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Figure 1.3: Illustration of the the derivation of the dual decomposition

objective by creating copies of variables. The graph in Fig. 1.2 is shown here

with the corresponding copies of the variables for each of the factors.

is:

max
�

i∈V θi(xi) +
�

f∈F θf (x
f
f )

s.t. xfi = xi , ∀f, i ∈ f
(1.3)

If we did not have the constraints, this maximization would simply de-
compose into independent maximizations for each factor, each of which we
assume can be done efficiently. To remove these “complicating” constraints,
we use the technique of Lagrangian relaxation (Geoffrion, 1974; Schlesinger,
1976; Fisher, 1981; Lemaréchal, 2001; Guignard, 2003). First, introduce La-
grange multipliers δ = {δfi(xi) : f ∈ F, i ∈ f, xi}, and define the Lagrangian:

L(δ,x,xF ) =
�

i∈V
θi(xi) +

�

f∈F
θf (x

f
f )

+
�

f∈F

�

i∈f

�

x̂i

δfi(x̂i)
�
1[xi = x̂i]− 1[xfi = x̂i]

�
. (1.4)

The following problem is still equivalent to Eq. 1.3 for any value of δ,

maxx,xF L(δ,x,xF )

s.t. xfi = xi , ∀f, i ∈ f
(1.5)

This follows because if the constraints in the above hold, then the last term
in Eq. 1.4 is zero for any value of δ. In other words, the Lagrange multipliers
are unnecessary if we already enforce the constraints.
Solving the maximization in Eq. 1.5 is as hard as the original MAP

problem. To obtain a tractable optimization problem, we omit the constraint


