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ABSTRACT

A c l a s s  o f  g r a p h s  known a s  i n t e r v a l  g r a p h s  c a n  be 
t e s t e d  f o r  i somorphism i n  0(n+e)  t i m e .  T h i s  t e s t  
i s  i mpl ement ed  in  t h r e e  s t a g e s :  t e s t i n g  c h o r d a l i t y  
t o  p r o d u c e  a l i s t  o f  c l i q u e s ,  b u i l d i n g  P Q - t r e e s  t o  
r e p r e s e n t  t h e  c l i q u e - v e r t e x  r e l a t i o n s h i p ,  and
t e s t i n g  P Q - t r e e  i so mo rp hi sm ( t h e  i n t e r v a l  g r a p h s  
a r e  i s o m o r p h i c  i f f  t h e  P Q - t r e e s  a r e  i s o m o r p h i c ) . 
The f i r s t  s t a g e  u s e s  an a l g o r i t h m  o f  R o s e ,  T a r j a n  
and L u e k e r ;  t h e  i m p l e m e n t a t i o n  f o l l o w s  i n  t h i s  
p a p e r .  The second s t a g e  i s  p e r f o r m e d  u s i n g  an 
i m p l e m e n t a t i o n  by Young ( a s  m o d i f i e d  by Panek)  of  
an a l g o r i t h m  due t o  Booth and L u e k e r .  The t h i r d  
s t a g e  i s  an i m p l e m e n t a t i o n  o f  C o l b o u r n  and B o o t h ' s  
m o d i f i c a t i o n  o f  Edmonds ' s  t r e e  i s o m or p h i sm
a l g o r i t h m .

Ja nu ar y  1 0 ,  1981



T a b l e  o f  C o n t e n t s

I n t r o d u c t i o n 1

C h o r d a l i t y  T e s t i n g 4

I n t e r v a l  Graph T e s t i n g 16

I s o mo rp h is m T e s t i n g 19

C o n c l u s i o n s 24

Ac kn o wl ed g em en t  s 25

R e f e r e n c e s 26

Appendix  1: P a s c a l  Program f o r C h o r d a l i t y  T e s t i n g 28

Appendix  2: P a s c a l  Program f o r I s omo rp hi sm T e s t i n g 39

Appendix  3: How t o  Access  and Run t h e  I s omo rp hi sm T e s t 56

Appendi x 4: Ex ampi es 58



I n t r o d u c t i o n

A l t h o u g h  t e s t i n g  i somorphi sm f o r  g e n e r a l  g r a p h s  i s  h a r d  
(no s u b - e x p o n e n t i a l  a l g o r i t h m  i s  known) ,  p a i r s  o f  i n t e r v a l  
g r a p h s  c a n  be  t e s t e d  i n  t i me  and s p a c e  l i n e a r  i n  t h e  s i z e  o f  
t h e  g r a p h s .  T h i s  t e s t i n g  i s  d one  by c o m b i n i n g  t h r e e  
a l g o r i t h m s .  The f i r s t  a l g o r i t h m  [Ros76]  t e s t s  f o r  
c h o r d a l i t y  (a n e c e s s a r y  c o n d i t i o n  f o r  i n t e r v a l  g r a p h s )  and 
g i v e s  a l i s t  o f  c l i q u e s  f o r  e a c h  g r a p h  ( i f  t h e  g r a p h  i s  
c h o r d a l ) .  The second a l g o r i t h m  [Boo75] a t t e m p t s  t o  b u i l d  a 
s p e c i a l  t y p e  o f  t r e e  ( c a l l e d  a P Q - t r e e )  f o r  e a ch  g r a p h ;  t h i s  
c a n  be d on e  i f f  t h e  g r a p h  i s  an i n t e r v a l  g r a p h .  The l e a v e s  
o f  t h e  P Q - t r e e  r e p r e s e n t  c l i q u e s  o f  t h e  g r a p h s ;  t h e  v e r t e x -  
c l i q u e  r e l a t i o n s h i p  d e t e r m i n e s  t h e  s t r u c t u r e  o f  t h e  t r e e s .  
The t h i r d  a l g o r i t h m  [Col79]  t e s t s  t h e  P Q - t r e e s  ( w i t h  t h e i r  
l e a v e s  l a b e l l e d  by d e g r e e  s e q u e n c e s )  f o r  i s o m o r p h i s m .  T h i s  
l a s t  a l g o r i t h m  d i f f e r s  from t h e  v e r s i o n  o f  Lueker  and Booth 
[Lue791 whi ch  u s e s  a more c o m p l i c a t e d  l a b e l l i n g  f o r  t h e  PQ- 
t r e e s .

Gi ve n  a g r a p h  G=(V,E) ,  t h e  number o f  v e r t i c e s  i s  n = | V | ,  
and t h e  number o f  e dg es  i s  e = | E | .  We use  t h e  u s u a l  
d e f i n i t i o n s  from g r a p h  t h e o r y  ( [Har69]  , [ B o n 7 6 ] ) ;  some
a d d i t i o n a l  d e f i n i t i o n s  which a r e  n o t  s t a n d a r d  o r  p e r h a p s  n o t  
w e l l  known f o l l o w .

n o t
A c h o r d  

a d j a c e n t
o f  a c y c l e  i s  an edge  which  j o i n s  two v e r t i c e s  
i n  t h e  c y c l e .  A g r a p h  G i s  c h o r d a l  i f f  e v e r y
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c y c l e  o f  l e n g t h  g r e a t e r  t h a n  t h r e e  h a s  a c h o r d .  Some 
a u t h o r s  u s e  t h e  word t r i a n g u l a t e d  i n s t e a d  o f  c h o r d a l .

One p r o p e r  s u b c l a s s  o f  c h o r d a l  g r a p h s  i s  t h e  i n t e r v a l  
g r a p h s . I n t e r v a l  g r a p h s  a r e  t h o s e  g r a p h s  t h a t  can  be 
r e p r e s e n t e d  a s  an i n t e r s e c t i o n  model  o f  i n t e r v a l s  on t h e  
r e a l  l i n e .  Given a s e t  o f  i n t e r v a l s ,  a s s o c i a t e  one v e r t e x  
w i t h  e a c h  i n t e r v a l ;  two v e r t i c e s  a r e  a d j a c e n t  i f f  t h e i r  
c o r r e s p o n d i n g  i n t e r v a l s  have  a n o n- e m p t y  i n t e r s e c t i o n .

A c l i q u e  i s  a maximal  c o m p l e t e  s u b g r a p h .  T h i s  
d e f i n i t i o n  d i f f e r s  from t h a t  o f  some a u t h o r s ,  who d o n ' t  
r e q u i r e  m a x i m a l i t y .

A m a t r i x  o f  z e r o e s  and o n e s  i s  s a i d  t o  have  t h e  
c o n s e c u t i v e  o nes  p r o p e r t y  i f  t h e r e  e x i s t s  a p e r m u t a t i o n  o f  
t h e  rows so t h a t  i n  t h e  permut ed  m a t r i x  t h e  o n e s  in  ea ch  
co lumn o c c u r  c o n s e c u t i v e l y .  The f o l l o w i n g  c h a r a c t e r i z a t i o n  
o f  i n t e r v a l  g r a p h s  i s  proved by F u l k e r s o n  and G r o s s  [ F u l 6 5 ] ,  
A g r a p h  G i s  an i n t e r v a l  g r a p h  i f f  t h e  c l i q u e  v s .  v e r t e x  
i n c i d e n c e  m a t r i x  o f  G h a s  t h e  c o n s e c u t i v e  o n e s  p r o p e r t y .  I t  
i s  n o t  n e c e s s a r y  t o  e x p l i c i t l y  c o n s t r u c t  t h e  m a t r i x .  
R a t h e r ,  i t  s u f f i c e s  t o  f i n d  an o r d e r i n g  o f  t h e  c l i q u e s  so 
t h a t  t h e  s e t  o f  c l i q u e s  f o r  e a c h  v e r t e x  i s  c o n t i g u o u s  w i t h i n  
t h a t  o r d e r i n g .

A PQ- t r e e  i s  a t r e e  w i t h  two t y p e s  o f  i n t e r i o r  n o d e s :  P 
n o d e s ,  whose c h i l d r e n  may be a r b i t r a r i l y  p e r m u t e d ,  and Q
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n o d e s ,  whose c h i l d r e n  may o n l y  be  r e v e r s e d  l e f t  f o r  r i g h t .  
For a c o m p l e t e  d e f i n i t i o n  o f  P Q - t r e e s ,  s e e  [Boo75] ,

The f o l l o w i n g  s e c t i o n  
a l g o r i t h m s :  t h e  c h o r d a l i t y  
g r a p h  p r o p e r t y ,  which  u s e s  
m e n t i o n e d  b r i e f l y .  The f i  
i s o m o r p h i s m  t e s t .

d i s c u s s e s  t h e  f i r s t  o f  t h e  t h r e e  
t e s t .  T e s t i n g  f o r  t h e  i n t e r v a l  
t h e  P Q - t r e e  a l g o r i t h m s ,  i s  t h e n  
n a l  main  s e c t i o n  d e a l s  w i t h  t h e
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C h o r d a l i t y  T e s t i n g

C h o r d a l i t y  t e s t i n g  i s  p e r f o r m e d  i n  two s t a g e s .  In t h e  
f i r s t ,  t h e  o r d e r i n g  a l g o r i t h m  a s s i g n s  a number and a l a b e l  
t o  e a c h  v e r t e x .  L a b e l s  c o n s i s t  o f  a s t r i n g  o f  v e r t e x  
n u m b e r s ;  t h e  e x a c t  c o n s t r u c t i o n  o f  t h i s  s t r i n g  f o l l o w s  
b e l o w .  The second s t a g e  a r i s e s  from t h e  f o l l o w i n g  
o b s e r v a t i o n  (which i s  a c o n s e q u e n c e  o f  t h e  way i n  which 
l a b e l s  a r e  a s s i g n e d ) ; t h e  v e r t i c e s  i n  e a c h  l a b e l  form a 
c o m p l e t e  s u b g r a p h  i f f  t h e  g r a p h  i s  c h o r d a l .  Maximal l a b e l s  
c o r r e s p o n d  t o  c l i q u e s ;  t h e s e  a r e  i m p o r t a n t  f o r  t h e  i n t e r v a l  
g r a p h  t e s t ,  so we w i l l  want  t o  d i s t i n g u i s h  maximal  l a b e l s  
f rom non-maxi mal  o n e s .

The l a b e l l i n g  i s  done w i t h  a l e x i c o g r a p h i c  b r e a d t h -  
f i r s t  s e a r c h . The s e a r c h  i s  b r e a d t h - f i r s t ,  a s  e a ch
n e i g h b o u r  w o f  v i s  examined when v i s  p r o c e s s e d .  The
s e a r c h  i s  l e x i c o g r a p h i c ,  a s  t h e  queue o f  v e r t i c e s  y e t  t o  be 
exami ned  i s  o r d e r e d  by t h e  l e x i c o g r a p h i c  r a n k  o f  t h e  l a b e l s .  
I f  a p p r o p r i a t e  c a r e  i s  t a k e n  i n  t h e  l a b e l l i n g  p r o c e d u r e ,  i t  
c a n  be a c c o m p l i s h e d  in  0(n+e)  t i m e .  The l e x i c o g r a p h i c  
o r d e r i n g  i s  t h e  u s u a l  d i c t i o n a r y  o r d e r i n g ,  e x c e p t  t h a t  
i n t e g e r s  a r e  used i n  l i e u  o f  l e t t e r s  o f  t h e  a l p h a b e t .

As w e l l  a s  a s s i g n i n g  l a b e l s  t o  v e r t i c e s ,  t h e  a l g o r i t h m  
a s s i g n s  a number t o  e a ch  v e r t e x .  T h i s  number i s  n o t  t o  be 
c o n f u s e d  w i t h  t h e  name o f  t h e  v e r t e x ,  whi ch  i s  a n e c e s s a r y  
means  o f  i d e n t i f i c a t i o n .
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I n i t i a l l y ,  e a c h  v e r t e x  i s  unnumbered and h a s  a n u l l  
l a b e l .  Note  t h a t  t h e  n u l l  l a b e l  i s  c o n s i d e r e d  t o  be 
l e x i c o g r a p h i c a l l y  l e s s  t h a n  any  n o n - n u l l  l a b e l .  The 
v e r t i c e s  a r e  numbered and l a b e l l e d  i n  an i t e r a t i v e  p r o c e s s .  
At s t e p  k ( f o r  k from n down t o  1 ) ,  an unnumbered v e r t e x  v 
w i t h  maximal  l a b e l  i s  c h o s e n .  V e r t e x  v t h e n  r e c e i v e s  t h e  
number  k.  A l l  v e r t i c e s  a d j a c e n t  t o  v as  w e l l  a s  v i t s e l f  
t h e n  h a ve  k appended t o  t h e i r  l a b e l .  T h i s  s t e p  i s  r e p e a t e d  
n t i m e s ,  a f t e r  which t h e  g r a p h  h a s  b e e n  l e x i c o g r a p h i c a l l y  
o r d e r e d .  The b a s i c  a l g o r i t h m  i s  shown i n  F i g u r e  1. F i g u r e  
2 shows a s t e p - b y - s t e p  l a b e l l i n g  o f  a g r a p h .  The l a b e l  o f  
e a c h  v e r t e x  i s  a s e q u e n c e  o f  i n t e g e r s  e n c l o s e d  in 
p a r e n t h e s e s ;  a r i g h t  p a r e n t h e s i s  s i g n i f i e s  a c o m p l e t e d  l a b e l  
and h e n c e  a numbered v e r t e x .  The number o f  a v e r t e x  i s  
a l w a y s  t h e  l a s t  i n t e g e r  o f  i t s  c o m p l e t e d  l a b e l .

Mark e a c h  v e r t e x  unnumbered;G i v e  e a c h  v e r t e x  a n u l l  l a b e l ;
FOR i := n TO 1 STEP -1 DO BEGINChoose  an unnumbered v e r t e x  v w i t h  

l e x i c o g r a p h i c a l l y  maximum l a b e l ;G i v e  v t h e  number i ;Append i t o  v ' s  l a b e l ;
FOR a l l  unnumbered v e r t i c e s  w a d j a c e n t  t o  v DO append  i t o  w ' s  l a b e l ;END

F i g u r e  1.
The b a s i c  l a b e l l i n g  a l g o r i t h m .
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( 4 , 3  ( 5 , 4 , 3 )  ( 5 , 3 , 2 )  ( 4 , 3 , 1 )  ( 5 , 4 , 3 )  ( 5 , 3 , 2 )

F i g u r e  2.
An example  o f  t h e  l a b e l l i n g  a l g o r i t h m .

The l e x i c o g r a p h i c  b r e a d t h - f i r s t  s e a r c h  a l g o r i t h m  i s  
i n t e r e s t i n g  f o r  t h e  r e a s o n  m e n t i o n e d  a b o v e :  t h e  v e r t i c e s  in  
e a c h  l a b e l  form a c o m p l e t e  s u b g r a p h  i f f  t h e  g r a p h  i s  
c h o r d a l .  To p r o v e  t h i s ,  we need t h e  f o l l o w i n g :

Lemma: Let  G be any g r a p h  numbered by l e x i c o g r a p h i c  
b r e a d t h - f i r s t  s e a r c h .  I f  j  and k a r e  v e r t i c e s  whose 
n umb e rs  a r e  l a r g e r  t h a n  i and b o t h  a r e  a d j a c e n t  t o  i 
t h e n  t h e r e  i s  a p a t h  b e t w e e n  j and k ,  a l l  o f  whose
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i n t e r n a l  v e r t i c e s  a r e  b o t h  n o n a d j a c e n t  t o  i and 
numbered l a r g e r  t h a n  i .

P r o o f ; t h e  p r o o f  i s  found i n  [Boo75] and w i l l  n o t  be 
r e p e a t e d  h e r e .

The lemma a l l o w s  us to  p r o v e  t h e  f o l l o w i n g :

T h e o r e m : A g r a p h  G i s  c h o r d a l  i f f  t h e  l e x i c o g r a p h i c  
b r e a d t h - f i r s t  s e a r c h  l a b e l s  form c o m p l e t e  s u b g r a p h s .

P r o o f : T h i s  p r o o f  i s  a m o d i f i c a t i o n  o f  one found in  
[ B o o 7 5 ] .
P r o o f  =>: Suppose t h a t  G i s  c h o r d a l .  Number t h e  
v e r t i c e s  a c c o r d i n g  t o  l e x i c o g r a p h i c  b r e a d t h - f i r s t  
s e a r c h .  The above  lemma ca n  be r e s t a t e d  i n  a s t r o n g e r  
f o r m .

C l a i m : I f  i < j  < k and j  and k a r e  b o t h  a d j a c e n t  t o  i ,  
t h e n  t h e y  a r e  a l s o  a d j a c e n t  t o  e a c h  o t h e r .

P r o o f  o f  c l a i m : Using t h e  lemma, t h e r e  mus t  be  a p a t h ,  
n o n a d j a c e n t  t o  i ,  whose i n t e r n a l  v e r t i c e s  c o n n e c t  i and 
j  and a r e  a l l  numbered h i g h e r  t h a n  i .  Choose a mi ni mal  
p a t h  which  s a t i s f i e s  t h i s  c o n d i t i o n .  Add t h e  e d g e s  
{ i , j } and { i , k } t o  form a c y c l e .  The c y c l e  o b v i o u s l y  
h a s  no c h o r d ,  b e c a u s e  t h e  p a t h  i s  mi n i mal  and i i s  o n l y  
a d j a c e n t  t o  j  and k,  by  a s s u m p t i o n .  But i f  t h e  c y c l e  
h a s  l e n g t h  g r e a t e r  t h a n  t h r e e ,  t h e  g r a p h  c o u l d  n o t  be 
c h o r d a l .  T h i s  i m p l i e s  t h a t  t h e  p a t h  i n  q u e s t i o n
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a c t u a l l y  i s  a s i n g l e  edge  and h en ce  t h a t  j  and k a r e  
a d j a c e n t  i n  G.

Now c o n s i d e r  t h e  l a b e l  o f  v e r t e x  i .  By i n s p e c t i o n  
o f  t h e  l e x i c o g r a p h i c  b r e a d t h - f i r s t  s e a r c h  a l g o r i t h m ,  we 
s e e  t h a t  f o r  e v e r y  p a i r  o f  v e r t i c e s  j  ,k > i i n  t h e  
l a b e l ,  b o t h  j  and k mus t  be a d j a c e n t  t o  i .  Wi t ho ut  
l o s s  o f  g e n e r a l i t y ,  as sume j < k.  Then t h e  c l a i m  t e l l s  
us  t h a t  j  and k a r e  a d j a c e n t .  Thus t h e  l a b e l  forms a 
c o m p l e t e  s u b g r a p h .

P r o o f  <=: Suppose t h a t  t h e  l a b e l s  f o r  G g i v e n  by t h e  
l e x i c o g r a p h i c  b r e a d t h - f i r s t  s e a r c h  form c o m p l e t e  
s u b g r a p h s  o f  G. C o n s i d e r  any c y c l e  o f  l e n g t h  g r e a t e r  
t h a n  t h r e e .  S e l e c t  i t o  be t h e  l o w e s t  numbered v e r t e x  
i n  t h e  c y c l e  and l e t  j  and k be t h e  two i m m e d i a t e l y  
a d j a c e n t  v e r t i c e s  in  t h e  c y c l e .  As j  and k a r e  
a d j a c e n t  t o  i ,  and j , k  > i ,  we mus t  h a ve  b o t h  j  and k 
i n  i ' s  l a b e l .  By t h e  s u p p o s i t i o n ,  j  i s  a d j a c e n t  t o  k.  
Hence G i s  c h o r d a l .

P e r f o r m i n g  t h e  l a b e l l i n g  in  l i n e a r  t i m e  i s  r e a l l y  j u s t  
an e x e r c i s e  i n  l i s t  h a n d l i n g .  L a b e l s  a r e  n o t  e x p l i c i t l y  
s t o r e d  w i t h  e a c h  v e r t e x .  R a t h e r ,  we h ave  a queue  o f  l i s t s ,  
whe re  e a c h  l i s t  r e p r e s e n t s  a l l  v e r t i c e s  which  ( c u r r e n t l y )  
h av e  t h e  same l a b e l .  The queue i s  a r r a n g e d  so t h a t  t h e  
l i s t s  a r e  l e x i c o g r a p h i c a l l y  o r d e r e d ;  t h e  v e r t i c e s  i n  t h e  
f i r s t  l i s t  h av e  t h e  l e x i c o g r a p h i c a l l y  maximal  l a b e l ,  t h e  
v e r t i c e s  i n  t h e  second l i s t  have  t h e  second  l a r g e s t  l a b e l ,
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e t c .  T h i s  scheme p r o v i d e s  t h e  i m p l i c i t  l a b e l l i n g .  The d a t a  
s t r u c t u r e  i s  n o t  a queue in  t h e  s t r i c t  s e n s e  o f  t h e  word:  a s  
s e e n  b e l o w ,  i n s e r t i o n s  i n t o  t h e  m i d d l e  o f  t h e  queue a r e  
n e e d e d .  T h i s  f o r c e s  t h e  queue t o  be impl ement ed  a s  a d o u b l y  
l i n k e d  l i s t .

A s i d e  from t h e  f o r war d  and backward l i n k s  ( r e s p e c t i v e l y  
c a l l e d  ' h e a d '  and ' b a c k ' )  e a ch  queue e l e m e n t  ( c a l l e d  a
' c e l l ' )  h a s  two a d d i t i o n a l  f i e l d s .  ' N e x t '  i s  a p o i n t e r  to  
t h e  f i r s t  e l e m e n t  i n  t h e  l i s t ,  and ' f l a g '  i n d i c a t e s  w h e t h e r  
o r  n o t  t h i s  l i s t  i s  ' new'  ( s e e  b e l o w ) . The e l e m e n t s  i n  t h e  
l i s t s  u se  b a s i c a l l y  t h e  same d a t a  s t r u c t u r e .  ' N e x t '  and 
' b a c k '  a r e  used t o  d o u b l y  l i n k  a l l  v e r t i c e s  ( i . e .  a l l  c e l l s  
c o r r e s p o n d i n g  t o  v e r t i c e s )  w i t h  t h e  same l a b e l .  ' F l a g '
p o i n t s  t o  t h e  queue e n t r y  f o r  t h i s  l i s t ,  and ' h e a d '  p o i n t s  
t o  t h e  v e r t e x  c o r r e s p o n d i n g  t o  t h i s  c e l l .  ( I n  t h e  P a s c a l
i m p l e m e n t a t i o n  t h e s e  c e l l s  h av e  t h e  ' h e a d '  f i e l d  c a l l e d
' V e r t N a m e '  f o r  c l a r i t y . )

I n i t i a l l y ,  t h e r e  i s  o n l y  one l i s t  on t h e  q u e u e ;  t h i s  
l i s t  c o n t a i n s  a l l  o f  t h e  v e r t i c e s ,  s i n c e  a l l  v e r t i c e s  s t a r t  
w i t h  t h e  n u l l  l a b e l ,  and t h e  l i s t  i s  marked ' o l d ' .  At ea ch  
s t e p ,  a member v o f  t h e  f i r s t  n o n- e mp t y  l i s t  i s  c h o s e n ,  
removed f rom t h e  l i s t ,  and numb ered .  Now comes t h e  t r i c k y  
p a r t !  We would l i k e  t o  append t h e  c u r r e n t  number t o  t h e  
l a b e l  o f  a l l  unnumbered v e r t i c e s  w a d j a c e n t  t o  v .  T h i s  
r e q u i r e s  c r e a t i n g  z e r o  or  more new l i s t s  ( z e r o  i f  v i s  n o t  
a d j a c e n t  t o  any unnumbered v e r t i c e s ) .  F u r t h e r ,  i f  two
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v e r t i c e s  w and x a r e  b o t h  a d j a c e n t  t o  v ,  and a r e  b o t h  
c u r r e n t l y  on t h e  same l i s t ,  ( i . e .  t h e y  h a ve  t h e  same l a b e l ) ,  
a f t e r  t h e  l i s t  s t r u c t u r e  i s  m o d i f i e d  w and x must  a g a i n  be 
on t h e  same l i s t .  T h i s  c a n  be done  a s  f o l l o w s .

As e a c h  w a d j a c e n t  t o  v i s  f o u n d ,  remove w from i t s  
l i s t  ( s a y  1 ) .  Look a t  t h e  l i s t  ( l e x i c o g r a p h i c a l l y )  above 1 
i n  t h e  queue  ( i f  a n y ) .  I f  s uc h  a l i s t  e x i s t s  and i s  marked 
' n e w ' ,  add w t o  t h i s  l i s t .  O t h e r w i s e ,  c r e a t e  a new l i s t ,  
mark i t  ' n e w ' ,  and add w t o  t h i s  l i s t .  I n s e r t  t h i s  l i s t  
d i r e c t l y  a bo v e  1 in  t h e  q u e u e .  T h i s  scheme i n s u r e s  t h a t  w 
and x a r e  on t h e  same l i s t  a t  t h e  end o f  t h e  s t e p .

A f t e r  v ' s  a d j a c e n c y  l i s t  h a s  b e e n  e n t i r e l y  e x a m i n e d ,  
mark a l l  ' n ew '  l i s t s  ' o l d ' .  T h i s  c a n  be done  w i t h o u t  
e x a m i n i n g  a l l  l i s t s  by k ee p i n g  a l i s t  o f  a l l  ' n e w '  l i s t s ;  
w h e n e v e r  a new l i s t  i s  c r e a t e d ,  make a p o i n t e r  t o  i t  and 
s t o r e  t h i s  p o i n t e r  i n  a n o t h e r  l i s t .  F i g u r e s  3 and 4 show 
t h e  l i n k e d  l i s t  s t r u c t u r e  a f t e r  v e r t i c e s  5 and 4 o f  t h e  
s a m p l e  g r a p h  have  been  l a b e l l e d .  For s i m p l i c i t y ,  t h e  
v e r t i c e s  o f  t h e  g r a p h  have  names e q u a l  t o  t h e i r  
l e x i c o g r a p h i c  b r e a d t h - f i r s t  s e a r c h  n u mb e r s .
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F i g u r e  3.
The l i n k e d  l i s t  s t r u c t u r e  a f t e r  v e r t e x  5 i s  removed.

F i g u r e  4.
The l i n k e d  l i s t  s t r u c t u r e  a f t e r  v e r t e x  4 i s  removed.
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A d e t a i l e d  a l g o r i t h m  f o r  t h i s  p r o c e s s  f o l l o w s .  Note 
t h a t  t h i s  a l g o r i t h m  i s  s l i g h t l y  d i f f e r e n t  f rom t h e  one g i v e n  
by R o s e ,  T a r j a n  and Lueker [Ros76]  b e c a u s e  o f  some a p p a r e n t  
e r r o r s  d e t e c t e d  in  t h e i r  a l g o r i t h m .  On l i n e  19 o f  t h e  
a l g o r i t h m  i n  [Ros76] t h e  f i r s t  s h o u l d  be  ' = ' .  L i n e s  24
and 25 s h o u l d  be r e p l a c e d  w i t h  ' i f  n e x t ( p )  <> 0 t h e n  
b a c k ( n e x t ( p) ) := b a c k ( p ) ) ' .  F i n a l l y ,  a more  s u b t l e  e r r o r
o c c u r s  on l i n e  50 where  ' . .  . f l a g ( h ) = v '  s h o u l d  read
' . .  . f l a g ( h ) = 0 ' .  A c o r r e c t e d  v e r s i o n  o f  t h e  a l g o r i t h m  
f o l l o w s  i n  F i g u r e  5.

BEGIN{ ( i m p l i c i t l y )  a s s i g n  n u l l  l a b e l  } 
t o  a l l  v e r t i c e s ;  h e a d (1) := 2; b a c k ( 2 )  := 1;

h e a d ( 2 )  := b a c k ( l )  :=  n e x t ( l )  :=  f l a g ( l ): = f l  ag (2 ) : = 0;c : = 3 ;
{ c i s  t h e  number o f  t h e  f i r s t  empt y c e l l ;  } FOR a l l  v e r t i c e s  v DO BEGIN
h e a d ( c )  := v;c e l l ( v )  := n e x t ( c - l )  := c;  f l a g ( c )  := 2; 
b a c k ( c )  := c -  1; c : = c + 1; number (v)  := 0;

END;
nex t ( c - 1 ) := 0;FOR i := number o f  v e r t i c e s  t o  1 STEP -1 DO 
BEGIN{ s k i p  empty s e t s ;  }WHILE n e x t ( h e a d ( l ) ) = 0 DO 

BEGINh e a d ( l )  := h e a d ( head ( 1 ) )  ; b a c k ( h e a d (1 ) )  :=  1;
END;{ p i c k  n e x t  v e r t e x  t o  number ;  } s e l e c t :  p := n e x t ( h e a d ( 1 ) ) ;

{ d e l e t e  p ' s  c e l l  from i t s  s e t ;  } n e x t ( h e a d (1 ) )  := n e x t ( p ) ;IF  n e x t ( p )  <> 0
THEN b ac k  ( n e x t ( p )  ) := b a c k ( p ) ;
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{ a s s i g n  v t h e  number i ;  } n a m e _ o f ( i )  := v; 
number (v) := i ;  f i x l i s t  := n u l l ;u p d a t e :  FOR a l l  w a d j a c e n t  t o  v DO 

IF number (w) = 0 THEN BEGIN{ d e l e t e  c e l l  o f  w f rom i t s  s e t ;  } 
n e x t ( b a c k ( c e l l ( w ) )) := n e x t ( c e l 1 ( w ) ) ;IF nex t  ( c e l l  (w) ) <> 0 THENb a c k ( n e x t ( c e l 1 ( w ) ) )  := b a c k ( c e l l ( w ) ) ;  
h := back ( f l  ag ( c e l  1 (w) ) )  ;{ i f  h i s  an o l d  s e t  t h e n  c r e a t e  a new s e t ;  } IF f l a g ( h )  = 0 THEN 
BEGINh e a d ( c )  := h e a d ( h ) ;  h e a d ( h )  := c; 

b a c k ( h e a d ( c ) ) := c;b a c k ( c )  := h;  f l a g  (c) : = 1;
n e x t  ( c) : = 0; add c t o  f i x l i s t ;  h : = c; 
c : = c + 1;END;{ add c e l l  o f  w t o  t h i s  new s e t ;  } 

n e x t ( c e l 1 (w) ) := n e x t ( h ) ;IF n e x t ( h )  <> 0 THEN b a c k ( n e x t ( h ) ) :=  c e l l ( w ) ;  f l a g ( c e l 1 (w) ) := b a c k ( c e l l (w ) ) := h;
n e x t ( h )  := c e l l ( w ) ;END;FOR a l l  h i n  f i x l i s t  DO f l a g ( h )  := 0;

END;
END

F i g u r e  5.
D e t a i l e d  l a b e l l i n g  a l g o r i t h m .

T h e r e  a r e  two p o i n t s  l e f t  t o  be d e t e r m i n e d :
(1) how a r e  t h e  l a b e l s  a c t u a l l y  p r o d u c e d ,  and
(2) how a r e  t h e  maximal  l a b e l s  ( e f f i c i e n t l y )  found?

To p r o d u c e  t h e  l a b e l s ,  two a d d i t i o n a l  f i e l d s  were  added 
t o  t h e  ' c e l l '  s t r u c t u r e  g i v e n  i n  t h e  a l g o r i t h m  o f  [Ros76] . 
One f i e l d ,  ' L a b e l P t r ' ,  i s  a p o i n t e r  t o  a c e l l .  The s e c o n d ,
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' L a b e l N u m ' ,  i s  an i n t e g e r .  Whenever a new l i s t  i s  c r e a t e d ,  
LabelNum o f  t h e  l i s t  h e a d e r  i s  s e t  t o  t h e  number o f  v ( t h e  
v e r t e x  j u s t  n u m b e r e d ) . T h i s  i n d i c a t e s  t h a t  a l l  v e r t i c e s  
whi ch  w i l l  be on t h i s  s e t  h av e  t h i s  number a s  p a r t  o f  t h e i r  
l a b e l .  As t h e y  a r e  y e t  unnumbered ,  and w i l l  be p u t  on t h i s  
l i s t  i f f  t h e y  a r e  a d j a c e n t  t o  v ,  t h e y  r e c e i v e  v ' s  number in  
t h e i r  l a b e l  e x a c t l y  a s  t h e y  s h o u l d .  At t h e  same t i m e ,  
L a b e l P t r  o f  t h e  new l i s t  h e a d e r  i s  made t o  p o i n t  t o  t h e  l i s t  
( c u r r e n t l y )  d i r e c t l y  be l ow i t  i n  t h e  q u e u e ;  t h i s  i s  1 in  
t h e  d e s c r i p t i o n  above  F i g u r e  3.  By c h a i n i n g  t h r o u g h  t h e s e  
p o i n t e r s  ( t h e  i n i t i a l  l i s t  in  t h e  queue h a s  a n u l l  L a b e l P t r  
a s  i t  h a s  a n u l l  l a b e l )  t h e  c o m p l e t e  l a b e l  f o r  any  v e r t e x  
ca n  be  f o u n d .  The i n i t i a l  l i s t  was n o t  c r e a t e d  by number i ng  
a v e r t e x  and t h u s  h a s  no number .

When a v e r t e x  i s  n umb er ed ,  i t  i s  e a s y  t o  d e t e r m i n e  
w h e t h e r  o r  n o t  i t s  l a b e l  i s  m a x i m a l .  As s t a t e d  a b o v e ,  t h e

r

v e r t e x  v t o  be numbered i s  c h o s e n  from t h e  l i s t  h a v i n g  t h e  
l e x i c o g r a p h i c a l l y  g r e a t e s t  l a b e l .  I f  no v e r t e x  on t h i s  l i s t  
i s  a d j a c e n t  t o  v ,  t h e n  v ' s  l a b e l  ca n  n o t  be  t h e  p r e f i x  o f  
a n y  o t h e r  l a b e l ;  i f  a v e r t e x  on t h i s  l i s t  i s  a d j a c e n t ,  t h e n  
v ' s  l a b e l  w i l l  be t h e  p r e f i x  o f  a n o t h e r  l a b e l .  Checking 
e a c h  w a d j a c e n t  t o  v f o r  t h i s  c o n d i t i o n  i s  e a s i l y  d o n e :  t h e  
a l g o r i t h m  s u p p l i e s  e a c h  c e l l  w i t h  a p o i n t e r  t o  i t s  l i s t  
h e a d e r  ( i . e .  ' f l a g ' ) .

The f i n a l  s t a g e  o f  t h e  c h o r d a l i t y  t e s t i n g  r e q u i r e s  
c h e c k i n g  t h e  l a b e l s  t o  i n s u r e  t h a t  t h e y  form c o m p l e t e
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s u b g r a p h s .  We d o n ' t  want  t o  c h e ck  a l l  p a i r s  o f  e a c h  l a b e l :  
a s  we h av e  n l a b e l s ,  and e a ch  h a s  0(n)  e l e m e n t s ,  e xa mi ni ng  
a l l  p a i r s  would r e q u i r e  0 ( n 3 )  work ,  v i o l a t i n g  t h e  0(n+e)  
t i m e  b o u nd .  We f i r s t  c r e a t e  a l i s t  o f  p a i r s  ( i , j )  where  i < j  
and v e r t e x  i i s  a d j a c e n t  t o  v e r t e x  j ;  t h i s  i s  a l i s t  o f  
a c t u a l  e d g e s .  Next  we c r e a t e  t h e  l i s t  o f  n e c e s s a r y  e d g e s .  
For  e a c h  l a b e l  o f  l e n g t h  g r e a t e r  t h a n  t wo,  form a l l  p a i r s  o f  
t h e  form ( i , j )  where  i i s  t h e  s e c o n d  s m a l l e s t  e l e m e n t  o f  t h e  
l a b e l  and t h e  j ' s  a r e  a l l  i n t e g e r s  i n  t h e  l a b e l  g r e a t e r  t h a n  
i.

I t  i s  s u f f i c i e n t  to  check  o n l y  t h e s e  p a i r s  f o r  two 
r e a s o n s :  (1) w i t h  t h e  d e s c r i b e d  method o f  a s s i g n i n g  l a b e l s ,  
t h e  s m a l l e s t  e l e m e n t  mus t  be a d j a c e n t  t o  e v e r y t h i n g  e l s e  i n  
t h e  l a b e l ,  and (2) t h e  p a i r s  c o m p r i s e d  o f  e l e m e n t s  g r e a t e r  
t h a n  t h e  s ec on d  s m a l l e s t  a r e  ch eck ed  w h i l e  p r o c e s s i n g  l a b e l s  
o f  o t h e r  v e r t i c e s .

The two l i s t s  o f  e d g e s  a r e  t h e n  b u c k e t s o r t e d ;  t h e  
b u c k e t s o r t i n g  o f  0 (e )  p a i r s  o v e r  a r a n g e  o f  n t a k e s  a t  mos t  
0 (n +e )  t i m e .  One p a s s  t h r o u g h  t h e  l i s t s  s u f f i c e s  t o  i n s u r e  
t h a t  t h e  needed e dg e s  form a s u b s e t  o f  t h e  a c t u a l  e d g e s .  
Exami ni ng  t h e  t h e o r e m ,  we s e e  t h a t  i f  t h e  needed  e d g e s  a r e  a 
s u b s e t  o f  t h e  e d g e s  t h e n  t h e  g r a p h  i s  c h o r d a l .
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I n t e r v a l  Graph  T e s t i n g

As m e n t i o n e d  e a r l i e r ,  a c h o r d a l  g r a p h  i s  an i n t e r v a l  
g r a p h  i f f  t h e r e  e x i s t s  an o r d e r i n g  o f  i t s  c l i q u e s  so t h a t  
t h e  s e t  o f  c l i q u e s  c o n t a i n i n g  a v e r t e x  v i s  c o n t i g u o u s  
w i t h i n  t h a t  o r d e r ,  f o r  a l l  v e r t i c e s  v .

The o u t p u t  o f  t h e  c h o r d a l  i t y  t e s t  g i v e s  us t h e  c l i q u e s  
( i f  t h e  g r a p h  i s  c h o r d a l ) .  Using t h e  P Q - t r e e  d a t a  
s t r u c t u r e ,  i n  0(n+e)  t i m e  i t  c a n  be d e c i d e d  w h e t h e r  o r  n o t  a 
c h o r d a l  g r a p h  i s  an i n t e r v a l  y ra ph  ( [ L u e 7 9 ] ) .  The a l g o r i t h m  
i s  q u i t e  c o m p l i c a t e d  and w i l l  n o t  be  d i s c u s s e d  h e r e .

Using P a n e k ' s  [Pan78] m o d i f i c a t i o n  o f  Y o u n g ' s  [You77] 
i m p l e m e n t a t i o n ,  P Q - t r e e s  c o r r e s p o n d i n g  t o  i n t e r v a l  g r a p h s  
c a n  be b u i l t .  I f  t h e  c h o r d a l  g r a p h  i s  n o t  an i n t e r v a l  
g r a p h ,  t h e  program s t o p s  and r e p o r t s  t h i s .  I f  t h e  g r a p h  i s  
i n d e e d  an i n t e r v a l  g r a p h ,  an e n c o d i n g  o f  t h e  P Q - t r e e  i s  
o u t p u t .

As an e x a m p l e ,  s e e  t h e  f o l l o w i n g  f i g u r e s .  F i g u r e  6 
shows a t h r e e  component  g r a p h ,  and F i g u r e  7 l i s t s  t h e  
c l i q u e s  f o r  t h i s  g r a p h .  F i g u r e  8 shows t h e  c o r r e s p o n d i n g  
P Q - t r e e  a s  d e t e r m i n e d  by t h e  program and t h e  o u t p u t  g i v e n  by 
P a n e k ' s  i m p l e m e n t a t i o n  w i t h  l e t t e r s  s u b s t i t u t e d  f o r  d i g i t s .  
The P n o d e s  a r e  drawn a s  c i r c l e s ,  and t h e  Q n o d e s  a r e  drawn 
a s  r e c t a n g l e s .  The program o u t p u t  r e p r e s e n t s  t h i s  w i t h  
a n g l e  b r a c k e t s  ( ' .<> ' )  and s q u a r e  b r a c k e t s  ( ' [ ] ' )  
r e s p e c t i v e l y .

J a n u ar y  10 ,  1981
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C l i q u e V e r t i c e s1 a 29 31 32 33
2 b 30 32 33
3 c 28 31 334 d 25 26 27 33
5 e 24 26 27 336 f 22 23 277 g 21 23
8 h 16 17 19 209 i 15 17 19 2010 j 14 17 19 20

11 k 18 2012 1 12 13 1913 m 11 13 19
14 n 6 8 9 1015 o 7 9 1016 P 5 8 10
17 q 4 1018 r 2 3 1019 s 1 3 10

F i g u r e  7.
The c l i q u e s  o f  t h e  g r a p h  o f  f i g u r e  6.

< [g  f  <e d > [ c  a b] ] [<m l X j  i h> k] <<s r > [ p  n o] q>>

F i g u r e  8 .
The P Q - t r e e  f o r  t h e  g r a p h  o f  F i g u r e  6.

J a n u ar y  1 0 ,  1981
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I s o m o r p h i s m  T e s t i n g

I s omo rp hi sm t e s t i n g  f o r  i n t e r v a l  g r a p h s )  i s  a l m o s t  a s  
e a s y  a s  i s om or ph i s m t e s t i n g  o f  t h e  P Q - t r e e s  g i v e n  by t h e  
i n t e r v a l  g r a p h  t e s t .  T e s t i n g  t h e  t r e e s  w i t h  no a d d i t i o n a l  
i n f o r m a t i o n  d o e s  n o t  s u f f i c e ,  a s  a P Q - t r e e  d o e s  n o t  by 
i t s e l f  g i v e  a c a n o n i c a l  r e p r e s e n t a t i o n  o f  an i n t e r v a l  g r a p h .  
For e x a m p l e ,  i n  F i g u r e  9 two d i f f e r e n t  i n t e r v a l  g r a p h s  
( m o d i f i e d  from g r a p h s  i n  [ L u e 7 9 ] ) a r e  shown which  h ave  t h e  
same P Q - t r e e ,  shown in  F i g u r e  10.  However ,  a s  shown i n  
[ C o l 8 0 ] ,  l a b e l l i n g  t h e  l e a v e s  ( c l i q u e s )  o f  t h e  P Q - t r e e s  w i t h  
t h e  d e g r e e  s e q u e n c e s  d o e s  g i v e  a c a n o n i c a l  r e p r e s e n t a t i o n  up 
t o  i s o m o r p h i s m .

Two n o n - i s o m o r p h i c  g r a p h s  w i t h  t h e  same P Q - t r e e .

Ja nu ar y  10 ,  1981
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F i g u r e  10.
The P Q - t r e e  o f  t h e  g r a p h s  i n  F i g u r e  9.

The f i r s t  p a r t  o f  t h e  t e s t i n g  i s  t o  p r o d u c e  t h e  s o r t e d  
d e g r e e  s e q u e n c e s  f o r  t h e  c l i q u e s .  With a b u c k e t  s o r t ,  t h i s  
c a n  be d on e  i n  0(n+e)  t i m e .  Each l e a f  i s  g i v e n  an i - number 
whi ch  i s  e q u a l  t o  t h e  ra nk  o f  i t s  d e g r e e  s e q u e n c e  w i t h i n  t h e  
s o r t e d  l i s t  o f  d e g r e e  s e q u e n c e s .

I s om o r p h i s m  t e s t i n g  p r o c e e d s  a s  f o l l o w s .  At e v e r y  
l e v e l  o f  t h e  f o r e s t ,  b e g i n n i n g  w i t h  t h e  l e a v e s  o f  maximum 
d e p t h ,  t h e  l a b e l s  o f  a l l  n ode s  a t  t h a t  d e p t h  a r e  s o r t e d .  
The l a b e l  o f  a l e a f  i s  i t s  i - n u m b e r ;  t h e  l a b e l  o f  a P node 
i s  ' 1 '  f o l l o w e d  by t h e  s o r t e d  s e q u e n c e  o f  i t s  c h i l d r e n ' s  i -  
n u m b e r s ;  t h e  l a b e l  o f  a Q node  i s  ' 2 '  f o l l o w e d  by t h e  i -  
numbers  o f  i t s  c h i l d r e n :  l e f t  t o  r i g h t ,  o r  r i g h t  t o  l e f t ,  
w h i c h e v e r  i s  l e x i c o g r a p h i c a l l y  s m a l l e r .  Then e a c h  n o d e ' s  
i - n u m b e r  i s  s e t  e q u a l  t o  t h e  r a n k  o f  i t s  l a b e l .

Ja nu ar y  1 0 ,  1981
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The above  s t e p s  a r e  r e p e a t e d  u n t i l  t h e  r o o t s  h ave  
r e c e i v e d  t h e i r  i - n u m b e r s .  The t r e e s  a r e  i s o m o r p h i c  i f f  
t h e i r  r o o t s  have  t h e  same i - n u m b e r s .  See F i g u r e  11 f o r  t h e  
p se u do  c o d e .

BEGIN
S o r t  t h e  c l i q u e  d e g r e e  s e q u e n c e s ;A s s i g n  e a ch  l e a f ' s  i - n u m b e r  a s  t h e  r a n k  o f  i t s  d e g r e e  s e q u e n c e ;
FOR d := maximum d e p t h  TO 1 STEP -1 DO BEGIN{ C r e a t e  l a b e l s  a t  t h i s  l e v e l  }

FOR e a c h  node a t  t h i s  l e v e l  DO IF node  i f  a l e a f  THEN l a b e l  := i - n u m b e r  ELSE IF node i s  a P node
THEN l a b e l  := l f < s o r t e d  s e q u e n c eo f  c h i l d r e n ' s  i - n u mb e r s >  e l s e  l a b e l  := 2,  m i n ( < c h i l d r e n ' s  i - n u m b e r s  

l e f t  t o  r i g h t > ,  C c h i l d r e n ' s  i - n u m b e r s  r i g h t  t o  l e f t > ) ;  S o r t  a l l  l a b e l s  a t  t h i s  l e v e l ;
FOR e a c h  node a t  t h i s  l e v e l  DO i -n u m b e r  := r ank  o f  l a b e l ;END;

IF i - n u m b e r s  o f  b o t h  r o o t s  a r e  e q u a l  THEN i s o m o r p h i c  := TRUE ELSE i s o m o r p h i c  := FALSE;
END

F i g u r e  11.
P Q - t r e e  i so mo rp hi sm a l g o r i t h m .

T h e r e  a r e  o n l y  two d e t a i l s  o f  t h i s  a l g o r i t h m  whi ch  b e a r  
comment .  The f i r s t  i s  t h e  method o f  a c c e s s i n g  n o de s  a t  a 
p a r t i c u l a r  l e v e l  in t h e  f o r e s t .  The seco nd  i s  s o r t i n g  
v a r i a b l e  l e n g t h  s t r i n g s  o f  i n t e g e r s .

S e a r c h i n g  t h r o u g h  t h e  f o r e s t  a t  e v e r y  i t e r a t i o n  f o r  
n o d e s  o f  a p a r t i c u l a r  d e p t h  i s  t o o  i n e f f i c i e n t .  However ,  
w i t h  a d e p t h  f i r s t  s e a r c h  o f  e a c h  t r e e ,  i t  i s  e a s y  t o  c r e a t e

J a n u ar y  10 , 1981
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a l i s t  o f  n o d e s  f o r  e a ch  l e v e l .  T h i s  a l l o w s  us  t o  b u i l d  
t h e s e  l i s t s  i n  t i m e  p r o p o r t i o n a l  t o  t h e  s i z e  o f  t h e  f o r e s t .

To s o r t  v a r i a b l e  l e n g t h  s t r i n g s ,  a s l i g h t  m o d i f i c a t i o n  
o f  an a l g o r i t h m  in  [Aho74] i s  u s e d .  The m o d i f i c a t i o n ,  done 
f o r  e a s e  o f  p ro grammi ng ,  ' s o r t s '  t h e  s t r i n g s  i n  an o r d e r  
d i f f e r e n t  t h a n  t h e  u s u a l  l e x i c o g r a p h i c  o r d e r .  T h i s  
m o d i f i c a t i o n  d o e s  n o t  i n c r e a s e  t h e  l i n e a r  t i m e  bound o f  t h e  
a l g o r i t h m .  As i t  t u r n s  o u t ,  t h i s  m o d i f i c a t i o n  o f  t h e  
o r d e r i n g  i s  n o t  i m p o r t a n t ;  t h e  o n l y  n e c e s s a r y  r e q u i r e m e n t  o f  
t h e  ' s o r t '  i s  t h a t  any  s e t  o f  e q u a l  s t r i n g s  be  s o r t e d  i n t o  
one c o n t i g u o u s  s e q u e n c e .

As shown i n  [Aho74] ,  t h e  l a b e l s  o f  a f o r e s t  ( two t r e e s ,  
i n  our  c a s e )  can be s o r t e d  i n  t i m e  p r o p o r t i o n a l  t o  t h e  s i z e  
o f  t h e  f o r e s t  p l u s  t h e  sum o f  t h e  l e n g t h s  o f  t h e  o r i g i n a l  
l a b e l s .  The o r i g i n a l  l a b e l s  a r e  t h e  c l i q u e  d e g r e e  
s e q u e n c e s ;  t h u s  t h e  sum of  t h e i r  l e n g t h s  i s  0 ( n + e ) .  A l s o ,  
d e t e r m i n i n g  i somorphi sm o f  two n - v e r t e x  t r e e s  w i t h  l a b e l s  in  
t h e  r a n g e  1 t o  n can be done  i n  0(n)  t i m e .  Hence t h e  
i s o m o r p h i s m  t e s t i n g  can be p e r f o r m e d  in  0(n+e)  t i m e .

A more d e t a i l e d  e x p l a n a t i o n  o f  t h e  a l g o r i t h m  i s  found 
i n  F i g u r e  12.

J a n u a r y  10 ,  1981
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BEGINs o r t  c l i q u e  d e g r e e  s e q u e n c e s ;
FOR e a c h  l e a f  v in t h e  f o r e s t  DOv ' s  i -n um be r  := r a n k  o f  c o r r e s p o n d i n g  s e q u e n c e ;
FOR 1 := maximum d e p t h  i n  f o r e s t  TO 1 STEP -1 DO BEGINi n i t i a l i z e  l a b e l  l i s t  t o  n u l l ;

FOR e v e r y  node v a t  d e p t h  1 DO BEGIN{ c r e a t e  v ' s  l a b e l  }
IF v i s  a l e a f  THEN v ' s  l a b e l  := v ' s  i - n um be r  ELSE IF v i s  a P n ode  THEN BEGIN

g e t  i - n u m b e r s  o f  v ' s  c h i l d r e n ;  s o r t  them i n  a s c e n d i n g  o r d e r ;  v ' s  l a b e l  := t h i s  s o r t e d  l i s t ;
ENDELSEBEGIN

{ v i s  a Q node  }g e t  i - n u m b e r s  o f  v ' s  c h i l d r e n  l e f t  t o  r i g h t  g e t  i - n u m b e r s  o f  v ' s  c h i l d r e n  r i g h t  t o  l e f t  
v ' s  l a b e l  ;= l e x i c o g r a p h i c  minimum o f  t h e  above  s e q u e n c e s ;END;

add v ' s  l a b e l  t o  t h e  l i s t  o f  l a b e l s ;END;s o r t  t h e  l i s t  o f  l a b e l s ;
FOR e v e r y  node v a t  d e p t h  1 DOv ' s  i - n um be r  := v ' s  l a b e l ' s  r a n k  i n  s o r t e d  l i s tEND;

IF b o t h  r o o t s  have same i - n um be r  THEN i s o m o r p h i c  := TRUE 
ELSE i s o m o r p h i c  := FALSE:END

F i g u r e  12.
I somorphism t e s t i n g  a l g o r i t h m .

J a n u a r y  10 , 1981
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C o n c l u s i o n s

The c h o r d a l i t y  t e s t  and i so mo rp hi sm t e s t  a l g o r i t h m s  
were  i mp le me nt e d  in  P a s c a l  on t h e  U n i v e r s i t y  o f  W a t e r l o o  
Math F a c u l t y  Computing F a c i l i t y  Honeywel l  6 6 / 6 0 .  P a n e k ' s  
i m p l e m e n t a t i o n  o f  t h e  i n t e r v a l  g r a p h  t e s t  i s  a l s o
i m p le me nt e d  i n  P a s c a l  on t h e  same c o m p u t e r .

The p r o g r a m s  were t h e n  t e s t e d  on v a r i o u s  g r a p h s .  Some 
o f  t h e s e  a p p e a r  i n  Appendix 4 .

As a f i n a l  n o t e ,  a r e l a t i v e l y  s m a l l  e x t e n s i o n  o f  t h e  
i s o m o r p h i s m  t e s t  w i l l  g i v e  t h e  a u t o m o r p h i s m p a r t i t i o n  o f  t h e  
f o r e s t .  Most  o f  t h e  n e c e s s a r y  work i s  i n  s o r t i n g  v a r i a b l e  
l e n g t h  l a b e l s ,  and t h i s  i s  a l r e a d y  do ne  f o r  t h e  i so mo rp hi sm 
t e s t .  The o n l y  n o n - t r i v i a l  p a r t  r e m a i n i n g  i s  t o  f i n d  t h e  
node  ( o r  p a r t  o f  no de ! )  of t h e  P Q - t r e e  which  c o r r e s p o n d s  t o  
e a c h  v e r t e x  o f  t h e  o r i g i n a l  g r a p h .  T h i s  i s  d e s c r i b e d  in  
d e t a i l  i n  [ C o l 8 0 ] .

J a n u ar y  10 , 1981
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A ck no wl edg emen ts

I t seems f i t t i n g  a t  it h i s  p o i n t t o  q u o t e Doloi
a f o rm er s t u d e n t  o f  K e l l y Booth :

" The w r i t e r  i s g r a t e f u l t o  K e l l y Booth
f o r p a t i e n c e f a r beyond any
ex pec t a t i o n ."

J a n u a r y  10 ,  1981
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A p pe n di x  1

A P a s c a l Program f o r  C h o r d a l i t y  T e s t i n g

The 
They a r e

f o l l o w i n g  r o u t i n e s  i mp lemen t  t h e  c h o r d a l i t y  t e s t ,  
found under  t h e  c a t a l o g  g r / . / z s d / i s o - t e s t / c h o r d a l .

g r / . / z s d / i s o - t e s t / c h o r d a l / t y p e s . p :
c o n s t MaxVer ts  = 50;
t y p e E P o i n t e r  = ' ' edge ;

C P o i n t e r  = ' 'Ce l lNode;
C l i q L P t r  = ' ' C l i q u e L i s t
e d g e  = r e c o r d  
{begi n}n e x t  : O t h e r E n d :
e n d ;

v e r t e x  = r e c o r d  
{begin}Adj L i s t :LexNum: 

deg r e e : 
c l i q u e s : c e l l : 

e n d ;
g r a p h  = r e c o r d  
{beg in}N um Ve r t s :N u m C l i q u e s : 

v e r t i c e s :-NameOf : e n d ;
C e l l N o d e  = r e c o r d  {beg in} 

nex t : b a c k : flag:
L a b e l P t r :LabelNum: c a s e  b o o l e a n  of

t r u e :  (h ea d :

E P o i n t e r  ; i n t e g e r ;

E P o i n t e r ; i n t e g e r ; 
i n t e g e r ; C l i q L P t r ; CPo i n t e r  ;

i n t e g e r ; i n t e g e r ;
a r r a y [ 1 . .MaxVer t s ]  o f  v e r t e x ;  a r r a y [ 1 . .MaxVer t s ]  o f  i n t e g e r

CPo i n t e r  ;CPo i n t e r  ;CPo i n t e r  ; 
C P o i n t e r ; i n t e g e r ;

C P o i n t e r )  ;

J a n u ar y  10 ,  1981
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f a l s e :  (VertName:  i n t e g e r ) ;e n d ;
C l i q u e L i s t  = r e c o r d  {beg in}

n e x t :  C l i q L P t r ;Cl iqNum: i n t e g e r ;e n d ;
t e x t  = f i l e  o f  c h a r ;

g r / . / z s d / i s o - t e s t / c h o r d a l / i n p u t . p :
{ T h i s  p r o c e d u r e  r e a d s  i n  t h e  g r a p h  from t h e  t t y  o r  a f i l e .  The f i r s t  l i n e  s h o u l d  be t h e  number o f  v e r t i c e s ,  and t h e  

s u b s e q u e n t  l i n e s  s h o u l d  be t h e  a d j .  l i s t s  f o r  e a c h  v e r t e x .  Each a d j a c e n c y  l i s t  s h o u l d  h ave  t h e  end f l a g g e d  w i t h  a 0.  }
p r o c e d u r e  I n p u t G r a p h (v a r  g v a r  i ,  num:e j  :

F r o m t t y : 
l a s t : f i l e n a m e : 
i n f i l e :

g r a p h )  ;i n t e g e r ;EPo i n t e r ; 
b o o l e a n ;
EPo i n t e r ;pac ked  a r r a y  [ 1 . . 4 0 ]  o f  c h a r ;  
f i l e  o f  c h a r ;

beg in
w r i t e l n ( ' I f  d a t a  i n  a f i l e ,  t y p e  name; e l s e  r e t u r n ' ) ;  r e a d l n (  f  i l  ename) ;F r o m t t y  := f i l e n a m e [ l ]  = ' ' ;
i f  n o t  F r o m t t y  t h e n  o p e n f ( i n f i l e , f i l e n a m e ,  ' r ' )e l s e  o p e n f  ( i n f  i l  e , ' ' ,  ' r ' ) ;w i t h  g do 
beg ini f  F r o m t t y  t h e nw r i t e ( ' H o w  many v e r t i c e s  (max = ' , M a x V e r t s : 1 , ' )  ? ' ) ;  

r e a d l n ( i n f i l e , N umVer t s ) ;
i f  F r o m t t y  t h e n

w r i t e ( ' L i s t  a d j a c e n t  v e r t i c e s  f o r  e a c h  v e r t e x ; ' ) ;  
w r i t e l n ( '  end w i t h  a O ' ) ;  f o r  i := 1 t o  NumVerts do 

beg innew( v e r t  i c e s  [ i ]  .Adj  L i s t )  ; v e r t i c e s [ i ] . A d j L i s t " . n e x t  := n i l ;  
l a s t  := v e r t i c e s [ i ] . A d j L i s t ; v e r t i c e s [  i] . d e g r e e  := 0 ; v e r t i c e s f i ] . c l i q u e s  := n i l ;  
i f  F r o m t t y  t h e n  w r i t e ( i : l ,  ' :  ' ) ;
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r e a d ( i n f i l e ,  num); w h i l e  num <> 0 do 
beg inv e r t i c e s [  i] . d e g r e e  := v e r t i c e s [ i] . d e g r e e  + 1; n e w ( e j ) ;

l a s t ~ . OtherEnd := num; l a s t ' ' . n e x t  := e j  ; e j ~ . n e x t  := n i l ;  
l a s t  := e j ; r e a d ( i n f i l e ,  num); e n d ;  {of whi le}

end;  {of  for}  end ;  {of  w i t h  g}i f  n o t  F r o m t t y  t h e n  c l o s e f ( i n f i l e ) ; 
wr i t e l n ;w r i t e l n ( '  *** i n p u t  c o m p l e t e  * * * ' ) ;  w r i t e l n ;

e nd ;  {of  Inpu t Graph}

g r / . / z s d / i s o - t e s t / c h o r d a l / l e x - o r d e r . p  :
{ T h i s  p r o c e d u r e  d o e s  t h e  l e x i c o g r a p h i c  b r e a d t h  f i r s t  s e a r c h  a s  s p e c i f i e d  by Ro se ,  T a r j a n  and L u e k e r .I t  a l s o  w r i t e s  o u t  t h e  v e r t e x  l a b e l s  a s  t h e y  a r e  f o u n d .

The maximal  l a b e l s  a r e  numb ered ,  and t h e  non-maxi mal  l a b e l s  a r e  f l a g g e d  w i t h  a ' * ' .  }
p r o c e d u r e  L e x O r d e r ( v a r  g :  g r a p h ;  v a r  o u t f i l e :  t e x t ) ;  t y p e  L P o i n t e r  = ' ' L i s t E l ;

L i s t E l  = r e c o r d  {beg in}n e x t : 
c e l l :

LPo i n t e r  
CPo i n t e re n d ;

v a r F i x  L i s t  Li s t E l m  
W C e l l : f i r s t :  s e c o n d : 
e mp ty :  o l d  :h :
t e m p : 
v : i :
max imal

w: E P o i n t e r  L P o i n t e r  L P o i n t e r  
CPo i n t e r  C P o i n t e r  CPo i n t e r  
CPo i n t e r  C P o i n t e r  C P o i n t e r  
C P o i n t e r  CPo i n t e r  i n t e g e r ; 
b o o l e a n ;
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p r o c e d u r e  A d d T o C l i q u e L i s t ( C l i q u e N u m b e r , Ver texName:  i n t e g e r ) ;  v a r  CLP: C l i q L P t r ;
beg innew(CLP) ;CLP' ' .Cl  iqNum := Cl iqueNumber ;

C L P ' ' . n e x t  := g . v e r t i c e s  [VertexName] . c l  i q u e s ;  g . v e r t i c e s [ V e r t e x N a m e ] . c l i q u e s  := CLP; end ;
beg in{ W r i t e  o u t  t h e  h e a d i n g s  f o r  t h e  l a b e l  l i  

wr i t e l n ( o u t  f i l e ,' T he  l a b e l s  g e n e r a t e d  by t h e  l e x i c o g r a  wr i t e l n ( o u t f i l e ,
' V e r t e x  names

{ I n i t i a l i z e  } 
new( F i x L i s t )  ; new( f i r s t )  ; new( s e c o n d ) ; 
f i r s t ' ' . h e a d  := s e c on d ;  s e c o n d " . b a c k  := f i r s t ;  f i r s t " . b a c k  := n i l ;  
f i r s t " . f l a g  := n i l ;  f i r s t " . n e x t  := n i l ;  s e c o n d " . f l a g  := n i l ;  
s e c o n d " . h e a d  := n i l ;  s e c o n d " . L a b e l P t r  := n i l ;  g . N u m C l i q u e s  := 0;
{ Empty i s  (a p o i n t e r  to)  t h e  n e x t  c e l l  t o  be used } new( empty) ;
{ I n i t i a l i z e  t h e  l i s t  o f  v e r t i c e s  } o l d  := s e c o n d ;
f o r  i := g .NumVer t s  downto 1 do beg i ne mp t y" .V er t Na me  := i ;  

g . v e r t i c e s [ i] . c e l  1 := empty;  o l d " . n e x t  := empty;  e m p t y " ,  f l a g  := s e c on d ;  
e m p t y " . b a c k  := o l d ;  o 1 d : = em p t  y ; new( empty) ;
g- v e r t i c e s  [ i] . LexNum : = 0 ìend ;o l d "  . nex t : = n i l 9

{ Do t h e 1 ex icog r a p h i c  o r d e r ingfo r  i J = g .NumVe r t s  down t o 1 dobeg i n
{ I n i t i a l  i ze t h i s  i t e r a t i onmax ima l := t r ue ;Fi xLi s t " . n e x t := n i l ;

s t s  }
p h i c  BFS a r e : 1) ;  

BFS n u m b e r s ' ) ;
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{ S k i p  emp t y  s e t s }wh i 1 e f i r s t " . h e ad " . n e x t = n i l  do
beg inf i r s t .head : = f i r s t " . h e a d " . h e a df i r s t " .head" . ba c k  := f i r s t ;
e n d ;
{ Get  a v e r  t e x wi t h  maximum l a b e l  }

' t :} v : = f i r s t " .h e a d " . n e x t ;
{ D e l e t e i t  from i t ' s  se t  }f i r s t " . h e a d " . n e x t a:= v . n e x t ;
i f  v " . n e x t  ~= n i l t h e n  v " . n e x t "  .bac!
{ G i v e  t h e  v e r t e x  t h e  number i } 
g . Name Of[ i ]  := v" . Ver tName; g . v e r t i c e s [ v" .VertName] . LexNum := i ;

{ u p d a t e : }  w := g . v e r t i c e s [v " . V e r t N a m e ] . A d j L i s t ; w h i l e  w" . n e x t  ~= n i l  do beg i n
WCell := g . v e r t i c e s [ w " . O t h e r E n d ] . c e l l ;{ I s  t h i s  v e r t e x  y e t  t o  be l e x i c o g r a p h i c a l l y  numbered? } i f  g . v e r t i c e s [ W C e l l " . V e r t N a m e ] . LexNum = 0 t h e n  
beg in{ I f  w was i n  same s e t  a s  v t h e n  t h e  l a b e l  i s  n o t  maximal  } 

i f  W C e l l ' ' . f l a g  = v " . f l a g  t h e n  maximal  := f a l s e ;
{ D e l e t e  c e l l  o f  w f rom i t ' s  s e t  }
W C e l l ' ' . b a c k ' ' . n e x t  := W C e l l ' ' . n e x t ; i f  W C e l l " . n e x t  ~= n i lt h e n  W C e l l ' ' . n e x t ' ' . b a c k  := W C e l l ' ' . b a c k ;  
h := WCell"  . f l a g ' '  . b a c k ;
{ I f  h i s  an o l d  s e t  t h e n  c r e a t e  a new s e t  } 
i f  h " . f l a g  = n i l  t h e n  beg ine m p t y ' ' . h ea d  := h " . h e a d ;

h " . h e a d  := empty;
e m p t y ' ' . h e a d ' ' . b a c k  := empty;e m p t y ' ' . b a c k  := h;
e m p t y ' ' . f l a g  := f i r s t ;e m p t y " . n e x t  := n i l ;e m p t y " . L a b e l P t r  := W C e l l " . f l a g ;
e m p t y " . LabelNum := i ;
{ Add emp t y t o F i x L i s t  }
new(Li s t El m) /L i s t E l m " • c e l 1 := empty;L i s t E l m " .nex t := F i x  L i s t " . n e x t ;
F i x  Li s t " .nex t := L i s t E l m ;
h := empty;  
new( empty) ;
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e n d ;
{ Add c e l l  o f  w t o  new s e t  }W C e l l " . n e x t  := h ~ . n e x t ;i f  h " . n e x t  ~= n i l  t h e n  h~ . n e x t ' '  . b a c k  := WCel l ;
W C e H " . f l a g  := h;WCell ' '  . b a c k  := h;  h ~ . n e x t  := WCel l ; 

e n d ;  { of  i f  LexNum = 0 }
w := w ~ . n e x t ;

en d ;  { o f  w h i l e  w ~= n i l  }
{ F i x  t h e  f l a g s  -  make t h e  new s e t s  o l d  }
L i s t E l m  := F i x L i s t " . n e x t ;  w h i l e  L i s t E l m  ~= n i l  do beg in

L i s t E lm ' '  . c e l l "  . f l a g  := n i l ;L i s t E l m  := L i s t E l m ' ' . n e x t ;  e n d ;
{ O u t p u t  t h e  l a b e l  -  f i r s t  a number i f f  m a x i m a l ,  t h e n  t h e  l a b e l  w i t h  v e r t e x  names ,  t h e n  t h e  l a b e l  w i t h  

BFS n u mb e r s .  } i f  maximal  t h e n  beg in
g .N u m C l i q u e s  := g .N umC l i q ue s  + 1;w r i t e ( o u t f i l e ,  ' ' , g . N u m C l i q u e s : 2 ,  ' ' ,  g .Name Of [ i ] : 1 ) ;A d d T o C l i q u e L i s t ( g . N u m C l i q u e s , g .N am eOf [ i ] ) ;

ende l s e  w r i t e ( o u t f i l e , ' *  ' ,  g .Name Of [ i ] : 1 ) ;
{ The l a b e l  w i t h  o r i g i n a l  v e r t e x  n a m e s . . .  }
temp : = v" . f  1 ag ;w h i l e  t e m p " . L a b e l P t r  ~= n i l  do
beg inw r i t e ( o u t f i l e ,  g .N am eOf [ t e m p " . Labe l Num] : 1 ) ;{ Fo r  e a ch  v e r t e x  i n  t h e  c l i q u e ,  add t h i s  c l i q u e  

number t o  i t ' s  l i s t  o f  c l i q u e s  } i f  maximal  t h e n  AddToCl i q u e L i s t  (g .NumCl i q u e s  ,g .NameOf [ t e m p ' ' . LabelNum] ) ;
t emp := t e m p ' ' . Label  P t r  ; e n d ;

{ The l a b e l  w i t h  t h e  1 e x i c o g r a p h i x  BFS n u m b e r s . . .  } temp : = v" , f l a g ;
w r i t e ( o u t f i l e , 1 ' ,  i : l ) ;w h i l e  t e m p " . L a b e l P t r  ~= n i l  do beg in

w r i t e  ( o u t f  i l e ,  t e m p ' ' . LabelNum : 1) ;t emp := temp" . Label  P t r  ; e n d ;
w r i t e l n ( o u t f i l e ) ;
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end;  { o f  f o r  s t a t e m e n t  } end;  { o f  LexOrder  }

g r / . / z s d / i s o - t e s t / c h o r d a l / o u t p u t . p ;
p r o c e d u r e  O u t p u t G r a p h ( g : g r a p h ;  v a r  o u t f i l e :  t e x t ) ;
v a r  i :Deg re eSu m:NumEdges: 

e j  :CLP:beg in
w i t h  g do beg inDegreeSum := 0; 

wr i t e l n ( o u t f  i l e )  ; w r i t e l n ( o u t f i l e , 'Name ' D e g r e e :  A d j L i s t :

i n t e g e r ; i n t e g e r ; i n t e g e r ; 
EPo i n t e r ; C l i q L P t r ;

LexNum: ' ,C l i q u e  Membership  L i s t ' ) ;
f o r  i := 1 t o  NumVerts do beg inDegreeSum := DegreeSum + v e r t i c e s [ i ] . d e g r e e ;  

w r i t e ( o u t f i l e ,  i : 3 ,  ' :  ' ) ;w r i t e ( o u t f i l e , v e r t i c e s }  i} . LexNum : 3,  ' :  ' ) ;w r i t e ( o u t f i l e ,  v e r t i c e s f  i ]  . d e g r e e  : 3,  ' :  ' ) ;
e j  := v e r t i c e s [ i ) . A d j L i s t ; w h i l e  e j ~ . n e x t  ~= n i l  do beg in

write(outfile, ej~.OtherEnd:1, ' ');
ej := ej~.next; e n d ;

w r i t e ( o u t f i l e , ' :  ' ) ;CLP := v e r t i c e s [ i ] . c l i q u e s ; w h i l e  CLP ~= n i l  do
beg i nw r i t e ( o u t f i l e ,  CLP' ' .Cl  iqNum : 1,  ' ' ) ;CLP := C L P~ . n e x t ;
e n d ;w r i t e l n ( o u t f i l e )  ; e n d ;  {of  for}  

wr i  t e l n  ( ou t  f i l e )  ;w r i t e l n ( o u t f i l e , ' V e r t i c e s  Edges C l i q u e s ' ) ;NumEdges := DegreeSum d i v  2;
w r i t e l n ( o u t f i l e ,  Num Ver t s : 7 ,  N u m E d g e s : l l ,  N u m C l i q u e s : 1 2 ) ;  e n d ;  {of  wi th}  end;  {of  OutputGraph}
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g r /  . / z s d /  i s o - t e s t / c h o r d a l / c - t e s t  .p :
{ T h i s  p r o c e d u r e  c r e a t e s  a l i s t  o f  t h e  n e c e s s a r y  e d g e s  ( n e c e s s a r y  f o r  c h o r d a l a i t y )  and a l i s t  o f  a l l  e d g e s .  I t  t h e n  s o r t s  e a c h  l i s t  ( u s i n g  a b u c k e t  s o r t )  and 

c o m p a r e s  t h e  l i s t s  t o  i n s u r e  t h a t  t h e  l i s t  o f  n e c e s s a r y  e d g e s  i s  a s u b s e t  o f  t h e  l i s t  o f  a c t u a l  e d g e s .  }
g r a p h ) : b o o l e a n ;f u n c t i o n  C h e c k C h o r d a l i t y  (g : t y p e  E l P t r  = " L i s t E l ;

L i s t E l  = r e c o r d  {beg in} v :
p r e d  : sue  : e n d ;

v a r  t e m p c :t e m p e : 
a c t : a c t u a l : need  : 
n e e d e d : i :L e x O f I : 
s e c o n d :

p r o c e d u r e  i n s e r t ( l i s t :  E l P t r ;  
v a r  L i s t E l m :
beg inn e w ( L i s t E l m ) ;L i s t E l m " . v [1]

L i s t E l m " . v [2]Li s t E l m " . p r e d  L i s t E l m ' '  . p r e d  
l i s t " . p r e d  := e nd ;  { o f  p r o c e d

p r o c e d u r e  Bu c ke t
v a r  b u c k e t :

t e mp :  t emp2:  
i f j  :

a r r a y [ 1 . . 2 ]  o f  i n t e g e r ;  
E l P t r ;E l P t r ;

CPo i n t e r ;EPo i n t e r ;
E l P t r ;E l P t r  ;E l P t r ;
E l P t r ; i n t e g e r ; i n t e g e r ; 
i n t e g e r ;

v l , v2 : i n t e g e r )  ; 
E l P t r ;

a r r a y [ 1 . .MaxVer t s ]  o f  E l P t r ;  
E l P t r ;E l P t r ; i n t e g e r ;

:= vl;
:= v2;
:= list''.pred;

~.sue := Li stElm;
Li stElm; 

ure insert }
Sort(list: ElPtr);

p r o c e d u r e  m o v e ( i t e m ,  T h i s B u c k e t :  E l P t r ) ;  beg  i n
i t e m ' ' . p r e d  := Th i sBucke  t “ . p r  ed ; 
i t e r n " . p r e d "  . s u e  := i t e m ;
T h i s B u c k e t " . p r e d  := i t e m ;  

e n d ;

J a n u a r y  1 0 f 1981



36

beg in{ I n i t i a l i z e  t h e  b u c k e t s  }
f o r  i := 1 t o  g .NumVer t s  do new ( b u c k e t  [ i ]  ) ;
f o r  i := 2 downto 1 do 
beg i nf o r  j  := 1 t o  g .NumVer t sdo b u c k e t  [ j ]  " . p r e d  := b u c k e t [ j ] ;  

t emp := l i s t " . s u e ;  w h i l e  temp ~= n i l  do b e g i n
temp2 := t e m p ' ' . s u e ;  move ( t emp,  b u c k e t  [ temp" .v [ i] ] ) ;  t emp := temp2;  

e n d ;
{ C o n c a t e n a t e  t h e  b u c k e t s  b ac k  i n t o  1 l i s t  }
l i s t " . p r e d  := l i s t ;f o r  j  := 1 t o  g .NumVer t s  doi f  b u c k e t [  j] " . p r e d  ~= b u c k e t [ j ]  t h e n  { i f  ~ empty } 
beg i n1 i s t "  . p r e d "  . s u e  := bucke t  [ j ]  " . s u e ; b u c k e t  [ j ]  " . s u e "  . p r e d  := l i s t " . p r e d ;  

l i s t " . p r e d  := b u c k e t [ j ] " . p r e d ;  e n d ;l i s t " . p r e d "  . s u e  := n i l ;  
e n d ;  { o f  f o r  i } end ;  { o f  p r o c e d u r e  B u c k e t S o r t  }

{ F i n a l l y . . . . beg  in t h e  f u n c t i o n  body! } beg inn e w ( a c t u a l ) ;  
n e w ( n ee d ed )  ; w i t h  g do beg in

{ F i r s t :  c r e a t e  t h e  a c t u a l  edge  l i s t  } a c t u a l " . p r e d  := a c t u a l ;  f o r  i  := 1 t o  NumVerts do 
beg i nLexOfI  := v e r t i c e s [ i ] . LexNum; { must  t r a n s l a t e  } tempe := v e r t i c e s ! i ] . A d j L i s t ; 

w h i l e  t e m p e " . n e x t  ~= n i l  do beg in{ Only  need ( i , j )  where  i < j  }
i f  v e r t i c e s [ t e m p e " . O t h e r E n d ] . LexNum > LexOfI  t h e n  i n s e r t ( a c t u a l , Le xOfI ,v e r t i c e s [ t e m p e " . O t h e r E n d ] . LexNum); 
tempe := t e m p e " . n e x t ;  e n d ; e n d ;

a c t u a l " . p r e d " . s u e  := n i l ;
{ C r e a t e  t h e  l i s t  o f  n e c e s s a r y  e d g e s  } 
n e e d e d " . p r e d  := n eeded ;
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f o r  i := 1 t o  NumVerts do{ Only  l o o k  a t  l a b e l s  w i t h  a t  l e a s t  two e n t r i e s  } 
i f  v e r t i c e s [  i] . c e l l ' ' . f l a g "  . L a b e l P t r  ~= n i l  t h e n  beg intempo := v e r t i c e s [ i ] . c e l l " . f 1 a g ; 
s e c o n d  := t e m p c " . LabelNum; tempc := tempc" . L a b e l P t r  ; w h i l e  t e m p c " . L a b e l P t r  ~ = n i l  do 
b e g i n

i n s e r t ( n e e d e d , s e c o n d ,  t e m p c " . Labe lNum); tempc := tempc" . Labe l  P t r  ; 
e n d ; e n d ;n e e d e d "  . p r e d " . s u e  := n i l ;

{ Now s n o r t  t h e  two l i s t s  }B u c k e t S o r t ( a c t u a l )  ;
B u c k e t S o r t ( n e e d e d )  ;
{ See i f  needed  i s  a s u b s e t  o f  a c t u a l  } 
a c t  := a c t u a l " . s u e ;  need  := n e e d e d " . s u e ;C h e c k C h o r d a l i t y  := t r u e ;
w h i l e  need ~= n i l  do { Assume a t  l e a s t  1 a c t u a l  edge  } beg i nw h i l e  ( a c t " . v [ l ]  < n e e d " . v [ l ] )  and ( a c t " . s u e  ~= n i l )  

do a c t  := a c t " . s u e ;  i f  a c t " . v [ l ]  ~= n e e d " . v [ l ]  t h e n  beg in
C h e c k C h o r d a l i t y  := f a l s e ;  need := n i l ;end 

e l  se  beg inw h i l e  ( a c t " . v [ 2 ]  < n e e d " . v [ 2 ] )  and
( a c t " . s u e  ~= n i l )  do a c t  := a c t " . s u e ;  i f  a c t " . v [ 2 ]  = n e e d " . v [ 2 ]  t h e n  need := n e e d " . s u e  e l s e  

beg in
C h e c k C h o r d a l i t y  := f a l s e ;  need := n i l ;  

e n d ;e n d ;  { o f  e l s e  } e nd ;  { o f  w h i l e  } 
end ;  { wi t h  g }end ;  { o f  f u n c t i o n  C h e c k C h o r d a l i t y  }
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g r / . / z s d / i s o - t e s t / c h o r d a l / m a i n . p :
{ T h i s  i s  t h e  main p r o c e d u r e  f o r t h e  c h o r d a l i t y  t e s t .  }

p r o c e d u r e  m a i n ;
v a r  g : g r a p h ;o u t n a m e : p a c k e d  a r r a y [ 1 . . 5 0 ]  o f  c h a r ;o u t f i l e : t e x  t ;

p r o c e d u r e  I n p u t G r a p h (v a r  g :  g r a p h ) ;  e x t e r n ;  p r o c e d u r e  L e x O r d e r ( v a r  g :  g r a p h ;  v a r  o u t :  t e x t ) ;  e x t e r n  
p r o c e d u r e  O u t p u t G r a p h ( g : g r a p h ;  v a r  o u t :  t e x t ) ;  e x t e r n ;  f u n c t i o n  C h e c k C h o r d a l i t y ( g : g r a p h ) :  b o o l e a n ;  e x t e r n ;

beg inI n p u t G r a p h ( g ) ;
w r i t e l n ( ' What i s  t h e  o u t p u t  f i l e  n a m e ? ' ) ;r e a d  1 n ( o u t  name) ;o p e n f ( o u t f i l e ,  o u t na me ,  ' w ' ) ;
L e x O r d e r ( g ,  o u t f i l e ) ;O u t p u t G r a p h ( g , o u t f i l e ) ;
i f  C h e c k C h o r d a l i t y ( g )  t h e n  w r i t e l n ( ' G r a p h  i s  c h o r d a l ! ' )  e l s e  w r i t e l n ( ' G r a p h  i s  n o t  c h o r d a l ! ' ) ;
c l o s e f ( o u t f i l e ) ; e n d ;
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A p p e n d i x  2

A P a s c a l  Program f o r  I s om or ph i sm  T e s t i n g

The f o l l o w i n g  r o u t i n e s  i mp le me nt  t h e  t r e e  i so mo rp hi sm 
t e s t .  They a r e  found u n d e r  t h e  c a t a l o g  g r / . / z s d / i s o ­
t e s t /  i s o  .

g r / . / z s d / i s o - t e s t / i s o / t y p e s . p : 
c o n s t  MaxVer t s  = 50;  
t y p e  NodeTypes = (P, Q, l e a f )  ; 

S o n L i s t  = ~son;
T r e e P t r  = ~ t r e e ;
s o n  = r e c o r d  
{beg in}

s i b l i n g ; c h i l d : 
e n d ;
t r e e  = r e c o r d  
{beg in} d e p t h : num;

I N um be r :J Nu mb er : f a t h e r ;
c a s e  NodeType:  NodeTypes 

P, Q:
e n d ;

SonLi  s t ; T r e e P t r ;

i n t e g e r ; i n t e g e r ; 
i n t e g e r ; i n t e g e r ;T r e e P t r ; 

o f ( s o n s ;  S o n L i s t ;  s y m m e t r i c :  b o o l e a n ) ;

l i s t  = " L i s t E l m ;
L i s t E l m  = r e c o r d  
{beg in} d a t a ; n e x t ;

c a s e  b o o l e a n  o ft r u e :  ( p o s i t i o n :  i n t e g e r )  f a l s e :  ( t r e e :  T r e e P t r ) ;e n d ;

i n t e g e r ; l i s t ;
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f i l e n a m e  = packed a r r a y  [ 1 . . 4 0 ]  o f  c h a r ;
I n f o A r r a y  = a r r a y  [ 1 . .MaxVer t s ]  o f  i n t e g e r ;
I n f o S e t  = a r r a y  [ 1 . .MaxVer t s ]  o f  l i s t ;
B i g l n f o A r r a y  = a r r a y  [ 1 . . 2*MaxVerts]  o f  i n t e g e r ;
B i g l n f o S e t  = a r r a y  [ 1 . . 2*MaxVerts]  o f  l i s t ;
QueueHeader  = "qu;
?u = r e c o r d  beg in]

f i r s t :  l i s t ;l a s t :  l i s t ;e n d ;
g r / . / z s d / i s o - t e s t / i s o / s t a c k s . p :
{ S t a c k  f u n c t i o n s  f o l l o w . . . }
p r o c e d u r e  p u s h ( v a r  e l m,  l i z s t :  l i s t ) ;  
beg ine l m ' ' . n e x t  := l i z s t ;  l i z s t  := elm; 
e n d ;

f u n c t i o n  e m p t y ( l i z s t :  l i s t ) :  b o o l e a n ;  beg ini f  l i z s t ' ' . n e x t  = n i l  t h e n  empty  := t r u e  e l s e  empty  := f a l s e ;  
e n d ;

f u n c t i o n  p o p ( v a r  l i z s t :  l i s t ) :  l i s t ;  beg inpop := l i z s t ;  
l i z s t  := 1 i z s t " , n e x t ;  e n d ;

{ Queue f u n c t i o n s  f o l l o w  }
f u n c t i o n  NewQueueHeader : QueueHeader ;v a r  t emp:  Que ueHeader ;beg in

new( temp) ; t e m p " . f i r s t  := n i l ;  t e m p " . l a s t  := n i l ;
NewQueueHeader  := temp;
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end ;

f u n c t i o n  QEmpty(Q: QueueHeader)  : b o o l e a n ;  beg in
i f  Q ^ . f i r s t  = n i l  t h e n  QEmpty := t r u ee l s e  QEmpty := f a l s e ;e n d ;

f u n c t i o n  d e q u e u e ( v a r  Q: Que ueHea de r ) :  l i s t ;  
beg ind e q u e u e  := Q ~ . f i r s t ;i f  Q ~ . f i r s t  = Q ~ . l a s t  { we a r e  e mp ty i ng  t h e  queue } 

t h e n  Q ~ . f i r s t  := n i l  e l s e  Q ^ . f i r s t  := Q ~ . f i r s t ~ . n e x t ;e n d ;

p r o c e d u r e  e n q u e u e ( e l m :  l i s t ;  v a r  Q: Q ue ueH ea de r ) ;  
beg ini f  QEmpty(Q)t h e n  Q ~ . f i r s t  := elm 

e l s e  Q~ . l a s t ' '  . n e x t  := elm;Q ' . l a s t  := elm; e n d ;

p r o c e d u r e  c o n c a t e n a t e ( v ar  Ql ,  Q2: Q ue u eH ea de r ) ;  
beg ini f  QEmpty(Ql)t h e n  Q l ~ . f i r s t  := Q 2 ~ . f i r s t  

e l s e  Ql ~ . l a s t ' '  . n e x t  := Q2~. f i r s t ;  l a s t  := Q 2 ~ . l a s t  ;Ql C 
Cend ;
Q 2 ~ . f i r s t  := n i l ;  
Q 2 ~ . l a s t  := n i l ;
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{ T h es e  f u n c t i o n s  a r e  used t o  f a c i l i t a t e  l i s t  h a n d l i n g .  }
g r / , / z s d / i s o - t e s t / i s o / h a n d l e l i s t . p :

v a r  F r e e L i s t :  l i s t ;
f u n c t i o n  e m p t y ( l :  l i s t ) :  b o o l e a n ;  e x t e r n ;f u n c t i o n  p o p ( v a r  1:  l i s t ) :  l i s t ;  e x t e r n ;
p r o c e d u r e  p u s h ( v a r  11,  12: l i s t ) ;  e x t e r n ;
f u n c t i o n  G e t L i s t :  l i s t ;
v a r  g n u :  l i s t ;beg ini f  n o t  e m p t y ( F r e e L i s t )  t h e n  G e t L i s t  := p o p ( F r e e L i s t )  

e l  se beg innew(gnu)  ;
G e t L i s t  := gnu;  end ; end ;

fun c t i o n N e w L is t :  l i s t ;
v a r t e m p :beg intemp := G et Li  s t ;

temp' ' . n e x t  := n i l ;NewLi s t  := temp;end f

p r o c e d u r e G i v e L i s t ( v a r  l i z s t
beg inp ush  ( l i  z s t , F r e e L i s t )  ;l i  z s t := n i l ;
end ;

p r o c e d u r e  I n i  t i a l  i z e F r e e L i s t  ; beg innew( F r e e L i s t )  ;
F r e e L i s t ^ . n e x t  := n i l ;  end ;
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g r / . / z s d / i s o - t e s t / i s o / u t i l i t y . p :
f u n c t i o n  e m p t y ( l :  l i s t ) :  b o o l e a n ;  e x t e r n ;  
f u n c t i o n  p o p ( v a r  1:  l i s t ) :  l i s t ;  e x t e r n ;  p r o c e d u r e  p u s h ( v a r  i t e m ,  1 s t :  l i s t ) ;  e x t e r n ;
f u n c t i o n  NewQueueHeader : QueueHeader ;  e x t e r n ;  f u n c t i o n  QEmpty(Q: QueueHeader ) :  b o o l e a n ;  e x t e r n ;  
f u n c t i o n  d e q u e u e ( v a r  Q: Que ueHea de r ) :  l i s t ;  e x t e r n ;  p r o c e d u r e  enqueue  (e lm:  l i s t ;  p r o c e d u r e  c o n c a t e n a t e ( v a r  Q1 v a r  Q: Q u e u e H e a d e r ) ; e x t e r n  Q2: Q u e u e H e a d e r ) ; e x t e r n ;
f u n c t i o n  G e t L i s t :  l i s t ;  f u n c t i o n  N ew Li s t :  l i s t ;  
p r o c e d u r e  G i v e L i s t ( v a r  1 s t :  l i s t ) ;  p r o c e d u r e  I n i t i a l i z e F r e e L i s t ;

e x t e r n  ; e x t e r n  ; 
e x t e r n  ; e x t e r n  ;

g r / . / z s d / i s o - t e s t / i s o / g e t - g - i n f o . p :
{ T h i s  p r o c e d u r e  r e a d s  i n  t h e  d e s c r i p t i o n  o f  t h e  g r a p h  whi ch  i s  o u t p u t  by t h e  c h o r d a l i t y  t e s t .  }
p r o c e d u r e  add(num:  i n t e g e r ;  v a r  1:  l i s t ) ;  v a r  g n u :  l i s t ;
beg ing nu  := G e t L i s t ;  g n u ^ . d a t a  := num; 

p u s h ( g n u ,  1 ) ;  e n d ;
p r o c e d u r e  B u c k e t S o r t (v a r  1 s t :  l i s t ;D a t a R a n g e ,  PosRange:  i n t e g e r ) ;  e x t e r n
p r o c e d u r e  G e t G r a p h l n f o (v a r  NumVer t s ,  NumCl iques :  i n t e g e r ;C h o r d l n f o F i l e : f i l e n a m e ;  v ar  d e g r e e s :  I n f o A r r a y ;  

v a r  DegSeqs :  I n f o S e t )  ;
v a r  k a r :  c h a r ;

i ; j : i n t e g e r ;C h o r d D a t a :  f i l e  o f  c h a r ;
beg in

o p e n f ( C h o r d D a t a , C h o r d l n f o F i l e ,  ' r ' ) ;k a r  := ' ' ;
w h i l e  k a r  ~= 'V'  dor e a d l n ( C h o r d D a t a , k a r ) ;  { S k i p  t h e  h e a d e r s  }{ S k i p  t h e  * ( f i r s t  l a b e l  maximal  i f f  o n l y  1 node)  } 
r e a d ( C h o r d D a t a , k a r ) ;
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r e a d l n ( C h o r d D a t a , N umVer t s ) ;
1 e k a r  ~= 'N ' do i f eo]Ln(ChordData)  t h e n  r e a d l n ( C h o r d D a t a )e l s e  r e a d l n ( C h o r d D a t a , k a r ) ;i := 1 t o  NumVe r t s do
i nf o r j : = 1 t o 2 dobeg in

wh i l  e kar  ~= 1 : 1 do r e a d ( C h o r d D a t a , k a r ) ;
k a r  := ' e n d ;

r e a d l n ( C h o r d D a t a , d e g r e e s [ i ] ) ;  e n d ;
w h i l e  k a r  ~= ' ' do i f  e o l n ( C h o r d D a t a )  t h e n  r e a d l n ( C h o r d D a t a )e l s e  r e a d l n ( C h o r d D a t a , k a r ) ;r e a d ( C h o r d D a t a , i ,  j ,  NumCl i q u e s )  ; 
r e s e t ( ChordData)  ;w h i l e  k a r  ~= 'V'  do r e a d l n ( C h o r d D a t a , k a r ) ;  
f o r  i := 1 t o  NumCliques do beg i nr e a d  ( ChordData , k a r ) ;  

w h i l e  k ar  = ' * '  do beg i nr e a d l n ( C h o r d D a t a )  ; 
r e a d ( C h o r d D a t a , k a r ) ;  e n d ;

{ We h av e  a l i n e  w i t h  a c l i q u e  on i t  } r e a d ( C h o r d D a t a , j ) ;  k a r  : = ' , ' ;
D e g S e q s [ i ]  := N e w Li s t ;  w h i l e  kar  = ' , 1 do beg in

r e a d  ( ChordData , j ,  k a r ) ;  add ( d e g r e e s [  j ]  , D e g S e q s [ i ] ) ;  e n d ;
r e a d l n ( C h o r d D a t a )  ;B u c k e t S o r t  (DegSeqs [ i] , NumVert s ,  0 ) ;  e n d ;  { o f  f o r  }

c l o s e f  (ChordData)  ; e nd ;  { o f  p r o c e d u r e  G e t G r a p h l n f o  }
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g r / . / z s d / i s o - t e s t / i s o / i n p u t r e e . p :
{ T h i s  p r o c e d u r e  r e a d s  in  t h e  i n t e r v a l  g r a p h  t e s t t h e  P Q - t r e e  o u t p u t  by and b u i l d s  a P Q - t r e e .  }
f u n c t i o n  I n p u t P Q T r e e ( P Q f i l e n a m e : 
v a r  p o s :d e p t h :

NodeNum:P Q T r e e :PQData :

f i l e n a m e ) :  T r e e P t r ;  
i n t e g e r ;  i n t e g e r ; 
i n t e g e r ;p ac ke d  a r r a y [ 1 . . 2 0 0 ]  o f  c h a r ;  f i l e  o f  c h a r ;

{ T h i s  p r o c e d u r e  ad ds  a son t o a t r e e  }
p r o c e d u r e  AddSon(var  T, NewSon: T r e e P t r ) ;v a r  l i s t :  S o n L i s t ;beg in

n e w ( l i s t ) ;l i s t " . s i b l i n g  := T " . s o n s ;T" . s o n s  := l i s t ; 
l i s t " . c h i l d  := NewSon; e n d ;

p r o c e d u r e  S k i p B l a n k s ;  beg inw h i l e  PQTree [pos]  = 1 ' do po s  := po s  + 1;  
end ;
f u n c t i o n  G e t l n t :  i n t e g e r ;
v a r  i : beg ini : = 0 ;

i n t e g e r

w h i l e  (PQTreefpos ]  >= ' 0 ' )  and beg in
(PQTree[pos]

i := i *10  + o r d ( P Q T r e e [ p o s ] ) 
p o s  := po s + 1; 

e n d ;G e t l n t  := i ;  
e n d ;

-  48;

f u n c t i o n  B u i l d T r e e :  T r e e P t r ;
v a r  c u r r e n t : c h a r  ;c l o s e : c h a r  ;NewSon: T r e e P t r

T:beg ind e p t h  := d e p t h  + 1; 
NodeNum := NodeNum + 1;

T r e e P t r

Sk i  p B l a n k s ;
{ C r e a t e  a n u l l  t r e e  } n e w ( T ) ;T" . f a t h e r  := n i l ;  
T " . s o n s  := n i l ;
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T ~ . d e p t h  := d e p t h ;T~.num := NodeNum;
i f  PQTree[pos]  = ' [ '  t h en  beg in

c l o s e  := ' ]  ' ;TA.NodeType := Q;end 
e l  se beg inc l o s e  := ' > '  ;

T~.NodeType := P; e n d ;p o s  : = pos  + 1;
Ski  p B l a n k s ;w h i l e  PQTree[pos]  ~= c l o s e  do 
beg inc u r r e n t  := P Q T r e e [ p o s l ;i f  ( c u r r e n t  = ' [ ' )  or  ( c u r r e n t  = ' < '

t h e n  NewSon := B u i l d T r e ee l  sebeg in
new(NewSon) ;NewSonA.NodeType := l e a f ;NewSonA.num := G e t l n t ;
N e w S o n * . d e p t h := d e p t h  + 1 ;  e n d ;N e w S o n ' ' . f a t h e r  := T;

AddSon(T,  NewSon);Ski  p B l a n k s ; e n d ;  { o f  w h i l e  }
p o s  := pos  + 1; { S k i p  t h e  c l o s i n g  ]d e p t h  := d e p t h  -  1;B u i l d T r e e  := T;

e nd ;  { o f  p r o c e d u r e  B u i l d T r e e  }
b e g i n  { p r o c e d u r e  Inpu t PQTr ee  } 

o p e n f ( P Q D a t a  , P Q f i l e n a m e ,  ' r ' ) ;  w h i l e  n o t  eof ( PQDat a)  do r e a d l n ( P Q D a t a , c l o s e  f ( P Q D a t a ) ; 
p o s  : = 1;NodeNum := 0;  d e p t h  := 0;
I n p u t P Q T r e e  := B u i l d T r e e ;  end ;

or  > }

P Q T r e e ) ;
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{ T h i s  p r o c e d u r e  b u c k e t s o r t s  a l i s t  o f  p a i r s ;i f  PosRange i s  < 0 t h e  l i s t  i s  s o r t e d  o n l y  on one f i e l d .  }
p r o c e d u r e  B u c k e t S o r t  ( v a r  H i s t :  l i s t ;D at a R a n g e ,  PosRange :  i n t e g e r ) ; v a r  b u c k e t :  B i g l n f o S e t ;

c u r r e n t :  l i s t ;i : i n t e g e r ;
p r o c e d u r e  m o ve f va r  i t e m ,  i n t o :  l i s t ) ;v a r  t emp:  l i s t ;beg in

temp := i t e m " . n e x t ;  p u s h ( i t e m ,  i n t o ) ;  i t e m  := temp;  
e n d ;
beg in

f o r  i := 1 t o  DataRange do b u c k e t [ i ]  := N e w L i s t ;c u r r e n t  := l l i s t ;w h i l e  c u r  r e n t " . n e x t  ~= n i l  do
m o v e ( c u r r e n t ,  b u c k e t  [ cu r  r e n t "  . d a t a ]  ) ;

g r / , / z s d / i s o - t e s t / i s o / b u c k e t s o r t . p :

11 i s t  : = c u r r e n t ;
f  o r i : = 1 t o  DataRange doi

wh i l e bucke t  [ i] " . n e x t  ~= n i l  do move ( b u c k e t  [ i ]  , l l i s t )  ;
f  o r  i : = 1 t o  DataRange doi Gi v eLi  s t ( b u c k e t  [ i ]  ) ;
i f PosRange > 0 t h e n
beg i nf o r  i := 1 t o  PosRange do b u c k e t [ i] : = NewLi s t ;c u r  r  enit := l l i s t ;

w h i l e c u r  r e n t " . n e x t  ~ = n i l domove ( cur  r e n t , bi uc ke t  [ c u r  r e n t "  . p o s i t i o n ]  )
l l i s t := c u r r e n t ;f o r  i : = 1 t o  PosRange dowh i l e  b u c k e t  [ i] " .nex: t  ~= n i l do m o v e ( b u c k e t [ i] , 11 i s t )
f o r  i := 1 t o  PosRange do GiveLi s t  ( b u c k e t  [ i ]  ) ;e n d ;

7 { o f  p r o c e d u r e  BucketSno r  t }
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g r / . / z s d / i s o - t e s t / i s o / v i  s s o r t . p :
{ V a r i a b l e Length  S t r i n g So r t  -  we use a mod:Lf ied l e x i c o g r a p h i cs o r t  a l g o r i t h m  to  " so r t" an a r r a y  o f 1 i s t s j ; e a c h  l i s t i s  as e q u e n c e o f  i n t e g e r .

The r a n k s a r e  r e t u r n e d in " r a n k "  .The l i s t s a r e  p a s s e d  i n " s t r  i n g s "  ." t u p l e s " t e l l s  how man y 1 i s t s  t h e r e a r e  t o be s o r t e d .
" l a r g e s t ” g i v e s  t h e  l a r g e s t  i n t e g e r a p p e a r i Lng i n  any t u p l e .

p r o c e d u r e  B u c k e t S o r t ( v a r  1 s t :  l i s t ;D at a R a n g e ,  PosRange:  i n t e g e r ) ; e x t e r n ;
p r o c e d u r e  V L S S o r t ( s t r i n g s :  B i g l n f o S e t ;  v a r  r a n k :t u p l e s ,  l a r g e s t :  i n t e g e r ) ; Big InfoAr  r a y ;

v a r  NonEmpty: a r r a y [ l . . 2*MaxVerts] o f  QueueHeader ;
Q: a r r a y [ 1 . . 2*MaxVerts] o f  QueueHeader ;que ue : Q ue u e H e a de r ;
NE: l i s t ;e l m : l i s t ;t e m p : l i s t ;
tmp2: l i s t ;c u r r e n t : l i s t ;p o i n t e r s : Big I n f o S e  t ;
Max Leng t h : i n t e g e r ;
i ,  1 : i n t e g e r ;c o u n t : i n t e g  e r ;
p r e v i o u s :beg i n i n t e g e r ;

{ F i r s t  make a l i s t  o f  a l l  p a i r s
o f  ( l i s t  number) vs  ( l i s t  d a t a )  } NE := N e w L i s t ;Max Le ng t h  := 0;

f o r  i := 1 t o  t u p l e s  dobeg i nc o u n t  := 0; 
elm := s t r  i n g s [  i] ; w h i l e  e l m ' ' . n e x t  ~= n i l  do beg i n

c o u n t  := c o u n t  + 1;  t emp := G e t L i s t ;  t e m p ' ' . d a t a  := e i . m ~ . d a t a ;
t emp ~ . p o s i t i o n  : = c o u n t ;p u s h ( temp, NE);elm := elm~ . n e x t  ;

e n d ;i f coun t  > Max Leng t h t h e n  MaxLengthend ;
{ Now s o r t t h i s  1 i s t  o f pa i r  s  }Bue ke t S o r t (NE, l a r g e s t , Max Leng t h ) ;
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{ Now c r e a t e  t h e  NonEmpty l i s t s  }f o r  i := 1 t o  MaxLength + 1 do NonEmpty [ i ]  :=  NewQueueHeader ;
c u r  r e n t  := NE;w h i l e  c u r  r e n t ' ' . n e x t  ~= n i l  do beg in

temp := c u r r e n t ;  c u r r e n t  := cur  r e n t ' ' . n e x t ;{ I f  t h e  l i s t  e l e m e n t  f o l l o w i n g  temp i s  t h e  same a s  t emp,  
i g n o r e  temp }i f  ( t e m p ' ' . p o s i  t i o n  = cur  r e n t A . p o s i  t  ion)  and( t e m p ' ' . d a t a  = cur r e n t ' ' . d a t a ) and ( c ur  r e n t ' ' . n e x t  ~= n i l )  

t h e n  G i v e L i s t  ( temp)e l s e  enqueue  ( temp,  NonEmpty [ t e m p ' ' . p o s i t i o n ]  ) ;e n d ;
{ Now we a r e  ( f i n a l l y ! )  r e a d y  t o  s t a r t  s o r t i n g  }p r e v i o u s  := 0;
q u e u e  := NewQueueHeader;f o r  i  := 1 t o  t u p l e s  dobeg in

p o i n t e r s [ i ]  := s t r i n g s f i ] ;  new( temp) ; t e m p " . d a t a  := i ;  
e n q u e u e  ( temp,  q u e u e ) ;  e n d ;f o r  i := 1 t o  l a r g e s t  do Q[i ]  ;= NewQueueHeader ;  

f o r  1 := 1 t o  MaxLength + 1 do beg i nw h i l e  n o t  QEmpty(queue) do 
beg inc u r r e n t  ;= d e q u e u e ( q u e u e ) ;i f  p o i n t e r s [ cur  r e n t " . d a t a ] " . n e x t  = n i l

t h e n  b e g i n{ T h i s  t u p l e  i s  " s o r t e d " . . . f i n d  i t ' s  r a n k  } i f  p r e v i o u s  = 0 
t h e n  b e g i np r e v i o u s  := c ur  r e n t ' ' . d a t a ; r a n k  [ cur  r e n t ' ' . d a t a ]  :=  1;
ende l s e  b e g i n{ Compare t h i s  s t r i n g  f o r  e q u a l i t y  

w i t h  t h e  p r e v i o u s  s t r i n g  } temp ;= s t r i n g s [ p r e v i o u s ] ; tmp2 := s t r i n g s f c u r r e n t " . d a t a ] ;
w h i l e  ( t e m p " . n e x t  ~= n i l )  and ( t m p 2 " . n e x t  ~= n i l )  and ( t e m p " . d a t a  = t m p 2 " . d a t a )  do beg in

temp ;= t e m p " . n e x t ;  tmp2 ;= t m p 2 " . n e x t ;  end ;
i f  ( t e m p " . n e x t  = n i l )  and ( t m p 2 " . n e x t  = n i l )  t h e n  r a n k [ c ur  r e n t " . d a t a ]  := r a n k [ p r e v i o u s ]  e l s e  b e g i n

r a n k [ c u r r e n t " . d a t a ]  : =  r a n k [ p r e v i o u s ]  + 1;
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p r e v i o u s  := c ur  r e n t ' “ . d a t a  ; end ;
end;  { o f  long e l s e  c l a u s e  } end { of  b i g  t h e n  c l a u s e  } e l s e  b e g i n

e n q u e u e ( c u r r e n t , Q [ p o i n t e r s [ c u r r e n t " . d a t a ] ~  . d a t a ] ) :  p o i n t e r s [ c u r r e n t ' s . d a t a ]  : =po i n t e r s [ c u r r e n t ' . d a t a ] ' . n e x t ;
end ;e nd ;  { o f  w h i l e  }

{ C o n c a t e n a t e  a l l  of  t h e  a p p r o p r i a t e  q u e u e s  t o g e t h e r  }w h i l e  n o t  QEmpty(NonEmpty[ 1] ) dob e g i n
c u r r e n t  := dequ eu e(No nEmp ty [ 1 ] ) ;  c o n c a t e n a t e  ( queue , Q [ c u r r e n t ' '  . d a t a ]  ) ;G i v e L i s t  ( cur  r e n t )  ; 

end ;e n d ;  { o f  b i g  f o r  1 := 1 t o  MaxLength } end ;  { o f  p r o c e d u r e  VLSSort  }

g r / . / z s d / i s o - t e s t / i s o / i - n u m b e r . p :
p r o c e d u r e  V L S S o r t ( s t r i n g s : B i g I n f o S e t ;  v a r  r a n k :  B i g I n f o A r r a y ;

t u p l e s ,  l a r g e s t :  i n t e g e r ) ;  e x t e r n ;
p r o c e d u r e  B u c k e t S o r t ( v a r  1 s t :  l i s t ;

D a t a R a n g e ,  PosRange :  i n t e g e r ) ;  e x t e r n ;
f u n c t i o n  n umb er (D Sl ,  DS2: I n f o S e t ;

T l ,  T2: T r e e P t r ;NumVert s ,  NumVert2:  i n t e g e r ;NumCl iques ,  NumClique2:  i n t e g e r ) :  b o o l e a n ;
v a r  DegSeqsi :

r a n k s  : l e v e l  s : t emp :

B i g I n f o S e t ; i n t e g e r ;
Big In fo Ar  r a y  ; I n f o S e t  ; l i s t ;

p r o c e d u r e  G e t L e v e l s (v a r  T: T r e e P t r ;  v a r  s o n : s t a r t  : i n t e g e r ) ; SonLi  s t ;
t emp :beg in{ T h i s  p r o c e d u r e  c r e a t e s  an e n t r y  

e a c h  v e r t e x  o f  T whose d e p t h  i s  i n f o r m a t i o n  a working  l a b e l  i s  g

l i s t ;
i n  t h e  1 
i . Al i v e n  t o

i s t  ' l e v e l  [ i] 
s o ,  g i v e n  t h e  e a c h  l e a f .  }

f o r
ra nk

temp := G e t L i s t ;
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temp' '  . t r e e  := T; p u s h ( t e m p ,  l e v e l s [ T * . d e p t h ] ) ;
i f  T" .NodeType ~= l e a f  t h e n  

beg i nso n  := T~ . s o n s ; w h i l e  son ~= n i l  do 
beg inG e t L e v e l s  ( son* . c h i I d  , s t a r t ) ;  son := s o n ' ' . s i b l  i n g ; 
e n d ;ende l s e  i f  s t a r t  >= 0 t h e n  T*. INumber  := r a n k s  [T* .num + s t a r t ]  

e n d ;  { o f  p r o c e d u r e  G e t L e v e l s  }
p r o c e d u r e  INumber;

1 : i n t e g e r ;l a r g  e s t : i n t e g e r ;s t  r  i ng s : i n t e g e r ;
i : i n t e g e r ;MaxDept h: i n t e g e r ;T: T r e e P t r ;
l a b e l s : B i g I n f o S es o n : SonLi  s t ;n o d e : l i s t ;
s y m b o l : l i s t ;t e m p : l i s t ;s t a k : l i s t ;

beg in{ C r e a t e  t h e  l i s t s  o f  n o d e s  a t  e a c h  l e v e l  } G e t L e v e l s ( T l ,  0 ) ;
G e t L e v e l s ( T 2 ,  NumCl iques) ;MaxDepth := NumCl iques ;w h i l e  e m p t y ( l e v e l s [ M a x D e p t h ] ) do MaxDepth := MaxDepth 
s t a k  := N e w L i s t ;

1;

from bo t t om o f  t r e e
:= MaxDepth downto 1 

a t  t h i s

{ Do t h e  i - n u m b e r i n g  
f o r  1 beg in{ C r e a t e  l a b e l s  

s t r i n g s  := 0; l a r g e s t  := 2; n od e  := l e v e l s [ l ] ;  
w h i l e  n o d e * . n e x t  ~= n i l  b e g i nT := n o d e * . t r e e ;  

s t r i n g s  := s t r i n g s  + l a b e l s [ s t r i n g s ]  := N e w L i s t ;  i f  T*.NodeType = l e a f  t h e n

do
1 e v e l

do 

1;

}

beg i n
temp := G e t L i s t ;t e m p * . d a t a  := T * . I N u mb er ;
p u s h ( t e m p ,  l a b e l s [ s t r i n g s ] ) ;

t o t o p  }
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i f  T ' . IN u mb er  > l a r g e s t  t h e n  l a r g e s t  := T^ . INu mb er ;end 
e l s e  beg inson := T ~ . s o n s ; 

w h i l e  son ~= n i l  do beg intemp := G e t L i s t ;
t e m p ' ' . d a t a  := son' '  . c h i l d ' ' . INumber ;i f  t e m p ' ' . d a t a  > l a r g e s t  t h e n  l a r g e s t  := t e m p ^ . d a t a ;  p u s h ( t e m p ,  1 a b e l  s [ s t r  i n g s ]  ) ;  
son  := s o n ' ' . s i b l  i n g ; e n d ;

{ P and Q n o d e s  h a n d l e d  d i f f e r e n t l y  w r t  l a b e l  } i f  T" .NodeType = Pt h e n  B u c k e t S o r t ( l a b e l s [ s t r i n g s ] , 2*NumVerts ,  0) 
e l  se  beg in{ Choose t h e  s m a l l e r  o f  t h e  l a b e l  

and i t ' s  r e v e r s a l .  } symbol := l a b e l s [ s t r i n g s ]  ;
w h i l e  s y m b o l ' ' . n e x t  ~= n i l  do { C r e a t e  r e v e r s a l  } 
beg intemp := G e t L i s t ;  t e m p ^ . d a t a  := s y m b o l ' ' . d a t a  ; 

p u s h ( t e m p ,  s t a k ) ; symbol  := s y m b o l ' ' . n e x t ; e n d ;
{ Compare them }T " . s y m m e t r i c  := t r u e ;  
symbol  := l a b e l s [ s t r i n g s l  ; temp := s t a k ;w h i l e  ( t e m p ~ . n e x t  ~= n i l )  and T ' ' . s y m m e t r i c  do 
beg ini f  t e m p ' ' . d a t a  ~= s y m b o l ' ' . d a t a  t h e n  beg in

T'' . symmet r  i c  := f a l s e ;
i f  t e m p ' ' . d a t a  < s y m b o l ' ' . d a t a  t h e nbeg in

temp := l a b e l  s [ s t r  i n g s ]  ; l a b e l s [ s t r i n g s ]  :=  s t a k ;  s t a k  := temp;  
e n d ; end;symbol  := s y m b o l ' ' . n e x t ; 

temp := t e m p ' ' . n e x t ;  end ;w h i l e  n o t  e m p t y ( s t a k )  do 
beg intemp := p o p ( s t a k ) ;G i v eL i  s t  ( temp) ; 
end ;
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end;  { o f  e l s e  }
{ Add a P/Q i n d i c a t o r  } temp := G e t L i s t ;  i f  T".NodeType = P

t h e n  t e m p " . d a t a  := 1e l s e  i f  T".NodeType = Q t h e n  t e m p " . d a t a  := 2; p u s h ( t e m p ,  l a b e l s [ s t r i n g s ]  ) ;  
e nd ;  { o f  e l s e  c l a u s e  } node := n o d e " . n e x t ;  e n d ;  { of  w h i l e  }

{ S o r t  t h e  l a b e l s  and a s s i g n  t h e  i - n u m b e r s  }V L S S o r t ( l a b e l s ,  r a n k s ,  s t r i n g s ,  l a r g e s t ) ;  
s t r i n g s  := 0;w h i l e  n o t  e m p t y ( l e v e l s [  1] ) do b e g i n

s t r i n g s  := s t r i n g s  + 1;  n ode  := pop ( l e v e l  s  [ 1] ) ; n o d e " . t r e e " . INumber := r a n k s [ s t r i n g s ] ;
G i v e L i s t  (node) ; e n d ;

{ G i v e  back  t h e  s t o r a g e  used by t h e  l a b e l s  } f o r  i  := 1 t o  s t r i n g s  do beg in
w h i l e  n o t  e m p t y ( l a b e l s [ i] ) do beg intemp := pop(  l a b e l s [  i ]  ) ;

G i v e L i s t  ( t e m p ) ; e n d ;G i v e L i s t ( l a b e l s [ i ]  ) ;  
e n d ;e n d ;  { o f  f o r  1 := . .  } e nd ;  { o f  p r o c e d u r e  INumber }

b e g i n  { f u n c t i o n  number }i f  (NumVerts  ~= NumVert2) or  (NumCl iques  ~= NumClique2)  
t h e n  number := f a l s e  e l  se  beg i n

{ C o n c a t e n a t e  t h e  c l i q u e  d e g r e e  s e q u e n c e s  and s o r t  them } f o r  i := 1 t o  NumCliques  do beg in
D e g S e q s [ i ]  := D S l [ i ] ;DegSeqs[NumCl iques  + i ]  := D S 2 [ i ] ;  e n d ;

V L S S o r t ( D e g S e q s , r a n k s ,  2*NumCliques , NumVer t s ) ;
{ I n i t i a l i z e  t h e  l i s t s  o f  n o d e s  a t  e a c h  l e v e l  } 
f o r  i := 1 t o  NumCliques { r e a l l y  o n l y  need a b o u t  }do l e v e l s [ i ]  := N e w L i s t ;  { l og  (NumCl i q u e s )  }
{ And do t h e  i - n u m b e r i n g  }
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INumber ;
{ Compare t h e  i - n u m b e r s  o f  t h e  r o o t s  o f  T1 and T2 } 
number := Tl ~ . INumber  = T 2 ~ . INumber ; e n d ;  { of  e l s e  } 

end ;  { o f  f u n c t i o n  number }

g r / . / z s d / i s o - t e s t / i s o / m a i n . p :
f u n c t i o n  I n p u t P Q T r e e ( f : f i l e n a m e ) :  T r e e P t r ;  e x t e r n ;
p r o c e d u r e  G e t G r a p h l n f o (var  i , j :  i n t e g e r ;  f :  f i l e n a m e ;

var  d :  I n f o A r r a y ;var  d s :  I n f o S e t ) ;  e x t e r n ;
f u n c t i o n  n umbe r(DSl ,  DS2: I n f o S e t ;

T l ,  T2 : T r e e P t r ;NumVerts ,  NumVert2:  i n t e g e r ;
NumCl iques ,  NumClique2:  i n t e g e r ) :  b o o l e a n ;e x t e r n  ;(

p r o c e d u r e  m a i n ;  v a r  PQTree l :PQTree2:
Ch o r d Ou t p u t D a t a  1 : Cho r d O u t p u t D a t a  2: P Q O u t p u t D a t a l :  
PQOutputData  2: 
deg r e e s l : deg r e e s 2 :
Deg S e q s l : 
DegSeqs2:  N u mV er t s l :  
NumVerts2:
N u m C l i q u e s l :NumCl iques2:  
i s o m o r p h i c :

T r e e P t r ; T r e e P t r ; 
f i l e n a m e ;  f  i l e n a m e ; f i l e n a m e ;  f i l e n a m e ;  
I n f o A r r a y ;  I n f o A r r a y ;  
I n f o S e t ;  
I n f o S e t ;  i n t e g e r ; 
i n t e g e r ; i n t e g e r ; i n t e g e r ; 
b o o l e a n ;

beg in
I n i t i a l i  z e F r e e L i  s t ;
w r i t e l n ( ' What i s  1 c h o r d a l i t y  t e s t  o u t p u t  f i l e  n a m e ? ' ) ;  
r e a d l n ( C h o r d O u t p u t D a t a l )  ;w r i t e l n ( ' What i s  1 PQ o u t p u t  f i l e  n a m e ? ' ) ;  r e a d l n ( P Q O u t p u t D a t a l )  ;
G e t G r a p h  I n f o ( N u m V e r t s l , deg r e e s l , N u m C l i q u e s l , D e g S e q s l ) ; Cho rd Ou t  p u t  Da t a  1,
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PQ Tr ee l  := I n p u t P Q T r e e ( P Q O u t p u t D a t a 1 ) ;
w r i t e l n ( ' What i s  2 c h o r d a l i t y  t e s t  o u t p u t  f i l e  n a m e ? ' ) ;  r e a d l n ( C h o r d 0 u t p u t D a t a 2 ) ;w r i t e l n ( 1 What i s  2 PQ o u t p u t  f i l e  n a m e ? ' ) ;  
r e a d l n ( P Q 0 u t p u t D a t a 2 ) ;
G e t G r a p h l n f o ( N u m V e r t s 2 ,  NumCl iques2 ,  C h o r d 0 u t p u t D a t a 2 ,  

d e g r e e s 2 ,  Deg Se qs 2) ;
PQTree2 := I n p u t P Q T r e e ( P Q O u t p u t D a t a 2 ) ;
i s o m o r p h i c  := numb er (Deg Se qs1, DegSeqs2,  P Q Tr e e l ,  PQTree2,N umVer t s l ,  NumVerts2,  N u m C l i q u e s l ,  

NumCl i q u e s 2 ) ;i f  i s o m o r p h i c  t h e n  w r i t e l n ( ' G r a p h s  a r e  i s o m o r p h i c ! ' )  e l s e  w r i t e l n ( ' G r a p h s  a r e  n o t  i s o m o r p h i c ' ) ;
e n d ;
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A p pe n di x  3̂

How t o  A c c e s s  and Run t h e  I s o m o r p h i s m  T e s t

The e n t i r e  s e t  o f  p ro grams  and a l l  ( a v a i l a b l e )  r e l a t e d  
i n f o r m a t i o n  f o r  t h e  i n t e r v a l  g r a p h  i s o mo rp h i s m t e s t  i s  found 
u n d e r  t h e  c a t a l o g  ' g r / . / z s d / i s o - t e s t '  on t h e  U n i v e r s i t y  o f  
W a t e r l o o  Math F a c u l t y  Computing F a c i l i t y  Honeywel l  6 6 / 6 0 .  
I f  t h i s  c a t a l o g  i s  p a r t i a l l y  o r  w h o l l y  n o n - e x i s t e n t ,  i t  ca n  
be r e s t o r e d  (by someone w i t h  a p p r o p r i a t e  p r i v i l e g e s )  by 
t y p i n g  ' a r c h  r g r / . / z s d / i s o - t e s t ' .  T h i s  c a t a l o g  s h o u l d  have 
r e a d  and e x e c u t e  p e r m i s s i o n s  on i t ;  i . e .  an y  u s e r  s h o u l d  be 
a b l e  t o  u se  t h e  p r o g r a m s .

T h e r e  a r e  two met ho ds  one  m i g h t  use  t o  run t h e  
i s o m o r p h i s m  t e s t .  The f i r s t  i s  t o  t y p e  ' g r / . / z s d / i s o -  
t e s t / e x e c . e c ' which  w i l l  run t h e  p r o g r a m s  i n  t h e  c o r r e c t  
o r d e r ,  a s k  t h e  a p p r o p r i a t e  q u e s t i o n s ,  and i n s u r e  t h a t  t h e  
f i l e s  a r e  c o r r e c t l y  s p e c i f i e d .  T h i s  method s u f f e r s  from t h e  
' a s k i n g  r e d u n d a n t  q u e s t i o n s '  i l l n e s s ;  t h i s  c a n  l e a d  t o  a 
m i l d  c a s e  o f  t e d i u m .

The s eco nd  method i s  t o  t y p e  a l l  o f  t h e  a p p r o p r i a t e  
command l i n e s  d i r e c t l y .  The method s u f f e r s  f rom t h e  d r e a d e d  
' u s e r  m u s t  have  a b a s i c  i d e a  o f  what  he i s  d o i n g '  d i s e a s e .  
Both  o f  t h e  m e t h od s  a r e  shown i n  t h e  e x a m p l e s  i n  Appendix 4.

Using e i t h e r  m et h o d ,  t h e  u s e r  mus t  know how t o  s p e c i f y  
a f i l e n a m e .  On t h e  H o n e y w e l l ,  a t e m p o r a r y  f i l e  (which  
d i s a p p e a r s  when t h e  u s e r  s i g n s  o f f )  i s  s p e c i f i e d  by one to
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e i g h t  l e t t e r s ,  d i g i t s ,  p e r i o d s  and some o t h e r  c h a r a c t e r s .  
For e x a m p l e ,  ' g r a p h l ' ,  ' n e w . d a t a '  and ' g '  a r e  a l l  v a l i d  
t e m p o r a r y  f i l e  names.  Any v a l i d  t e m p o r a r y  f i l e  name ( a s  
w e l l  a s  o t h e r s )  p r e c e d e d  by a ' / '  s p e c i f i e s  a p e r m a n e n t  
f i l e ;  t h e s e  f i l e s  do n o t  d i s a p p e a r  when t h e  u s e r  s i g n s  o f f .

The o n l y  o t h e r  c r i t i c a l  p a r t  o f  r u n n i n g  t h e  i so mo rp hi sm 
t e s t  i s  t h e  i n p u t  f o r m a t  f o r  t h e  g r a p h s .  The d a t a  c a n  be 
i n t e r a c t i v e l y  t y p e d  i n  w h i l e  r u n n i n g  t h e  c h o r d a l i t y  t e s t  o r  
i t  c a n  be s t o r e d  i n  a f i l e .  The l a t t e r  i s  t h e  p r e f e r r e d  
c h o i c e ;  i n  t h e  fo rmer  c a s e  t h e  d a t a  i s  l o s t  a f t e r  t h e  
c h o r d a l i t y  t e s t  f i n i s h e s ,  and i f  an e r r o r  i s  made t h e  u s e r  
w i l l  h av e  t o  s t a r t  o v e r  from t h e  b e g i n n i n g .  The f o r m a t  f o r  
t y p i n g  i n  d a t a  can  be found i n  Appendix 1 i n  t h e  ' i n p u t '  
s u b r o u t i n e  and a l s o  i n  t h e  e x a m p l e s  i n  Appendix 4 .
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A p p e n d i x  4

Exampl es

In t h e  f o l l o w i n g  e x a m p l e s ,  b o t h  m e t h o d s  o f  r u n n i n g  t h e  
i so m o r p h i s m  t e s t  ( s ee  Appendix 3) a r e  d i s p l a y e d .  The column 
o f  c ' s  ( f o r  c o m p u t e r ) ,  b ' s  ( f o r  b o t h )  and U ' s  ( f o r  u s e r )  i s  
n o t  t y p e d  o u t  a t  any t i m e ;  i t  was added t o  d i s t i n g u i s h  l i n e s  
t y p e s  s o l e l y  by t h e  u s e r  from t h o s e  t y p e d  s o l e l y  by  t h e  u s e r  
f rom t h o s e  t y p e d  by t h e  co mp ut er  and u s e r .  A l l  i n p u t  g r a p h s  
used  h e r e  a r e  s t o r e d  under  t h e  c a t a l o g  ' g r / , / z s d / i s o - t e s t ' ;  
s e e  Appendi x 3 f o r  t h e  d e t a i l s  o f  a c c e s s i n g  t h e s e .  The 
g r a p h s  a l l  have  f i l e  names l i k e  ' e x a m p l e l ' .

The f i r s t  exampl e  d e m o n s t r a t e s  t h e  use  o f  b o t h  
g r / , / z s d / i s o - t e s t / e x e c  . e c  and t y p i n g  i n  d a t a  i n t e r a c t i v e l y .  
The p ro gr am  t e l l s  t h e  u s e r  t h a t  t h e  g r a p h  i s  n o t  c h o r d a l ;  
t h u s  t h e  g r a p h  i s  n o t  an i n t e r v a l  g r a p h  and i s  n o t  amenabl e  
t o  t h i s  i s o mo rp h i s m t e s t .

U e c  g r / , / z s d / i s o - t e s t / e x e c . e c  c F i r s t  g r a p h :
c I f  d a t a  i n  a f i l e ,  g i v e  f i l e n a m e ;  e l s e  h i t  r e t u r n  b How many v e r t i c e s  (max = 50) ?? 4c L i s t  a d j a c e n t  v e r t i c e s  f o r  e a ch  v e r t e x ;  end w i t h  a 0 
b 1: 2 4 0  b 2: 1 3 0  b 3:  2 4 0  
b 4:  1 3 0  c
c * * *  i n p u t  c o m p l e t e  *** 
cc What i s  t h e  o u t p u t  f i l e  name?U g r a p h
c Graph i s  n o t  c h o r d a l !  c Do you want  t o  s t o p ?  (y o r  n)U y
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The se cond  example  shows i n p u t  b e i n g  
The f i r s t  g r a p h  h a p p e n s  t o  be a c h o r d a l  
i n t e r v a l  g r a p h .  T h i s  i s  s i g n i f i e d  i n  t h e  
t r e e  by  t h e  p h r a s e  ' b e f o r e  r e j e c t i o n ' ,  
g r a p h  i s  a s  f o l l o w s :
6
3 4 03 5 01 2 4 5 0
1 3 5 6 02 3 4 6 04 5 0

t a k e n  from a f i l e ,  
g r a p h ,  b u t  n o t  an 
p r i n t  o u t  o f  t h e  

The d a t a  f o r  t h i s

U e c  g r / , / z s d / i s o - t e s t / e x e c , e c  
c F i r s t  g r a p h :c I f  d a t a  i n  a f i l e ,  g i v e  f i l e n a m e ;  e l s e  h i t  r e t u r n  U g r / . / z s d / i s o - t e s t / c h o r d a l / c h o r d a l . d a t  
cc *** i n p u t  c o m p l e t e  *** c
c What i s  t h e  o u t p u t  f i l e  name?U g r a p h lc Graph i s  c h o r d a l !  
c Do you want  t o  s t o p ?  (y o r  n)U nc Second g r a p h :
c I f  d a t a  i n  a f i l e ,  g i v e  f i l e n a m e ;  e l s e  h i t  r e t u r n  U g r / . / z s d / i s o - t e s t / c h o r d a l / r t l . d a t  c
c *** i n p u t  c o m p l e t e  *** cc What i s t h e  o u t p u t  f i l e  name?
U g r a p h 2c Graph i s c h o r d a l  !c Do you want  t o  s t o p ?  (y o r n)
U nc What was t h e  f i r s t  g r a p h o u t p u t f i l e  aga i n?U g r a p h l
c And t h e s eco nd  a g a i n ?U g r a p h 2c The d a t a from t h e  c h o r d a l i t y  t e s t s  h ave b ee n  mod i f  iedcc and a r e now i n  ' m a s s a g e l ' and ' m a s s a g e 2 ' r e s p e c t i v e l y .
c Type i n m a s s a g e l
U mas sa g  e lc Type i n m a s sa g e2
u mas sa g e2
c The PQ t r e e  f o r  t h e  f i r s t g ra ph h a s  b e e n s t r o r e d i n  ' t r e e l  ' .
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c Here i t  i s :c And t h e  d a t a  f i l e  name i s :  
cc f o r  t h e  s e t  o f  s e t sc
c 1 ( 4 )c 2 ( 3 )c 3 ( 2 3 4 )c 4 ( 1 2 4 )c 5 ( 1 2 3 )c 6 ( 1 )c t h e  l a s t  s t r u c t u r e  b e f o r e  r e j e c t i o n  c [ 3 < 4 2 > 1 ]c Do you want  t o  s t o p ?  (y o r  n)
U y

The t h i r d  example  shows two n o n - i s o m o r p h i c  i n t e r v a l  
g r a p h s .  The two d a t a  f i l e s  f o l l o w .

g r / . / z s d / i s o - t e s t / c h o r d a l / i n t r v a l 1 . d a t :7
2 01 3 4 5 02 5 0 
2 5 02 3 4 6 05 7 0
6 0
g r / . / z s d / i s o - t e s t / c h o r d a l / i n t r v a l 3 . d a t :
7
2 01 3 4 5 0
2 5 0 2 5 02 3 4 6 7 0 
5 0 5 0
U e c  g r / . / z s d / i s o - t e s t / e x e c . e c  c F i r s t  g r a p h :c I f  d a t a  i n  a f i l e ,  g i v e  f i l e n a m e ;  e l s e  h i t  r e t u r n  
U g r / . / z s d / i s o - t e s t / c h o r d a l / i n t r v a l 1 . d a t  cc *** i n p u t  c o m p l e t e  *** 
cc What i s  t h e  o u t p u t  f i l e  name?U g r a p h l
c Graph i s  c h o r d a l !  
c Do you w an t  t o  s t o p ?  (y o r  n)U n
c Second g r a p h :
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c I f  d a t a  i n  a f i l e ,  g i v e  f i l e n a m e ;  e l s e  h i t  r e t u r n  U g r / . / z s d / i s o - t e s t / c h o r d a l / i n t r v a l 3 . d a t  
cc *** i n p u t  c o m p l e t e  *** c
c What i s  t h e  o u t p u t  f i l e  name?U g r a p h 2c Graph i s  c h o r d a l !  
c Do you want  t o  s t o p ?  (y o r  n)U nc What was t h e  f i r s t  g r a p h  o u t p u t  f i l e  a g a i n ?
U g r a p h lc And t h e  second a g a i n ?U g r a p h 2
c The d a t a  from t h e  c h o r d a l i t y  t e s t s  h av e  b e e n  m o d i f i e d  c and a r e  now i n  ' m a s s a g e l '  and ' m a s s a g e 2 '  r e s p e c t i v e l y ,  c
c Type i n  m a s s a g e l  U m a s s a g e l  c Type i n  ma ss ag e2  
U m a s s a g e 2c The PQ t r e e  f o r  t h e  f i r s t  g r a p h  h a s  b e e n  s t r o r e d  in  ' t r e e l ' .  c Here i t  i s :
c And t h e  d a t a  f i l e  name i s :  cc f o r t h e s e t  o f s e t s
cc 1 ( 5 )c 2 ( 3 4 5 )c 3 ( 4 )c 4 ( 3 )c 5 ( 2 3 4 )
c 6 ( 1 2 )c 7 ( 1 )c temp2 i s n i l
c o ops 1c oops 2c oops 3
c [ 5 < 4 3 >c Do you w an t  t o  s t o p ?  (y o r  n)U n
c The PQ t r e e  f o r  t h e  second g r a p h  h a s  b e e n  s t o r e d  i n  ' t r e e 2 ' .  c Here i t  i s :c And t h e  d a t a  f i l e  name i s :
cc fo r it he s e t  o f s e t sc
c 1 ( 5 )c 2 ( 3 4 5 )c 3 ( 4 )c 4 ( 3 )c 5 ( 1 2 3c 6 ( 2 )c 7 ( 1 )
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c [ 5 < 4 3 > < 1 2 >]c Do you want  t o  s t o p ?  (y o r  n)
U n cc Now j u s t  answer  t h e  f o l l o w i n g  q u e s t i o n s  w i t h  t h e  a p p r o p r i a t e  
c f i l e n a m e s .c What i s  1 c h o r d a l i t y  t e s t  o u t p u t  f i l e  name?U g r a p h l
c What i s  1 PQ o u t p u t  f i l e  name?
U t r e e lc What i s  2 c h o r d a l i t y  t e s t  o u t p u t  f i l e  name?
U g r a p h 2c What i s  2 PQ o u t p u t  f i l e  name?U t r e e 2
c G r a p h s  a r e  n o t  i s o m o r p h i c

The f i n a l  example  shows two i s o m o r p h i c  i n t e r v a l  g r a p h s  
a s  w e l l  a s  t h e  method o f  u s i n g  t h e  i s o m or p h i sm  t e s t  w i t h o u t  
t h e  ' e x e c . e c '  f i l e .  In r e a l i t y ,  t h e  ' t r e e l '  and ' t r e e 2 '  
f i l e s  s h o u l d  be p r i n t e d  and e x a m i n e d ,  t o  i n s u r e  t h a t  t h e  
g r a p h s  a r e  b o t h  i n t e r v a l  g r a p h s .  I f  t h i s  c h e c k  i s  n o t  made 
and t h e  t r e e  i somorphi sm t e s t  i s  r u n ,  f o r  n o n - i n t e r v a l  
g r a p h s  t h e  r e s u l t  w i l l  ( i n  g e n e r a l )  be m e a n i n g l e s s .  The 
f i l e  g r / . / z s d / i s o - t e s t / c h o r d a l / i n t r v a l l . d a t  i s  shown a b o v e .  
The o t h e r  f i l e  f o l l o w s .

g r / , / z s d / i s o - t e s t / c h o r d a l / i n t r v a l 2 . d a t : 75 7 0 
5 0
5 7 06 7 0
1 2 3 7 0 4 01 3 4 5 0
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U g r / . / z s d / i s o - t e s t / c h o r d a l / c h o r d . l m  c I f  d a t a  i n  a f i l e ,  g i v e  f i l e n a m e ;  e l s e  h i t  r e t u r n  
U j  sd i a m o n d / i s o - t e s t / c h o r d a l / i n t r v a l 1 . d a t  cc *** i n p u t  c o m p l e t e  *** 
cc What i s  t h e  o u t p u t  f i l e  name?U g r a p h l
c Graph i s  c h o r d a l !
U g r / . / z s d / i s o - t e s t / c h o r d a l / c h o r d . l m  
c I f  d a t a  i n  a f i l e ,  g i v e  f i l e n a m e ;  e l s e  h i t  r e t u r n  U j sd i a m o n d / i s o - t e s t / c h o r d a l / i n t r v a l 2 . d a t  c
c *** i n p u t  c o m p l e t e  *** cc What i s  t h e  o u t p u t  f i l e  name?
U g r a p h 2c Graph i s  c h o r d a l !
U g r / . / z s d / i s o - t e s t / i n t e r v a l / m a s s g  U g r / . / z s d / i s o - t e s t / i n t e r v a l / m a s s g lm < g r a p h l  > ma s s a g e l  lm < g r a p h 2  >massage2
U g r / . / z s d / i s o - t e s t / i n t e r v a l / p q t r e . l m  > t r e e l  U m a s s a g e lU g r / . / z s d / i s o - t e s t / i n t e r v a l / p q t r e . l m  > t r e e 2  
U m a s s a g e 2
u g r / . / z s d / i s o - t e s t / i s o / i t e s t . lm
c What i s 1 c h o r d a l i t y  t e s t o u t p u t f i l e name?U g r a p h  1c What i s 1 PQ o u t p u t  f i l e name?
U t r e e lc What i s 2 c h o r d a l i t y  t e s t o u t p u t f i l e name?U g r a p h 2
c What i s 2 PQ o u t p u t  f i l e name?U t r e e 2c G r a p h s  a r e i s o m o r p h i c !


