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Recap: Axioms

•

Completeness
o1 ⪰ o2 or o2 ⪰ o1
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Recap: Axioms

•

Completeness

•

Transitivity

o1 ⪰ o2 or o2 ⪰ o1
(o1 ⪰ o2 ) ∧ (o2 ⪰ o3 ) =⇒ o1 ⪰ o3
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Recap: Axioms

•

Completeness

•

Transitivity

•

Monotonicity

o1 ⪰ o2 or o2 ⪰ o1
(o1 ⪰ o2 ) ∧ (o2 ⪰ o3 ) =⇒ o1 ⪰ o3
p > q =⇒ [p : good, (1 − p) : bad] ≻ [q : good, (1 − q) : bad]
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(o1 ⪰ o2 ) ∧ (o2 ⪰ o3 ) =⇒ o1 ⪰ o3
p > q =⇒ [p : good, (1 − p) : bad] ≻ [q : good, (1 − q) : bad]

•

Substitutability
o1 ∼ o2 =⇒ Can replace o1 with o2
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Recap: Axioms

•

Completeness

•

Transitivity

•

Monotonicity

o1 ⪰ o2 or o2 ⪰ o1
(o1 ⪰ o2 ) ∧ (o2 ⪰ o3 ) =⇒ o1 ⪰ o3
p > q =⇒ [p : good, (1 − p) : bad] ≻ [q : good, (1 − q) : bad]

•

Substitutability

•

Decomposability

o1 ∼ o2 =⇒ Can replace o1 with o2
Pℓ1 (o) = Pℓ2 (o)) =⇒ ℓ1 ∼ ℓ2
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Recap: Axioms

•

Completeness

•

Transitivity

•

Monotonicity

o1 ⪰ o2 or o2 ⪰ o1
(o1 ⪰ o2 ) ∧ (o2 ⪰ o3 ) =⇒ o1 ⪰ o3
p > q =⇒ [p : good, (1 − p) : bad] ≻ [q : good, (1 − q) : bad]

•

Substitutability

•

Decomposability

•

Continuity

o1 ∼ o2 =⇒ Can replace o1 with o2
Pℓ1 (o) = Pℓ2 (o)) =⇒ ℓ1 ∼ ℓ2
o1 ≻ o2 ≻ o3 =⇒ ∃p ∈ [0, 1] : o2 ∼ [p : o1 , (1 − p) : o3 ]
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Recap: Representation Theorem

Theorem [von Neumann & Morgenstern, 1944]
Suppose that a preference relation ⪰ satisfies the axioms Completeness,
Transitivity, Monotonicity, Substitutability, Decomposability, and Continuity.
Then there exists a function u : O → R such that
1. ∀o1 , o2 ∈ O : o1 ⪰ o2 ⇐⇒ u(o1 ) ≥ u(o2 ), and
2. ∀[p1 : o1 , . . . , pk : ok ] ∈ O : u([p1 : o1 , . . . , pk : ok ]) =

∑k
j=1

pj u(oj ).

That is, there exists a utility function u that represents ⪰.
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Proof sketch

1. Choose o+ , o− such that o− ⪯ o ⪯ o+ for all o
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Proof sketch

1. Choose o+ , o− such that o− ⪯ o ⪯ o+ for all o
– (this turns out to be without loss of generality)
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1. Choose o+ , o− such that o− ⪯ o ⪯ o+ for all o
– (this turns out to be without loss of generality)
2. Construct u(o) = p such that o ∼ [p : o+ , (1 − p) : o− ]
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Utility Summary

Proof sketch

1. Choose o+ , o− such that o− ⪯ o ⪯ o+ for all o
– (this turns out to be without loss of generality)
2. Construct u(o) = p such that o ∼ [p : o+ , (1 − p) : o− ]
3. Substitutability lets us replace everything with these “canonical” lotteries;
Monotonicity lets us assert the ordering between them.
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Caveats & Details: Uniqueness

For a given set of preferences, the utility function is not uniquely defined.
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Utility Summary

Caveats & Details: Uniqueness

For a given set of preferences, the utility function is not uniquely defined.
Comparisons of expected values are invariant to positive affine transformations:
X ⪰ Y ⇐⇒ E[u(X)] ≥ E[u(Y )]
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Caveats & Details: Uniqueness

For a given set of preferences, the utility function is not uniquely defined.
Comparisons of expected values are invariant to positive affine transformations:
X ⪰ Y ⇐⇒ E[u(X)] ≥ E[u(Y )]
⇐⇒ c E[u(X)] ≥ c E[u(Y )]
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Utility Summary

Caveats & Details: Uniqueness

For a given set of preferences, the utility function is not uniquely defined.
Comparisons of expected values are invariant to positive affine transformations:
X ⪰ Y ⇐⇒ E[u(X)] ≥ E[u(Y )]
⇐⇒ c E[u(X)] ≥ c E[u(Y )]
⇐⇒ c E[u(X)]+b ≥ c E[u(Y )]+b
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Utility Summary

Caveats & Details: Uniqueness

For a given set of preferences, the utility function is not uniquely defined.
Comparisons of expected values are invariant to positive affine transformations:
X ⪰ Y ⇐⇒ E[u(X)] ≥ E[u(Y )]
⇐⇒ c E[u(X)] ≥ c E[u(Y )]
⇐⇒ c E[u(X)]+b ≥ c E[u(Y )]+b
⇐⇒ E[cu(X)+b] ≥ E[cu(Y )+b]
for all b ∈ R and c > 0
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Fun Game: Buying Lottery Tickets
Write down the following numbers:
1. How much would you pay to play the lottery
[0.3 : $5, 0.3 : $7, 0.4 : $9]?
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Fun Game: Buying Lottery Tickets
Write down the following numbers:
1. How much would you pay to play the lottery
[0.3 : $5, 0.3 : $7, 0.4 : $9]?
2. How much would you pay to play the lottery
[p : $5, q : $7, (1 − p − q) : $9]?
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Fun Game: Buying Lottery Tickets
Write down the following numbers:
1. How much would you pay to play the lottery
[0.3 : $5, 0.3 : $7, 0.4 : $9]?
2. How much would you pay to play the lottery
[p : $5, q : $7, (1 − p − q) : $9]?
3. How much would you pay to play the lottery
[p : $5, q : $7, (1 − p − q) : $9]
If you knew that the last seven draws had been 5, 5, 7, 5, 9, 9, 5?
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Utility Summary

Beyond von Neumann & Morgenstern

•
•

The first game was a pretty good match for the utility theory that we just learned.
Question: If two rational agents have different prices for [0.3 : $5, 0.3 : $7, 0.4 : $9],
what does that suggest about their preferences for money?
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Utility Summary

Beyond von Neumann & Morgenstern

•
•
•
•

The first game was a pretty good match for the utility theory that we just learned.
Question: If two rational agents have different prices for [0.3 : $5, 0.3 : $7, 0.4 : $9],
what does that suggest about their preferences for money?
The second game was not such a great match!
Question: If two rational agents have different prices for
[p : $5, q : $7, (1 − p − q) : $9], can we infer anything about the two agents’
preferences for money?
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Utility Summary

Beyond von Neumann & Morgenstern

•
•
•
•
•

The first game was a pretty good match for the utility theory that we just learned.
Question: If two rational agents have different prices for [0.3 : $5, 0.3 : $7, 0.4 : $9],
what does that suggest about their preferences for money?
The second game was not such a great match!
Question: If two rational agents have different prices for
[p : $5, q : $7, (1 − p − q) : $9], can we infer anything about the two agents’
preferences for money?
If the two agents agree about the price for [p : $5, q : $7, (1 − p − q) : $9] but then
disagree once they hear what the last few draws were?
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Utility Summary

Beyond von Neumann & Morgenstern

•
•
•
•
•
•
•

The first game was a pretty good match for the utility theory that we just learned.
Question: If two rational agents have different prices for [0.3 : $5, 0.3 : $7, 0.4 : $9],
what does that suggest about their preferences for money?
The second game was not such a great match!
Question: If two rational agents have different prices for
[p : $5, q : $7, (1 − p − q) : $9], can we infer anything about the two agents’
preferences for money?
If the two agents agree about the price for [p : $5, q : $7, (1 − p − q) : $9] but then
disagree once they hear what the last few draws were?
von Neumann and Morgenstern’s utility theory assumes known, objective
probabilities.
There are other representation theorems [e.g., Savage 1954] that state that rational
agents must (a) have probabilistic beliefs, (b) update those beliefs as if by
conditioning, (c) maximize the expected value of some utility function wrt them
Modeling Strategic Situations: Utility and Foundations (2): Leyton-Brown & Wright (10)
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Utility Summary
Utility theory proves that agents whose preferences obey certain simple axioms
about preferences over lotteries must act as if they were maximizing the expected
value of a scalar function.

•
•

“Rational” agents are those whose behaviour satisfies the axioms

•

Conversely, if you don’t buy that rational agents must behave in this way, then
there must be at least one axiom that you disagree with.

If you don’t buy the axioms, then you shouldn’t buy that this theorem is about
rational behavior.

This approach extends to “subjective” probabilities:

•

Axioms about preferences over uncertain “acts” that do not describe how agents
manipulate probabilities.
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TCP Backoff Game

Game Theory

Should you send your packets using correctly-implemented TCP (which has a
“backoff”
using
a defective
(which doesn’t)?
 mechanism)
Should youor
send
your
packetsimplementation
using correctly-implemented

•

has
“backoff” mechanism)
or using a defective
ConsiderTCP
this (which
situation
as a
a two-player
game:
implementation (which doesn’t)?
– both use a correct implementation: both get 1 ms delay
– one correct, one defective: 4 ms delay for correct, 0 ms for defective
both
getsituation
a 3 ms delay.
 defective:
Consider
this
as a two-player game:
– both
 both use a correct implementation: both get 1 ms delay
 one correct, one defective: 4 ms delay for correct, 0 ms for defective
 both defective: both get a 3 ms delay.
Game Representations: Leyton-Brown & Wright (3)
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TCP Backoff Game

•

Consider this situation as a two-player game:
– both use a correct implementation: both get 1 ms delay
– one correct, one defective: 4 ms delay for correct, 0 ms for defective
– both defective: both get a 3 ms delay.

•

Go into a breakout room. Play once with each person.

•

Questions:
– What action should a player of the game take?
– Would all users behave the same in this scenario?
– What global patterns of behaviour should the system designer expect?
– Under what changes to the delay numbers would behavior be the same?
– What effect would communication have?
– Does it matter if I believe that my opponent is rational?
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Defining Games

•

Finite, n-person game: hN, A, ui:
– N is a finite set of n players, indexed by i
– A = hA1 , . . . , An i is a tuple of action sets for each player i
• a ∈ A is an action profile
u
– = hu1 , . . . , un i, a utility function for each player, where ui : A 7→ R

•

Writing a 2-player game as a matrix:
– row player is player 1, column player is player 2
– rows are actions a ∈ A1 , columns are a0 ∈ A2
– cells are outcomes, written as a tuple of utility values for each player
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when congestion occurs. You have two possible strategies: C (for using a Correct
Repeated
Extensive Form
Bayesian Games
implementation) and D (for using a Defective one). If both you and your colleague
C then
your average packet delay is 1ms (millisecond). If you both adopt D the
Games inadopt
Matrix
Form
delay is 3ms, because of additional overhead at the network router. Finally, if one of
you adopts D and the other adopts C then the D adopter will experience no delay at all,
but the C adopter will experience a delay of 4ms.
These consequences are shown in Figure 3.1. Your options are the two rows, and
Here’s the
TCP
Backoffoptions
Gameare
written
as a matrix
form”).
your
colleague’s
the columns.
In each(“normal
cell, the first
number represents
your payoff (or, minus your delay), and the second number represents your colleague’s
user’s
payoff.1
Normal-Form

C

D

C

−1, −1

−4, 0

D

0, −4

−3, −3

ner’s
mma game

Figure 3.1 The TCP user’s (aka the Prisoner’s) Dilemma.

Given these options what should you adopt, C or D? Does it depend on what you
think your colleague will do? Furthermore, from the perspective of the network operator, what kind of behavior can
heRepresentations:
expect from
the two
users?
Game
Leyton-Brown
& Wright
(5) Will any two users behave
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More General Form

Prisoner’s dilemma is any game

3

Competition and Coordination: Normal form games

C

D

C

a, a

b, c

D

c, b

d, d

Figure 3.3 Any c > a > d > b define an instance of Prisoner’s Dilemma.

with c > a > d > b.

y theory
ive affine
formation

To fully understand the role of the payoff numbers we would need to enter into
a discussion of utility theory. Here, let us just mention that for most purposes, the
analysis of any game is unchanged if the payoff numbers undergo any positive affine
transformation; this simplyGame
means
that each
payoff
x is (6)replaced by a payoff ax + b,
Representations:
Leyton-Brown
& Wright
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Games of Pure Competition

Players have exactly opposed interests

•
•
•

There must be precisely two players (otherwise they can’t have exactly opposed interests)
For all action profiles a ∈ A, u1 (a) + u2 (a) = c for some constant c
– Special case: zero sum
Thus, we only need to store a utility function for one player
– in a sense, it’s a one-player game
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you allow more agents,
any game can be turned into
a Form
zero-sum game by adding
Repeated
Extensive
Bayesian Games
a dummy player whose actions do not impact the payoffs to the other agents, and
Matchingwhose
Pennies
own payoffs are chosen to make the payoffs in each outcome sum to zero.
hing
A classical example of a zero-sum game is the game of Matching Pennies. In this
es game
game, each of the two players has a penny and independently chooses to display
either heads or tails. The two players then compare their pennies. If they are the
same then player 1 pockets both, and otherwise player 2 pockets them. The payoff
One player
wants
to match;
the
other wants to mismatch.
matrix
is shown
in Figure
3.6.
Normal-Form

Heads

Tails

Heads

1, −1

−1, 1

Tails

−1, 1

1, −1

Figure 3.6: Matching Pennies game.
The popular children’s game of Rock, Paper, Scissors, also known as Rochambeau, provides a three-strategy generalization of the matching-pennies game. The
payoff matrix of this zero-sum game is shown in Figure 3.7. In this game, each of
Representations:
(8)
the two players can chooseGame
either
rock, Leyton-Brown
paper, or& Wright
scissors.
If both players choose
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Rock-Paper-Scissors
59

3.2 Games in normal form

Generalized matching pennies.
Rock

Paper

Scissors

Rock

0, 0

−1, 1

1, −1

Paper

1, −1

0, 0

−1, 1

Scissors

−1, 1

1, −1

0, 0

Figure 3.7: Rock, Paper, Scissors game.

...Believe it or not, there’s an annual international competition for this game!
Husband
LW

WL
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Games of Cooperation

Players have exactly the same interests.

•
•
•
•

no conflict: all players want the same things
∀a ∈ A, ∀i, j, ui (a) = uj (a)
we often write such games with a single payoff per cell
why are these even still games?
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are also called pure coordination
games or team games.
Common-payoff games
Repeated
Extensive Form
Bayesian Games
In such games the agents have no conflicting interests; their sole challenge is to
Coordination Game
coordinate on an action that is maximally beneficial to all.
As an example, imagine two drivers driving towards each other in a country
games
having no traffic rules, and who must independently decide whether to drive on the
left or on the right. If the drivers choose the same side (left or right) they have
some high utility, and otherwise they have a low utility. The game matrix is shown
Which side
of the3.5.
road should you drive on?
in Figure
Normal-Form

dination

sum game

Left

Right

Left

1, 1

0, 0

Right

0, 0

1, 1

Figure 3.5: Coordination game.

Zero-sum games
Game Representations:
Leyton-Brown
& Wright (11)games lie zero-sum games,
At the other end of the spectrum
from pure
coordination
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Paper
General Games: Battle of the
Sexes 1
Scissors

−1

0

−1

1

0

Bayesian Games

The most interesting games Figure
combine
elements
of cooperation
and competition.
3.6 Rock,
Paper, Scissors
game.
B

F

B

2, 1

0, 0

F

0, 0

1, 2

Figure 3.7

3.2.2

strategy

Battle of the Sexes game.

Strategies in normal-form games
We have so far defined the actions available to each player in a game, but not yet his
set of strategies, or his available choices. Certainly one kind of strategy is to select
a single action and play it;Game
weRepresentations:
call suchLeyton-Brown
a strategy
a pure
& Wright
(12) strategy, and we will use
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1
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Bayesian Games

The most interesting games Figure
combine
elements
of cooperation
and competition.
3.6 Rock,
Paper, Scissors
game.
B

F

B

2, 1

0, 0

F

0, 0

1, 2

Figure 3.7

Battle of the Sexes game.

Play this game in breakout rooms. Be fast!
3.2.2

strategy

Strategies in normal-form games
We have so far defined the actions available to each player in a game, but not yet his
set of strategies, or his available choices. Certainly one kind of strategy is to select
a single action and play it;Game
weRepresentations:
call suchLeyton-Brown
a strategy
a pure
& Wright
(12) strategy, and we will use

