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Theorem: If each estimator is consistent and 
modal validity hold, ModeIV is a consistent 
estimator for the true effect  E[y |do(p), x]
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Figure 1. Example of the ModeIV algorithm with 7 candidates
(4 valid and 3 invalid) from the biased demand simulation (see
Section 4). The 7 estimators shown in the plot are each trained
with a different candidate, and at every test point t, the mode of
the 7 predictions is computed point-wise. The region highlighted
in green contains the 3 predictions that formed part of the modal
interval for each given input. The ModeIV prediction—the mean
of the 3 closest prediction—is shown in solid green.

the modal effect is valid. To estimate the mode, we look
for the tightest cluster of points which, by definition, are
the points contained in Îmode. Intuitively, each estimate
in this interval should be approximately valid and hence
approximates the modal effect. Finally, we average these
estimates to reduce variance.

The next theorem formalizes this intuition by showing that
ModeIV asymptotically identifies and consistently estimates
the causal effect.

Theorem 1. Fix a test point (t, x) and let �̂1, . . . , �̂k be

estimators of the causal effect of t at x corresponding to k
(possibly invalid) instruments. E.g., �̂j = f̂j(t, x). Denote

the true effect as � = E[y|do(t), x]. Suppose that

1. (consistent estimators) �̂j ! �j almost surely for each

instrument. In particular, �j = � whenever the jth

instrument is valid.

2. (modal validity) At least v of the instruments are valid,

and no more than v � 1 of the invalid instruments

agree on an effect. That is, v of the instruments yield

the same estimand if and only if all of those instruments

are valid.

Let [l̂, û] be the smallest interval containing v of the instru-

ments and let Îmode = {i : l̂  �̂i  û}. Then,

X

i2Îmode

ŵi�̂i ! �

almost surely, where ŵi, wi are any non-negative set of

weights such that each ŵi ! wi a.s. and
P

i2Îmode
wi = 1.

We defer all proofs to the supplementary material.

Of course, the ModeIV procedure can be generalized to
allow different estimators of the mode than the one used in
Steps 2 and 3. The key advantage of the Dalenius–Venter
modal estimator is that the optimal choice for its only hyper-
parameter, V , does not depend on the distribution of the
estimators at a given test point. By contrast, kernel density-
based modal estimators require tuning a length-scale param-
eter, where the optimal choice may vary as a function of the
test point, (t, x). It is also straightforward to implement3,
and relatively insensitive to the choice of V . The procedure
as a whole is, however, k times more computationally ex-
pensive than running single estimation procedure at both
training and test time.

Despite the it’s simplicity, ModeIV has strong point-wise
worst-case guarantees. Theorem 2 shows that if each esti-
mate is bounded,4 then even in the worst case where v � 1
invalid candidates all agree on an effect, ModeIV converges
at the same rate as the underlying estimators to the solution
of an oracle that uniformly averages the valid instruments.
In particular, if the estimators achieve the parametric rate,
1/

p
n, then ModeIV also converges at 1/

p
n.

Theorem 2. For some test point (t, x), let Z =
{�̂1, . . . , �̂k} be k estimates of the causal effect of t at x.

Assume,

[Bounded estimates] Each estimate is bounded by some

constants, [ai, bi]

[Convergent estimators] Each estimator converges in mean

squared error at a rate n�r
(where r = 1

2 if the estimator

achieves the parametric rate), and hence each estimator has

finite variance, Var(�̂i) =
�i

n�2r for some �i.

Then, if � = maxi2V �i there exists a, C, such that

E[(ModeIV(Z)��)2� ( 1v
P

i2V �̂i��)2]  9kC�n�r.

4. Experiments

We studied ModeIV empirically in two simulation settings.
First, we investigated the performance of ModeIV for non-
linear effect estimation as the proportion of invalid instru-
ments increased for various amounts of direct effect bias.
Second, we applied ModeIV to a realistic Mendelian ran-
domization (MR) simulation to estimate heterogeneous treat-
ment effects. For all experiments, we use DeepIV (Hart-

3See the appendix for an efficient Pytorch (Paszke et al., 2019)
implementation

4Boundedness is benign as long as we are not extrapolating too
far outside of the range of data we observe: standard estimators
do not typically make predictions for E[y|do(t), x] outside of the
range [mini yi,maxi yi] of observed yi’s.
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Model 50% valid 60% valid 70% valid 80% valid 90% valid 100% valid

DeepIV (valid) 0.035 ± (0.001) 0.035 ± (0.001) 0.034 ± (0.001) 0.034 ± (0.001) 0.032 ± (0.0) 0.024 ± (0.001)

MODE-IV 30% 0.037 ± (0.001) 0.037 ± (0.001) 0.038 ± (0.001) 0.039 ± (0.001) 0.041 ± (0.001) 0.032 ± (0.001)

MODE-IV 50% 0.037 ± (0.001) 0.037 ± (0.001) 0.038 ± (0.001) 0.039 ± (0.001) 0.04 ± (0.001) 0.032 ± (0.001)

Mean 0.041 ± (0.001) 0.041 ± (0.001) 0.043 ± (0.001) 0.043 ± (0.001) 0.045 ± (0.001) 0.036 ± (0.001)

DeepIV (all) 0.099 ± (0.004) 0.116 ± (0.003) 0.149 ± (0.005) 0.149 ± (0.005) 0.142 ± (0.003) 0.025 ± (0.0)

TSHT 0.089 ± (0.005) 0.075 ± (0.003) 0.073 ± (0.003) 0.073 ± (0.003) 0.072 ± (0.003) 0.072 ± (0.003)

Table 2. Performance on the Mendelian randomization simulation for various proportions of valid instruments. The ensemble methods
performed far better than the DeepIV model which treated all instruments as valid, and ModeIV gave significantly better performance
than the mean ensemble, was close to the performance of DeepIV on the valid instruments.
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Figure 5. Estimated conditional dose–response curves for the Mendelian randomization simulation. Each light blue curve shows ModeIV’s
estimate f(t, x) for some IID sample of x; each figure’s dark curve represents the average over all samples of x. The six plots show the
different subsets of the range, x, where true slope �(x) is (left to right) �0.2,�0.1, 0., 0.1, 0.2 and 0.3 respectively.

guarantees, and in practice we found that the loss of effi-
ciency was negligible. Of course, that empirical finding will
vary across settings. A useful future direction would find
a procedure for recovering the set of valid instruments to
further reduce the efficiency trade-offs.

There are, however, some important settings where ModeIV
will either not work or require more careful assumptions.
First, our key assumption was that each valid instrument
consistently estimates the same function, f(t, x). In set-
tings with discrete treatments, one typically only identifies
a “(conditional) local average treatment effect” (CLATE /
LATE respectively) for each instrument. The LATE for in-
strument i can be thought of as the average treatment effect
for the sub-population that change their behavior in response
to a change in the value of instrument i; if the LATEs differ
across instruments, this implies that each instrument will
result in a different estimate of E[f̂i(t, x)] regardless of
whether any of the instruments are invalid. In such settings,
ModeIV will return the average of the V closest f̂i(t, x)’s,
but one would need additional assumptions on how these
estimates cluster relative to biased estimates to apply any

causal interpretation to this quantity. The alternative is the
approach that we take here: assume that a common function
f(t, x) is shared across all units and allow for heterogeneous
treatment effects by allowing the treatment effect to vary as
a function of observed covariates x. This shared heteroge-
neous effect assumption is weaker than prior work on robust
IV, which requires a “constant effect” effect assumption that
every individual responds in exactly the same way to the
treatment via a linear parameter, �.

Second, we assume that each of the valid instruments is
unconfounded. This is easiest to achieve in settings where
each instrument is independent. ModeIV does extend to
settings where some instruments are confounded or all the
instruments share a common cause, but the conditions for
valid inference are more delicate because one has to ensure
all backdoor paths between the instruments and response are
blocked. For example, if all the instruments share a common
cause, u, then the set of “valid” instruments is only valid if
we control for the invalid candidates, such that we block the
path zvalid  u! zinvalid ! y (see appendix A.3).
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Figure 1: Performance on the biased demand simulation for various numbers of invalid instruments.
The x-axis shows, �, the scaling factor that scales the amount of exclusion violation bias.

We defer the proof to the supplementary material.

Of course, the ModeIV procedure can be generalized to allow different estimators of the mode than
the one used in Steps 2 and 3. The particular choice we make here has the advantage of being
straightforward, statistically stable, computationally inexpensive, and relatively insensitive to the
choice of V . The procedure as a whole is, however, k times more computationally expensive than
running single estimation procedure at both training and test time.

5 Experiments

We studied ModeIV empirically in two simulation settings. First, we investigated the performance of
ModeIV for non-linear effect estimation as the proportion of invalid instruments increased for various
amounts of direct effect bias. Second, we applied ModeIV to a realistic Mendelian randomization
simulation to estimate heterogeneous treatment effects. For all experiments, we use DeepIV [Hartford
et al., 2017] as the nonlinear estimator. Full experimental details are given in the appendix.

5.1 Biased demand simulation

We evaluated the effect of invalid instruments on estimation by modifying the low dimensional
demand simulation from Hartford et al. [2017] to include multiple candidate instruments. The
Hartford et al. demand simulation models a scenario where the treatment effect varies as a nonlinear
function3 of time  (t), and observed covariates x.

z1:k, ⌫ ⇠ N (0, 1) t ⇠ unif(0, 10) e ⇠ N (⇢⌫, 1� ⇢2), p = 25 + (zT�(zp) + 3) (t) + ⌫

y = 100 + 10xT�(x) (t)+ (xT�(x) (t)� 2)| {z }
Treatment effect

p + � sin(zT�(zy))| {z }
Exclusion violation

+ e

We highlight the differences between our data generating process and the Hartford et al. data
generating process in red: we have k instruments whose effect on the treatment is parameterized by
�(zx), instead of a single instrument in the original; we include an exclusion violation term which
introduces bias into standard IV approaches whenever � is non-zero. The vector �(zy) controls the
direct effect of each instrument: invalid instruments have nonzero �(zy)

i coefficients, while valid
instrument coefficients are zero.

We fitted an ensemble of k different DeepIV models that were each trained with a different instrument
zi. In Figure 1, we compare the performance of ModeIV with three baselines: DeepIV with oracle
access to the set of valid instruments (DeepIV-opt); the ensemble mean (Mean); and a naive approach
that fit a single instance of DeepIV treating all instruments as valid (DeepIV-all). The x-axis of the

3 (t) = 2
�
(t� 5)4/600 + exp

⇥
�4(t� 5)2

⇤
+ t/10� 2

�
. See the appendix for a plot of the function
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Exclusion violation

+ e

We highlight the differences between our data generating process and the Hartford et al. data
generating process in red: we have k instruments whose effect on the treatment is parameterized by
�(zx), instead of a single instrument in the original; we include an exclusion violation term which
introduces bias into standard IV approaches whenever � is non-zero. The vector �(zy) controls the
direct effect of each instrument: invalid instruments have nonzero �(zy)

i coefficients, while valid
instrument coefficients are zero.

We fitted an ensemble of k different DeepIV models that were each trained with a different instrument
zi. In Figure 1, we compare the performance of ModeIV with three baselines: DeepIV with oracle
access to the set of valid instruments (DeepIV-opt); the ensemble mean (Mean); and a naive approach
that fit a single instance of DeepIV treating all instruments as valid (DeepIV-all). The x-axis of the

3 (t) = 2
�
(t� 5)4/600 + exp

⇥
�4(t� 5)2

⇤
+ t/10� 2

�
. See the appendix for a plot of the function
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ModeIV… 

• Performs well in finite sample simulations. 
Successfully removes most of the bias 
introduced by invalid instruments. 

• Converges at the same rate as the 
underlying estimators, even on worst case 
distributions.



• Instrumental variable approaches allow you to estimate causal effects with 
unobserved confounding. 

• ModeIV is the first nonparametric procedure that is robust to invalid 
instruments & is a simple black box procedure.

Summary
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