CS340 Machine learning

Gaussian classifiers




Correlated features

« Height and weight are not independent

red = famals, blueg=mals
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Multivariate Gaussian

e Multivariate Normal (MVN)

e 1 _
Nl D)= sy expl=g (x = )27 (= )

 EXxponent is the Mahalanobis distance between X
and A= (x-S (x—p)

2 Is the covariance matrix (positive definite)

xI'Yx > 0 Vx



Bivariate Gaussian

e Covariance matrix is
_( oz pogoy
2= (o, ")

where the correlation coefficient is
Cov(X,Y)
VVar(X)Var(Y)

and satisfies -1 < p <1

p_

e Density Is

(z,9) 1 ( 1 (x2 N vy 2pzy ))
P\, Yy) = exXp |\ — —
20,04/ 1 — p? 21 =p?) \oz o5 (020y)




Spherical, diagonal, full covariance
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Generative classifier

* A generative classifier is one that defines a class-
conditional density p(x|y=c) and combines this with
a class prior p(c) to compute the class posterior

oy Py = )p(y = o)
p(y _ ‘ ) Z ,p(X\y — C’)p(C’)

« Examples:
— Naive Bayes: p(xly = ¢) HP (zjly = ¢)
— Gaussian classifiers p(X\y — C) — (X|u‘c7 c)

e Alternative Is a discriminative classifier, that
estimates p(y=c|x) directly.



Naive Bayes with Bernoulli features

e Consider this class-conditional density

p(zly = c) H (9[(96 1) . )I(mz':())
* The resulting class posterlor (using plugin rule) has
the form o )
ply=c)p(zly =c) I, 017 =D (1 = g;,) (@:=0)
p(y = clz) = -
p() p(x)

e This can be rewritten as
p(zly = c)ply = ¢)
> b(zly=d)ply="7)
_ expllogp(zly = c) +logp(y = ¢)]
Y eexpllogp(zly = ') +logp(y = ¢)]
exp logm. + > . I(x; = 1)log8;c + I(z; = 0)log(1 — 6;.)]
Y oexpllogme + ). I(x; =1)logb; o + I(x; = 0)log(1l — 6;.)]
8

p(Y =c|z,0,1) =




Form of the class posterior

 From previous slide
p(Y =c|z,0,7) x exp |logm.+ Z I(z; =1)logf;. + I(x; = 0)log(1l — QZ-C)]
* Define
' = [17[(331:1)7[(33120)77I($d:1)71(wd20)]
ﬂc — [log Te, log 9167 log(l — 916)7 st log edca log(l — edc)]

 Then the posterior is given by the softmax function

exp[BL «’]
Zc’ eXp[ﬁg:x/]

p(Y =clz,B) =

* This Is called softmax because it acts like the max
function when |B.| — oo

1.0 if ¢ = argmax. ﬁg:x
0.0 otherwise

p(v =clx) = {



Two-class case

 From previous slide

pY = cla, ) = 22

Zc’ exp [5;1’11'/]

e |In the binary case, Y € {0,1}, the softmax becomes
the logistic (sigmoid) function o(u) = 1/(1+e™Y)

Bl =’ f
el
p(Y — 1‘1‘,9) T eﬁ%"x/ —I— eﬁgw/ ) /—“()’(M}
1
T T4 BB _Z%r >u

1
14 ew'
= o(w'e)
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Sigmoid function

e o(ax + b), a controls steepness, b is threshold.
* For small a and x =~ —b/2, roughly linear
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Sigmoid function in 2D

o(w, X; + W, X,) = o(w' X): w is perpendicular to the decision boundary
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Logit function

 Let p=p(y=1) and n be the log odds

B D
n = log
1—p

e Then p = o(n) and n = logit(p)

1 e’l

0(77) - 1+e " - e +1
R _Db
(1-p) _ (1-p) —p
D ~ pti-p
— Tl 5

N Is the natural parameter of the Bernoulli
distribution, and p = E[y] is the moment parameter

o Ifn =wr' x, then w; is how much the log-odds
Increases by If we increase Xx;
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Gaussian classifiers

» Class posterior (using plug-in rule)
p(x[Y =c)p(Y = ¢)
Yo p(x]Y = ¢)p(Y =¢)
mel2mSe] 72 exp [ (x — o) T8 (x — o)
S mel2m |72 exp [~ — ) T8 (¢ )]
 We will consider the form of this equation for
various special cases:

° lezO’
e . tied, many classes
 General case

p(Y =clx) =

14



e Class posterior simplifies to
p(x[Y =1p(Y =1)

PV IR = Ry =Dy = 1) + (¥ = (Y = 0)
B 1 exXp [—%(x —pu) T (x — ,ul)]
- mexp [—5(x — ) TS (x — )] + moexp [—5(x — o) TE 1 (x — po)]
7T1€a1 1
- m1e% 4 medo 1+ et
ae = =30k = pe) 0k — pe)
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e Class posterior simplifies to
1

p(Y =1[x) =
1+ exp [—log% + ag —al]
ap—a1 = —z(x—po) TTH(x = po) + F(x — )T T THx — )
= —(p1 —po)" S %+ 2 (w1 — po) TS (w1 + o)
SO Linear function of x
1 o
Y =1|x = =0 X +
def _
B = ITNu1— po)
def _ ™1
v = =3 p0) 2T + o) + logﬁ—O
def 1 e'l
o(n) = =

l1+em en+1

16



Decision boundary

 Rewrite class posterior as

p(Y =1x) = o(B'x+7)=0c(w’(x—x0))
w o= =%y — po)
e B log(my /7o) B
X = g =2l Ho) (g — 110) TS (g — o) (b1 = bo)

o If 2=I, then w=(1;-l,) IS In the direction of p-l,, SO
the hyperplane is orthogonal to the line between
the two means, and intersects it at x,

o If =115, then x, = 0.5(u,+H,) 1S midway between
the two means

 If Ty Increases, x, decreases, so the boundary
shifts toward U, (SO more space gets mapped to
class 1)
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Decision boundary in 1d

P 7211 = (>0l
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Tied Z, many classes

e Similarly to before

p(Y =clx) = Teexp [—5(x — pe) T8 (x — pue)]
e mer exp [ 5 (% = per) TESN (% = per)]
exp [ S~ e — gpd ¥ e + log 7|

D er €XP [MSE_lx — %Mgﬁ_lud + log 7rc/]

g def (u321u6+1ogwc) _ (7)
‘ 2_1.Uc Be

T~ T
Zc/ eeclx zc/ e'Bc/X_P—YC/

p(Y =clx) =

e This Is the multinomial logit or softmax function
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Tied Z, many classes

e Discriminant function

ge(x) = —2(x—p)TE (x— pe) +logp(Y =c) = BIx + Beo
ﬁc = E_ He
Beo ZE e + log 7,

e Decision boundary IS again linear, since x' 2 x
terms cancel

e |f 2 =1, then the decision boundaries are
orthogonal to | - b, otherwise skewed

All boundaries ara linear
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Decision boundaries

q (%) =max (5,9, jlbc\) =p

[x,y] = meshgrid(linspace(-10,10,100), linspace(-10,10,100));
gl = reshape(mvnpdf (X, mul(:)’, S1), [m nl); ...
contour (x,y,g2*p2-max(gl*pl, g3*p3),[0 0],’-k’);
22



2 24 arbitrary

 |f the 2 are unconstrained, we end up with cross
oroduct terms, leading to quadratic decision
poundaries

parabolic boundary

parabolic boundary




General case

H1 = (07 0)?#2 = (0,5),#3 — (575)77T — (1/37 1/37 1/3)

All boundaries are linear

Some linear, some quadratic

Thare are only 2 decision regions
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