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Last Class… 

•  Con/nued with (mo/va/ng) example: finding 
near neighbours (within fixed distance) 

•  Another (mo/va/ng) example from graph 
drawing: bar‐visibility graphs 



Reading 

MountNotes  Chapters 7,8
                      Chapters 9,10, 6



Today… 

•  Brief review of Asst0 
•  Convex hulls, halfspace intersec/ons and 
duality 

•  Two equivalences concerning convex hulls: 
•  Structural equivalence (via duality) with (origin‐
containing) half‐space intersec/on 
•  Algorithmic equivalence (via reducibility argument) 
with sor/ng 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Today… 

•  Brief review of Asst0 
•  Convex hulls, halfspace intersec/ons and 
duality 

•  Two equivalences concerning convex hulls: 
•  Structural equivalence (via duality) with (origin‐
containing) half‐space intersec/on 
•  Algorithmic equivalence (via reducibility argument) 
with sor/ng 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 convex-hull =
   polygon whose vertices
   are extreme points
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 convex hull = 
   intersection of all 
   half-spaces containing S



Convex hull  CH(S) 

•  CH(S) is smallest convex set containing S. 
•  In R2, CH(S) is smallest area (or perimeter) 
convex polygon containing S. 

•  In R2, CH(S) is union of all triangles formed by 
triples of points in S. 



Convex hull  CH(S) 

•  CH(S) is smallest convex set containing S. 
•  In R2, CH(S) is smallest area (or perimeter) 
convex polygon containing S. 

•  In R2, CH(S) is union of all triangles formed by 
triples of points in S. 

•  None of these descrip/ons/proper/es yield 
efficient algorithms; at best O(|S|3). 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Half‐space intersec/on 

•   suppose we have a witness to the non‐
emp/ness of the intersec/on—may as well be 
the origin 

•   such half‐spaces are defined by oriented lines 
(directed so that origin lies to the le[) 





Polarity transform 

•   an arbitrary line L that avoids the origin has 
the an equa/on of the form:  ax + by ‐1 = 0 

•   view as directed line where points to le6 
(respec/vely right) make ax + by ‐1 nega9ve 
(respec/vely, posi9ve) 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p*:  ax+by-1 = 0
N: bx-ay = 0
p: (a,b)
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     = √(a2 + b2)
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Equivalent problems 

•    [half‐space intersec/on]  finding all points 
that lie to the le[ of the (primal) lines defining 
the half‐spaces 

•   [convex hull]  finding all lines that lie to the 
right of all of the (dual) points  

•   in both cases a succinct descrip/on is a 
polygon (polytope); the boundary order is 
preserved under duality. 



Remark 

•  Mount (lecture 8) presents a different point‐
line duality transform (based on slope & y‐
intercept): 

      point p:(a,b) maps to line p*: y=ax‐b 

    (and vice‐versa) 

    this takes points to non‐ver/cal lines 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proper/es 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•   let Tsort(n)  and  TCH(n)  denote the worst case 
complexi/es of the sor/ng and convex 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problems 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input instances of size n) 

•   we will show : 
•   Tsort(n) ≤ TCH(n)  +  Θ(n) 

•   TCH(n) ≤ Tsort(n)  +  Θ(n) 













 Can hulls be merged more 
efficiently? 



What if hulls are not linearly 
separated? 



Other sor/ng‐inspired algorithms 



Can hulls be constructed more 
efficiently? 





Other approaches… 

•  Convex hull algorithms that avoid sor/ng: 
–   gi[‐wrapping (Jarvis)  O(n h)  
–   discard/filter interior points (QuickHull) 


