning”
« EM theory
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Need to model p(y|x)

Neural net models E[y|x]



Ambiguity in inferring 3d from 2d

Sminchisescu



Mixture of gaussians

Deterministic nodes in green double circles
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p(yia Zq = k|9) P(Zz' — k|0)(Yi|Zi =k, 0)

Mu(z; = k|7, DN (v, g, Zi)



Conditional mixture of gaussians

p(zi = k|xi, 0)p(y,|zi =k, 0)
Mu(z; = k[S(xi, B), N (y,[1g, Zi)

p(yza R = k|Xi7 0)



mixture of linear regression

p(z; = k|0)p(yi|x;, zi = k,0)
Mu(z; = klm, DN (yi|x; Wi, o)



Conditional mixture of linear regression

p(zz - k’le', 0)p(yZ|X’w i = k) 0)
MU(Z,L' — k|S(X27 B)? I)N(y’b|x?wk‘7 O-I%)



Mixtures of linear regression
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Mixtures of logistic regression




EM for CondMixLinReg

e EXxpected complete data log likelihood

p(y’L? zi|Xi7 0) — H p — klx’l? (yZ|X'La 2 = k‘, H)I(Zzzk)

le(y,2[x,0) = ZZI k) log S(k|xi, B)

=1 k=1

( ‘|‘I(Z7j = k) logN(yi|X?Wk,Ul%)
O—/\/ Q(e Ot) —_— 14 ( Z|X 9)

] B . , |9t Y7

9. 2

r - Z ZP(Zz’ = k|xi, y:,6") log S(k|x;, B)
i—1 k=1
/ £ ¢+ +p(zi = klxi, yi,0") log N (i |[x; Wi, 07)
C e
i
O - E step: compute responsibilities  p(z; = k|x;, yi, 0")

. —+ M step: weighted IRLS for B, weighted LS for w, residual for o



Cluster weighted regression

p(ym Xiy 2 — k|9)
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p(zi = k|0)p(xi|z;: = k,0)p(yi|xi, zi = k, 0)
Mu(z; = k|m, 1)N (x;|mg, Ek)N(yi|X?Wk,Ui)




Hierarchical mixture of experts

Probabilistic regression tree of fixed depth



Hierarchical mixtures of experts

A twer level bolanced Hierarchical Mistiwres of Experty mwodel . .
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CondMixLinReg
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p(zi = k|x;, 0)p(yi|xi, 2: =k, 0)
MU(Z,L' — k|S(X27 B)? I)N(y’b|x?wk‘7 O-I%)



Mixture density networks

P(Zz' — k|Xz', 0)p(yi|xz’> z; =k, 9)
Mu(z; = k| f(x:), N (yi|gr (x:), exp(hr(x:)))

p(Yi, zi = k|x;,0)

Have to use gradient descent or generalized EM



CondMixBernoulli
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Mu(z; = k|S(x;,B), 1) | | Ber(yi,jluj.x)

71=1



CondMleernoulllMlx

H d
p(y;lzi = k,0) = Zp(hi = h|0) H Ber(yi,;|1j,n.k)
h=1 j=1
p(y;, 2z =k, hi = h|x;,0) = p(zi =k|x;,0)p(h; =hlz; =k, 0)p(y;|hi = h,z; =k,0)

d
= Mu(z; = k|S(x4,B), 1)Mu(h; = h|mg, 1) H Ber(vi j|t4in.k)
j=1



e Conditional mixture models
 EM for Empirical Bayes

e “Sparse Bayesian learning”
« EM theory



Empirical Bayes

Method Definition
Maximum likelihood 0 = arg maxy p(D|0)
MAP estimation 6 = argmaxy p(D|0)p(0|a)

Empirical Bayes & = argmax, p(D|a) = arg max,, [ p(D|0)p(0|c)dd

A

EB = Type Il maximum likelihood
= evidence approximation
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EM for EB

Esep = p(0D,a)xp(0la)]]p(y:l6)
i=1
Mstep = m&xElogp(D,ma)
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e Conditional mixture models
 EM for Empirical Bayes

e “Sparse Bayesian learning”
« EM theory



Automatic Relevancy Determination (ARD)

X0 p(yilxi, w,8) = N(ylx{x,87")

) p(wla) = N(w[0,a™'T)

C

(3-—% 9. Lo
Expected complete data log likelihood
J(0) = FElogp(y,w|X,a,p)

_d « PP 2
= QIOg%—§E[W w|+ - log ZE i)°]



EM for ARD

X pyilxi, w, B3) = N(yilx{x,87")
| piwla) = N(wlo,o~1)

E step

p(wly,X, o, 8) o« N(w|0,a "IN (y|Xw,37'1,)

= N(w|m,S)
S = al;+8XTX
m = ASX'y
M step
0 d d d

O (©) “ EwTw] mTm + trace(S) 2?21 m? +Sj;



Relevance vector machines (RVMs)

e Perform a kernel expansion of the input data
eg using RBFs

 Then apply ARD to select a subset of the input
features



L1 penalized logreg with RBF expansion

Decision Boundary (L1 Lagistic Regression)

Predictive Distribution (L1 Lo_g:isﬁc Regression)

.




e Conditional mixture models
 EM for Empirical Bayes

e “Sparse Bayesian learning”
« EM theory



Bound optimization algorithms

Or+1 = arg max Q(6[60x)

Key condition: Q(6,|6,) touches f(8,)
So pushing up on Q will actually push up on f

mén f(0)—Q(00r) = f(Or)— Q(Ok|Ok) < f(Ort1) — Q(Or41(0k)
—Q(6l6")
_Q(9|9k+1)
——1(g)

ék 9k+1



MM algorithm

* In general, if Q Is a lower bound on f that satisfies
the key condition, we say Q minorizes f.

 The algorithm is called the minorize-maximize (MM)
algorithm.

 We can also create majorize-minimize algorithms.



MM monotonically increases objective

f(Ok+1)

0

Also, Q(010},) is maximized when 6 = 01, by definition, so

f(0r) — Q(Ok[0r) + Q(Or+1(0k)
f(0r) — Q(0x]01) + Q(0|0r)

f(Ok+1)

AVARNI

| AVARAVS

f(Ok11) — Q(Ok41]0k) + Q(Ok41(0k)
f(0r) — Q(Ok|0k) + Q(Or+1|0k)

which follows from the key condition

min f(60) — Q(0(0x) = f(0r) — Q(0x|0k) < f(Or+1) — Q(Ok+1(0k)
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EM is an MM algorithm

0(0) = Zlogp(xiw):Zlog[Zp(xi,ziw)]
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Jensen’s inequality

Lower bound on log lik!
What g value?

Elx] b



What g function?

X;,Z;|0
Ori1 = argmaXZZqi(zi)log l 9)

Qi(zi)
L(g:,0) = Zqz ) log ZZ(ZZfJH)
p(z;|x;, 0)p(x;|0
- Satan” Ol

= Salalos f]z'(’;z) — 3 gi(z) log p(x:[6)
Ko (alx:. )  logp(x6)

To make bound tight, set q,(z;) = p(z;|x;,6)

QO.01) = DD plilxi, 04) log p(xi, i[6)
T 4y



Q 0 Hk: Zzp Zz|X7,70k 1ng(xzazz|0) (

which we recognize as the expected complete data log likelihood.
e E step: compute p(z;|x;, O)

e M step: compute 81 = argmaxg Q(0, 0x)

Variational EM: set g,(z,) to be an approximate p(z;|x;,0)



« EM theory
e Conditional mixture models
 Empirical Bayes for linear regression



