CS540 Machine learning

Bayesian statistics




 Number game
e Beta-Bernoulli
e Dirichlet-multinomial



« Bayesian estimation of
— Gaussians
— Generative classifiers
— MVN
— Linear regression
— Logistic regression
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Unknown mean

e Conjugate prior is Gaussian
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Completing the square

e Match powers in p?2
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A = 1/02, by = 1/7‘3, l, = 1/7‘3
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Posterior precision = prior precision + n * measurement precision



Completing the square

 Match powers in u

[ 2 2 2
B i 1 n mo DX m§ > X
p(p|P) = exp D) <_2 + —2) + (—2 =+ #) — <_2’r§ -+ —2;2

def | N 5
= exp _ﬁ(“ —2um,, + mn)]
L n
n —
My DT Mg TNT 4 omg
2 2 2 2.2
T2 o TS 02T
2 2 _
o L") > (Mo  nT
o ntg + o2 ntg + o2 "\ T o2
xnA + moly _
n
n
a = —
n

Posterior mean = convex comb of prior mean and MLE



Posterior mean

e Consider N=1.
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Posterior

e Precision = 1/variance, A = 1/62.
* Precisions add, means are averaged.
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Sequential updating

e p(H|D) rapidly approaches
a delta function centered
on the true mean.

pricr = M{mul=0, w1=1000.000). true p = 5.000
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Posterior predictive distribution

« The predictive variance is the observation noise ¢?
plus the uncertainty about y, 02

p(z|D) = / (2l)p(ul D) dp

= /N z|p, )N (plp, o) dp
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Unknown variance

a, = ag+n Inverse wishart =
n inverse Gamma
b, = b+ (%—/L)2 a b
7;221 IW(02\a,b):IG(02\§,§)
prior = IW{v=0.001, 5=0.001), true g°=10.000
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Posterior predictive

o Student T (infinite mixture
of Gaussians)

p(alu, D) — / N (2, 02) W (02| an, bn)do? = T (@|an, 1, 2

density
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Robustness of Stud
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Unknown mean and variance

e Factored prior is not conjugate

P11, 02) = p(i)p(0?) = N (ulmo, — ) IW(o?|ao, bo)

» Use NIW instead o
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14

prior = NIW{mu=0, k=0.001, v=0.001, S=0.001}, frue p=5.000, ¢*=10.000

HRAK
3111
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prior = N{mu0=0, v0=1000.000], true p = 5.000

16



Marginals and predictive
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« Bayesian estimation of
— Gaussians
— Generative classifiers
— MVN
— Linear regression
— Logistic regression
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MLE for gen classif
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Plugin predictive for gen classif

ply = clx,D) = / p(y = clx, 0)p(6D)d8
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Bayesian gen classif

o Just “fit” separate density to every class and feature

p(y=c|x,D) o p(y=cD)pxly=cD)
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« Bayesian estimation of
— Gaussians
— Generative classifiers
— MVN
— Linear regression
— Logistic regression
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Bayesian vs plugin
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« Bayesian estimation of
— Gaussians
— Generative classifiers
— MVN
— Linear regression
— Logistic regression
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Unknown mean

n
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Unknown cov

p(E|lp, D) = IW(X|vy,S,)
vV, = Vp+tn
S, = So+M

M = > (zi—p)(zi—p)"

1=1
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Unknown cov
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Unknown mean and cov
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« Bayesian estimation of
— Gaussians
— Generative classifiers
— MVN
— Linear regression
— Logistic regression
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Bayesian linear regression

e (Gaussian prior on weights.
e Assume o< is known.

p(w|X,y,0%) o N(w|wg, So)N(y|Xw,o°1,)

= N(w|w,,S,)
1
o
_ _ 1
S," = Sy'+=X'X
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Connection with Ridge regression

Let prior be wy =0, S, = 12 |. Let A=0?/12.
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Posterior predictive

p(ylx, D, 02, wo, 72) = / N (15T w, 02N (w|wn, S, )dw
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RBF basis

truth = degree 2, basis = rbf, =5, prior mvn truth = degree 2, basis = rbf, n=5
m -
— predictiun
s fryuth
G0 fraining data
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Underestimates uncertainty far from data — GPs will fix this
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Handling o2

« We can put an IW prior on
02,
 When we integrate out o2,

the posterior predictive
becomes a T distribution.
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« Bayesian estimation of
— Gaussians
— Generative classifiers
— MVN
— Linear regression
— Logistic regression
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Logistic regression

* No conjugate prior. Use Laplace

approximation.
n

p(w|D) ox N(w|wyg, Co) H o(yiw!x;) =~ N(w|Wyrap, Cn)

1=1
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Laplace approximation

f(e) — p(H,D)
In f(6) =~ Inf(6o)+ %(9 —6o)" H(0 — 6,)

f(8) = £(6o)exp [—%(9 —60)"C™(6 - 90)}

C = -H'

Use ILRS to compute 6, and H /\
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SAT example
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2d example
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