CS540 Machine learning
Lecture 14

Mixtures, EM,
Non-parametric models




e Mixture models

 EM for mixture models
K means clustering

e Conditional mixtures

« Kernel density estimation
« Kernel regression



Gaussian mixture models

« GMM

p(x10) = > p(z = klm)p(x|z = k, ¢y)

p(x|z =k, ¢,) = N(x|py, i)




Bernoulli mixture models

p(x16) = > p
k:;1
- 1

« BMM

(z = klm)p(x|z = k, ¢y,

Ber(z;|u; k)
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MLE for mixture models

e Hard to compute. Can find local maximum using
gradient methods.

(0) = logp(x1:n|0) Zlogpxm ZlogZp(xi,ziw)




e Mixture models

 EM for mixture models
K means clustering

e Conditional mixtures

« Kernel density estimation
« Kernel regression



Expectation Maximization

« EM is an algorithm for finding MLE or MAP for
oroblems with hidden variables

« Key intuition: if we knew what cluster each point
nelonged to (i.e., the z_| variables), we could

nartition the data and find the MLE for each cluster
separately

« E step: infer responsibility of each cluster for each
data point

rie = plz; =k|0,D)
M step: optimize parameters using “filled in” data z
e Repeat until convergence



Expected complete data loglik

. Complete data loglik
gc(g) — logp(xl ny #1: n|0)

— IOng Zzlﬂ- (Xz|zi7¢)

= log [] [ Imep(xil b)) =
ik
— Z Zl(z@- = k)[logﬁky + logp(xi|¢k)]

o Expected complete data loglik

Q(6,0°%) = Ezlogmxz 2i6)

_ B Z Z I(z; = k) log[mep(xi|dy,)]
= ¥ Z p(2ilxi, 0°4) log[mep(xi| @y )]
') k



EM for mixture models

e E step: compute responsibilities

Tik © p(z = k|x;, 0°%)

M step: maximize wrt 0

Q(6,0°%) = EZlogp x;, 2i|6)

_ B Z Z I(z; = k) log[mep(xi|dy )]
_ ZZ p(2ilxi, 0°4) log[mep(xi| @y )]

Q(0, HOld) = Z Zfr@k log 7, + Z Zr""’ log p(x;|¢s)
= )+ > J(dy)
k



EM for GMM

N (xi |y, i)
ok = (2 = kjx;, 0°0) = Th— il
rik = p(2 |, ) Zk:’ Wk/N(Xz‘Wk’a )

0 = a%[zzm log T + AL — )]
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M step for mu, Sigma

J(Mka Ek:) — —% Tik [log |Ek| T (Xz' - uk)TE;Zl(Xi — Hk)]
0
0O = —J >
Zi kX4
I*"k — Z r.
i Tk

> - Z@ rik (X — ) (X5 — Hk)T

k p—

D i Tik

T T
Zi TikXeX; — T g,
Tk




EM for GMM
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EM for mixtures of Bernoullis

« E step

WkP(Xz‘Wk)

Tk —
' Zk/ Wk/P(Xz‘Wk/)

e M step

n
new __ Zizl TikXq
H’k - n
E¢:1 Tik




Singularities in GMM

e Can maximize likelihood by
letting o, -> O (overfitting)

A




EM for MAP for GMMs

 Maximize expected complete data log likelihood
plus log prior

J(0) = sz log p(x;|z = k, 0)

k

+ log p(w +Zlogp bu)

T~ Dlr(al)
DTk ta—1
i —
& n+Ka— K
p(py, Ax) = NW(uy, Ap|lmyg,ng, Sk, vi) = N (g | my, ni A )Wi(Ag v, Sk)
NN ZZ TikX;
M —
Mk + D _; Tik
ATl — Z@ ik (X — Mp) (X — Hk;)T n M (g, — My ) (py, — mk)T + Sg
- —

YTk + v —d > Tk + v —d



Setting hyper-parameters

« Canseta, =1 (see later)
e my, =0, n,=0 (iImproper)
v, = d+2, S, depends on data scale

_ Sk
E[Akl] — I/k—d—]_
~2
Sk == (Vk —d — 1)0—Id

| - . R
S = (n—d=1)pda@’,....00)



Choosing K

« Search over K, score with CV or BIC
 Orseta,~ 0, and run EM once; unneeded

components get responsibility O

60 120




o Standard to do multiple random restarts, and return
best of T tries to avoid local optima

 For GMMs, common to Initialize using K-means or
set each y, to one of the data points; otherwise,
random initial params

e Convergence declared if params stop changing, or
If the observed data loglik stops increasing



EM for other models

e Latent variable models eg PPCA, HMMs

 MLE of a single MVN with missing values

 MLE of scale mixture model (eg student T, Lasso)
 Empirical Bayes

e EfcC.



e Mixture models

 EM for mixture models
K means clustering

e Conditional mixtures

« Kernel density estimation
« Kernel regression



K-means clustering

« GMM with £, = 02 I, Tt = 1/K, only y, Is learned
* In E step, use hard assignment (can use kd-trees to
speed this up)

Algorithm 1. K-means algorithm

1 initializemyg, k< 1t0 K

2 repeat
Assign each data point to its closest cluster center:

z; = arg miny, ||x; — my]|?
4 Update each cluster center by computing the mean of all points assigned to

"L 1
It: m; = r Zi:zi:k X;
5 until converged




Vector quantization

dd 1aithf. dara ite<a™ nh e =rene 5 1000
o ! ! ! ! ! ! o ! ! ! ! ! !

Replace each x; € R? with a codeword z; in {1,..,K}
This is an index into the codebook m;, m,, ..., m, in R?



K-means minimizes the distortion

Z ||x; — decode(encode(x;))||* = Z ||x; — m,,

z—l

Original K=2 K=4



K-means minimizes the distortion

Z ||x; — decode(encode(x;))||* = Z ||x; — m,,

=1

50 100 150 200 250 300

Original K=2 K=4



K-means minimizes the distortion

Z ||x; — decode(encode(x;))||* = Z |x; — m, ||*

z—l

urgind
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« Each cluster is represented by a single data point
(prototype), rather than an average of many data

points

Algorithm 1: K-medoids algorithm

1 initialize m1.x as a random subset of size K from {1,...,n}

2 repeat

3 Assign each data point to its closest prototype: z; = arg ming D (i, m(k))
4 For each cluster k, pick as prototype the point that is closest to all others:

my <— arg ming. .=k Zi’:zi/ =k diﬂ:,

5 until converged
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EM vs K-means
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Cannot use CV to select K for K-means!!



e Mixture models

 EM for mixture models
K means clustering

e Conditional mixtures

« Kernel density estimation
« Kernel regression



Conditional mixtures




Mixtures of linear regression
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Mixtures of logistic regression




Hierarchical mixtures of experts

A twer level bolanced Hierarchical Mistiwres of Experty mwodel . .
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One to many functions
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Ambiguity in inferring 3d from 2d

Sminchisescu



e Mixture models

 EM for mixture models
K means clustering

e Conditional mixtures

« Kernel density estimation
« Kernel regression



Kernel density estimation

 Parzen window density estimator

* Put one centroid on each data point, U, = X
and set Tt =1/n, = h?

p) = D hnlx—x)

2 1
kh(u) = (27Th2)d/2 eXp[_%HulF]




Ly




e Mixture models

 EM for mixture models
K means clustering

e Conditional mixtures

« Kernel density estimation
« Kernel regression



Kernel regression

 Nadaraya-Watson model
« KDE on (y _I,x_1)

pooulD) = =3 fx—xiy—u)
_ p(y,xD)
Pl D) = [ p(y,x|D)dy

e Egf Is Gaussian

f(zi) = N(2i0,0°1441)



Gaussian kernel regression

Numerator

ZN(X|X7;, o?I)N (ylys, o?)

1=1

Denominator

/ZN () ( ) o' Lap1)dy = ZN x|x;, 0%1,)

Hence




Gaussian kernel regression




Generative models for regression

 We can other models for p(x,y), eg finite GMM
« Harder to fit; faster at test time
 Generative models can handle missing data



