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Binomial distribution (count data)

« X~Binom(0, N), X €{0,1,...,N}
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Bernoulli distribution (binary data)

 Binomial distribution when N=1 is called the

Bernoulli distribution.
 We write X ~ Ber(0), X € {0,1}

p(X)=6"(1-0)""

e Sop(X=1) =0, p(X=0) =1-6
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Bernoulli likelihood function

e The likelihood is
L(#) = p(D|0) =

::12

p(z,|0)

H Hl(ajn—l H)I(:BnZO)

_ ezn I@n=1) (] _ )2, [(#n=0
= 0V (1—-0)""
We say that N, and N, are sufficient statistics of D for 6

This is the same as the Binomial likelihood function, up to constant factors.



Summary of beta-Bernoulli model

: 1
Drior p(0) = Beta(0|ay, ap) = Blay.o0)

_ikelihood »(D|9) = 6™ (1 — g)™o

Posterior r(0|D) = Beta(0|ai + N1, g + No)
a1 + Ny
a; +ag+ N

9&1—1(1 . 9)@0—1

Posterior predictive p(X =1|D) =




Marginal likelihood

 When performing Bayesian model selection and
empirical Bayes estimation, we will need

p(D) = / p(D|9)p(8)do

e This Is given by a ratio of the posterior and prior
normalizing constants

p(0|D) =

" D) [Blaag’ 7O IS0

/ /
ap = ay + N1, ayg=ag+ Ny



Summary of beta-Bernoulli model

: 1
e Prior p(0) = Beta(f|a1, ap) = Blor. ao)

e Likelihood »(D|#) =06 (1—- )N

o Posterior p(0|D) = Beta(f|as + N1, a0 + No)
a1 + Ny
a; +ag+ N

9&1—1(1 . 9)@0—1

e Posterior predictive p(X =1|D) =
e Marginal likelihood

(D) _ B(al + N1, 0 + N()) _ F(al + Nl)F(Oéo -+ No) F(Ozl -+ Oé())
b B(&l, Oéo) F(Ozl -+ Nl + Qg + No) F(Oé]_)P(OéO)




From coins to dice

e Let (Xq,...Xy) | N~ Multinomial(6, N)

P(xlw"?xd‘H?N)
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X; € {0,...,N} = number of times face | occurs



Multinomial(0, 1)

e Let (X4,...X4) ~ Multinomial(6, 1)
d
P(xy,...,zql0) = |]67

1=1

e Since 2 X. =1, only one “bit” can be on,

eg 9’1’0) means face 2 occurred.
e Let X €{1,...,d} represent the event that occurred.

d
P(X =klo) = J[o;"7" =,

1=1



Likelihood function for the multinomial
e LetD = (Xl, XN), where X, € {1,...,K}

P(D|6) x H He%k Hez o _HeNk

n=1 k=1
* The N, are the sufficient statistics

10



Dirichlet distribution

Generalization of Beta to K dimensions EXd=ad(2 o)

1
p(z|a) = D(z|a) = Z(a) R T R A Zxk —1)

e Normalization constant

(20,20,20) (2,2,2)
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Summary of Dirichlet-multinomial model
o« X ~ Mult(8,1), p(X,=k) = 6,

e Prior r(0)=Dir(0las,...,ax)= ) H g1

* Likelihood p(DI#) = HeNk

o Posterior p(9|D) = Dir(dlay + Ny, ..., ax + Nx)

» Posterior predictive , y _ ypy = % + Ny

. Marginal likelihood 2 0k + Ny

Z(N + @) _ L', ak) H ['(Nk + ag)
7@ T(NLY, o) T (on)

p(D) =
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Normal-Normal model

* Consider estimating the mean of a Gaussian whose
variance Is known.

 The natural conjugate prior is Gaussian.

e SO0 the posterior is also Gaussian (“Gaussian times
Gaussian gives Gaussian”).

 The algebra is rather messy (see handout), so we
will just state and interpret the results.
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Normal-normal model

. leellhood N
N 5 Ni(z o?
o exp | —o—5 (@ —p)” | < N(@|p, )
e Natural conjugate prior
1
p(p) o< exp (—272(# - M0)2) o< Nl po, 03)
_ 0
* Posterior o
= ¢ 5
p(plD) = N(uplpn,o%) v, °
o? Noi _ o (o NT
AN = N0(2)+02'u0+ NJ(2)+02:E—0N (%—I_?)
N NO.(2) _l_ 0-2 é—V_Q 1 / A/ —
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Posterior mean

e Consider N=1.

2 2
o o .
Hi = 5 5 Mo T —5 ) s«  Convex comb of prior and MLE
o° + 0 o° + 0§
o . .
= o+ (z— uo) 0 Prior plus data correction term
02 + o}
o2
= (T — po)—5—— Data shrunk towards prior
o° + o
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Posterior precision

e Precision = 1/variance, A = 1/62.
* Precisions add, means are averaged.

p(plD, ) = N(ulpn, Ay
)\N = )\0 —+ N
INA+ uode
UN = £ 0 = wZT + (1 —w)uo N
)\N w = ——
AN
prior sigrma 1.000 . pricr signl'la 10.000
e priOr m—— rior -~
lik 04 i o
o e | A%
o4t
o
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Sequential updating

e Suppose true mean=0.8, true variance=0.1.

 p(H|D) rapidly approaches a delta function centered
on the true mean.

]
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Posterior predictive distribution

« The predictive variance is the observation noise ¢?
plus the uncertainty about y, 02

p(z|D) = / (2l)p(ul D) dp

= /N z|p, 02 )N (plp, o3 ) dps
— x|:U’N70-N +0 )

e Or, future X = prior mean 4 + noise €

X = u-+e
Ko~ N(/Lnagi)
e ~ N(0,0%)
ElX|] = Ep+FEle=p,+0
Var [X] = Var [u] + Var [¢] = 02 + o2
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Summary of Normal-Normal model

e Prior p(p) = N (plpo, (Xo) ™)
N
o Likelihood p(Dlp) =[] N(nlp, A"
. n=1
e Posterior
p(plD) = N(ulpn, An)"H)
AN = M+ N
TN)\—F/L())\O
UN =
AN

o Posterior predictive
p(z|D) = N(zlun, oy +07)
e Marginal likelihood

Too messy to print here (see handout)
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