CS340: MACHINE LEARNING

REVIEW FOR MIDTERM

KEVIN MURPHY

OUTLINE

MACHINE LEARNING: A PROBABILISTIC APPROACH

e Probability basics

e Probability density functions

e Parameter estimation

e Prediction

e Multivariate probability models
e Conditional probability models

e Information theory

e We want to make models of data so we can find patterns and
predict the future.

e We will use probability theory to represent our uncertainty about
what the right model is; this will induce uncertainty in our
predictions.

e We will update our beliefs about the model as we acquire data (this
is called “learning”); as we get more data, the uncertainty in our
predictions will decrease.

PROBABILITY BASICS

e Chain (product) rule

p(A, B) = p(A)p(B|A) (1)
e Marginalization (sum) rule
p(B) =Y p(A=a,B) (2)

e Hence we derive Bayes rule
_p(4,B)

p(A[B) o(B)




PMF

e A probability mass function (PMF) is defined on a discrete random
variable X € {1,..., K} and satisfies

K
1 =) P(X=ux (4)
0< P(X—a) <1 (5)

e This is just a histogram!

MOMENTS OF A DISTRIBUTION

PDF

e Mean (first central moment)

p=EX]=> ap(z) (8)

e Variance (second central moment)

02 = Var [X] = S0 — wp(a) = EIXY 12 (9)

T

e A probability density function (PDF) is defined on a continuous
random variable X € R or X € R™ or X € [0, 1] etc and satisfies

1 = / p(X = z)dz (6)
0 < pix =) "
e Note that it is possible that p(X = x) > 1, since multiplied by dz.
o Plx < X <z+dr)~ p(x)dr
e Statistics books often write fx(x) for pdfs and use P() for pmf’s.
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CDF's
The cumulative distribution function is defined as
xXr
ﬂ@:ﬂxg@:/ f(x)dz (10)
— 00




QUANTILES OF A DISTRIBUTION

Pla < X <b) = Fx(b) — Fx(a)
eg if Z ~N(0,1), Fz(2) = ®(z). Then
p(—1.96 < Z < 1.96) = B(1.96) — (—1.96)
= 0.975 — 0.025 = 0.95
Hence X ~ N (u,0),
p(—1.960 < X —pu < 1.960) =1 —2 x 0.025 =0.95

Hence the interval 4= 1.960 contains 0.95 mass.

BERNOULLI DISTRIBUTION

OUTLINE

e X c{0,1},p(X=1)=60,pX=0=1—-10
e X ~ Be(f)
e L[X]|=10

e Probability basics /

e Probability density functions

e Parameter estimation

e Prediction

e Multivariate probability models
e Conditional probability models

e Information theory

MULTINOMIAL DISTRIBUTION

e X e{l,...,K}, p(X =k)=10;, X ~ Mu(f)
o) <6. <1

0252191@:1

o E[X;]=6;



(UNIVARIATE) GAUSSIAN DISTRIBUTION

BETA DISTRIBUTION

e XcR, X ~N(u,o), peR, o€ R

def 1 — L (z—p)?
N(z|p, o) = e 202
(x]p, o) s

e E[X]=p

‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘

DIRICHLET DISTRIBUTION

e X €[0,15, X ~ Dir(ay,...,ax), 0 < ay
e BIX;] = where v = Y1 .
. Oék—l
Dir(X|ay,...,ak) ocHXk,
k

Ha

e X €10,1], X ~ Be(ay,ap), 0 < ap, g

[0}
* BlX] = Of1+10z0

Be(X|a, aq) oc (X711 — X)@0]]

10,b=0.10

4
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e Probability basics /

e Probability density functions +/
e Parameter estimation

e Prediction

e Multivariate probability models
e Conditional probability models

e Information theory



PARAMETER ESTIMATION: MLE MLE FOR BERNOULLIS

e Likelihood of iid data D = {xn}N

— XTL — 1_X’Vl
= Z Xy logf + Z(l — X)) log(1l —6) (21)
Log likelihood ‘ ¥
¢ Log likelihoo = Nylog + Nylog(1 — ) (22)
((6) = logp(DI#) = Zlogp n0) (17) Ny = ZI n=1) (23)
e MLE = Maximum likelihood estimate % _ & N —0 (24)
0 = arg max L(0) = arg meaxf(e) (18) dQA 0 N, 1—9
0 = 25
hence Ny + Ny (25)
oL _,, (19)
00;
MLE FOR MULTINOMIALS PARAMETER ESTIMATION: BAYESIAN
X”l
p(Xnl0) = H9 (26) p(0|D) o p(DI0)p(6) (32)
= ([ ptanl®)lp(6) (33)
00 = Z > I(xy = k)log b (27) "
no ok We say p(0) is conjugate to p(D|0) if p(f|D) in same family as p(f).
= ZNk’ log 0, (28) This allows recursive (sequential) updating.
L MLE is a point estimate. Bayes computes full posterior, natural model
of uncertainty (e.g., posterior variance, entropy, credible intervals, etc)
[ = Nylog+A[1-> 6 (29)
k k
ol N
O Nk 30
20, 0 (30)
- N,
b, = =2 (31)



PARAMETER ESTIMATION: MAP

For many models, as | D|— o0,
p(O]D)—5(0 — Opyap)—6(0 — Orrp) (34)

where

Orrap = arg mgXP(D 10)p(0) (35)

MAP (maximum a posteriori) estimate is a posterior mode. Also called
a penalized likelihood estimate since

Orrap = arg max log p(D16) — A\c(0) (36)

where ¢(d) = —logp(f) is a penalty or regularizer, and A is the
strenghth of the regularizer.

BAYES ESTIMATE FOR MULTINOMIAL

BAYES ESTIMATE FOR BERNOULLI

X, ~ Be(6) (37)
0 ~ Beta(aq, agp) (38)
p(0|D) o [[ 01— o) *pr=t(1 —o)*0=t  (39)
n
_ QNl(l _ 9)]\700(11—1(1 _ 0)(10—1 (40)
x Beta(aj + N1, a9+ No) (41)
OUTLINE

X, ~ Mu(6) (42)
0 ~ Dir(ay,...,ak) (43)
p(0|D) o (TTTT 6,1 T 00" (44)
n kg k
= [Te e (45)
k

x Dir(a; + Ny,...,ag + Ng) (46)

e Probability basics /

e Probability density functions +/
e Parameter estimation /

e Prediction

e Multivariate probability models
e Conditional probability models

e Information theory



PREDICTING THE FUTURE

Posterior predictive density gotten by Bayesian model averaging

p(X|D) = / p(X|6)p(6|D)d8 (47)
Plug-in principle: if p(A|D) ~ 6(0 — ), then
p(X|D) ~ p(X|0) (48)

CROSS VALIDATION

PREDICTIVE FOR BERNOULLIS

We can use CV to find the model with best predictive performance.

p(0|D) = Beta(ag + Ny, o+ Ny)
dof Beta(a}, af)

p(X =1D) = / p(X = 116)p(6|D)d8

— / Op(6|D)do

= E[6|D]
o]

/ /
o + o

OUTLINE

e Probability basics /

e Probability density functions +/
e Parameter estimation /

e Prediction /

e Multivariate probability models
e Conditional probability models

e Information theory



MULTIVARIATE PROBABILITY MODELS

e Each data case X, is now a vector of variables X,,;, ¢ = 1 : p,
n=1:N

eecg., X,; €{l,...,K} is the i"th word in n'th sentence

eecg., X,; € R is the i¢'th attribute in the n'th feature vector

e We need to define p(X,,|6) for feature vectors of potentially variable
size.

MLE FOR BAG OF WORDS MODEL

D|9 HHP m|0 (58)

We can estimate each 6; separately eg product of multinomials

p(D|f) = HHH% Xni=H) (59)
- HHezklk (6())

def
Ny = Zf Xpi = k) (61)
n
00;) = > Niglogby, (62)
k
N.
0y, = —& (63)

N;

INDEPENDENT FEATURES (BAG OF WORDS MODEL)

(Xnl0) = Hp Xnil6s) (55)
e.g., Xn; € {0,1}, product of Bernoullls
p(Xn|0) = He ni(] — g;)ni (56)

eg., Xp; €4{1,...,K}, product of multinomials

p(Xnl6) = HH% Xrni=k) (57)

BAYES ESTIMATE FOR BAG OF WORDS MODEL

p(01D) oc [T @) [ [T p(Xuilti)] (64)
. i
We can update each 6; separately, eg. product of multinomials
N
p(0|D) = HDW (Olair - - i) ] ] 03,71 (65)
k

o HDZ?“ O;lci1 + Nit, - - i + Nig) (66)
1
Factored prior x factored likelihood = factored posterior



(DISCRETE TIME) MARKOV MODEL

p
P(Xal0) = p(on ) [[p(Xutl X 1,4) (67
t=2
For a discrete state space, Xt € {1,..., K},
mi = p(X1 =1) (68)
Aij = p(Xy —j!Xt 1=1) (69)

p(an) _ H Xp1= Z HHHA Xnt JXnt 1= Z) (70)
= Hw HHA Y (71)

Y 1(X =) (72)

def . .
Nij C ) I(Xni=j. Xpg—1 =) (73)
I

STATIONARY DISTRIBUTION FOR A MARKOV CHAIN

m; is fraction of time we spend in state ¢, given by principle eigenvector

Ar =7 (80)
|- o -3
QO —=—0
. ]
B
Balance flow across cut set
T = w3 (81)
Since w1 + ™ = 1, we have
T = b Ty = a (82)

MLE FOR MARKOV MODEL

p(D|f) = HH“z‘I(Xm:i)HHH AZ_I](Xnt:j,Xn,t_lzi) (74)
. e

HW HHA v
Nz'l defZI nl—l

lef . .
Nij = Z > H(Xng =, Xngo1 =)
n

t
) N
A = J
Y ZJ/NZ]/
N
i

OUTLINE

(75)

e Probability basics /

e Probability density functions +/

e Parameter estimation /

e Prediction /

e Multivariate probability models /
e Conditional probability models

e Information theory



CONDITIONAL DENSITY ESTIMATION

NAIVE BAYES = CONDITIONAL BAG OF WORDS MODEL

e Goal: learn p(y|x) where x is input and y is output.

e Generative model

p(ylz) o< plzly)p(y) (83)
e Discriminative model e.g., logistic regression
plyle) = o(w'z) (84)

MLE ror NAIVE BAYES

We estimate params for each feature separately, partitioning the data
based on label y.

pops) - [T o

Neg = ZI Tpi = k,yn =) (89)
n
“ N i
Oify = =—— (90)
“ ]%:k’ Ncik’
fo = — (91)

N

Generative model

pylz) o< p(z|y)p(y) (85)
in which features of x are conditionaIIy independent given y:

plyle) o p(y Hp (ily)] (86)

e.g., for multinomials

pob) < [T o

CONDITIONAL MARKOV MODEL

plzly) = p(x1ly) [ [ plwtlzi-1,9) (92)
t
Fit a separate Markov model for every class of y. See homework 5.



SUMMARY

Eﬂjej"aA /a(/h /V‘?/Clhj

Ooﬂﬁin N Dﬂl@ D
; |

MOI@L w

\Qflaf g(w posh’/wf

(
Likel hand ¢ (X19) [)(9 V219)el010)

(gre/.ahdf
(X1D) g e ) olelo)fo

&{ﬂ{j L;A} l"(O/vAI I

(al<elilhood a ,Z,'Pz. gre/«d’ Fw(‘W‘;//l)vel

9neral-ve lag (13 Lot eg§on

ENTROPY

SUMMARY

e Measure of uncertainty.
o Definition for PMF p;., k=1: K

H(p)=—> pglogapy, (93)
K

e eg binary entropy function, py =6, pg=1—10

H(0) = —[p(X =1)logap(X =1) + p(X = 0)loga p(X = (1)
= —[0logy 0 + (1 — 0)logy(1 — 0)] (95)

1.0

1.0

o T
I

0
Pr(X

e Probability basics: Bayes rule, pdfs, pmfs

e Probability density functions: Bernoulli, Multinomial; Gaussian,
Beta, Dirichlet

e Parameter estimation: MLE, Bayesian
e Prediction: Plug-in, Bayesian, cross validation
e Multivariate probability models: Bag of words, Markov models

e Conditional probability models: Conditional BOW (Naive Bayes),
Conditional Markov

e Information theory

JOINT ENTROPY

H(X,Y)==> p(x,y)logp(z,y) (96)
ng LY, then H(X,Y) = H()7(y) +H(Y).
| H(X,Y) = —Zp y) log p(x)p(y) (97)
= —Zp y)log p(x Zp y)log p(y) (98)
In general
H(X,Y) < H(X)+ H(Y) (99)
" [(X,Y)= H(X)+ H(Y)— HX,Y) >0 (100)



CONDITIONAL ENTROPY

HYIX) €S pla)H(Y|X = 2) (101)
= ;(X,Y)—H(X) (102)
In hw 5, you showed that H(Y'|X) < H(Y).

Pf
HY|X)=H(X,Y)-H(X)<HX)+H(Y)-H(Y) (103)
But Jy.H(X|y) > H(X).

MUTUAL INFORMATION > (

I(X,Y)=0if X LY. Pf.
- Y e 1ng(ﬂf)p(y) (107)

yeY zeX

= ZZp y)logl =0 (108)

I(X,Y) > 0. Pf.
I(X,Y) = KL(p(z,y)||p(z)p(y)) = 0 (109)

MUTUAL INFORMATION

Z Z p(x,y)log (> (;> (104)

In hw 5, you showed that
I(X,)Y)=HX)-HX|Y)=HY)—-H(Y|X) (105
Subsituting H(Y|X) = H(X,Y) — H(
I(X,)Y)=H(X)+H(Y)—-H(X,)Y) (106)

| HiX, Y} |
| H{X) |

I H(Y) |
| H{X |¥) | R T

RELATIVE ENTROPY

D(pllq) Zpk 10g— (110)
= Zpklogpk—zpklog% (111)
= - Zpk log g, — H(p) (112)

Hence measures extra number of bits needed to encode data if we use
q instead of p.

D(pllg) = 0 if p = q. Pf: trivial.

D(p||q) > 0. Pf: use Jensen's inequality.



MDL PRINCIPLE

Minimum description length principle.
To encode an event X = x which occurs with p(z) takes — log p(x)
bits. Total cost of data D and model H is

L(D, H) = —logp(D|H) — log p(H) (113)
MDL principle says: pick
H* = argn}[nL(D,H) (114)
This is equivalent to the MAP hypothesis
H* = arg m}z}xlogp(D|H) +log p(H) (115)
#bits total
%bits for model
#bits for data

best model



