
Math 441 - Class notes starting Oct
.

10

- Good
"

Meaningless
"

Objective functions



Oct 10 : Both progress reports & find project deadlines :

one week more
. . .

Some
very useful

objectifies
do

not have a

"precise?

Example :  
-Schedulingpesetasvia

weighted matchings
-

Markowitz
I

Say 's 5 groups ,2¥on MWF

Group I

Day I ← M

Group 2

' Dey 2 ← W
.

,

Group 5 Day 3 ← f

①
We want

"

fair
"

scheme
, e.g .

no two groups want to

swap days
,

② if a

group is assigned to some day ,

and there is an

opening
in  a day they prefer , they get

their per
. ference

,
③ etc

.



Idea : Use weighted matching C ! )

Group I : prefer : W
,

f
,

M
T T T

Weights 3 2 I

=

Group I

I
m

⇐
All groups give preferences M ,W ,

f in ) weights

c.  is

I if gpi → day
,

'

Group I
Day I Xij { o otherwise

I \: Day

? in
,  .

→ S

Group 5 Day 3 jst ,
.

,
3

Then Utility i

jxj
Cij

-

- heh:
prefacesGroupI assigned one day ! X

, ,xX,ztX , 3=1! Day2 assigned ⇐ 2
groups

? Xizxxzztxzztxyzxxsz E 2 } sample
i

Xij E Go
,

I }
,

or Xij 30
, Xijt I



More precisely ?

5

group
i §

,

Xij =L
,

day j §Xij t 2

Cij : preferences

,

that E cijxij
← {

① no precise

"

thing
"

that

it measures

② it produces a fair

schedule
-

-

e.g .

C Cll = I

Sao ' I -§Day I ← m group I FW ,@
gram ¥ Day 2 ← w group 2 Mi 's@
Utility of I → t

= , + I ←
this can 't be a

z →
z , utility mmcximizer

I

z I = 2×3=5 larger
=

What  if group
I Mwf  preferences

group 2 Mwf

:

groups MWF



If all preferences the same

•
- Gwdbi will find some

optimal solution  i

zsnm m→
• Is

,

2
grape W

etc
.

I
Srour f

Fairer ! Randomize the
group names

,

then optimize U =

E Cijxij
=

What if we want groups 12,3 get priority over

groups 4,5 ? ¥
, ,

§ Cijxij
-

Utility =

?
Gixutcizxiztcizxizt .  - - +93×33) Sps 1,43

s C

+ Cc¥ " " s

¥ ::
STP ,¥



What if group
I really doesn't like F

,

"
care between M

,
W ?

If M
,

W
,

f W , 'm ,f

weights
3 Z I 2 3 I

what  if

go
!

.

too
.

!
or

m w

Icould t I

help .  - - O O
-

I

=

M W fNo difference
go Ig yo

/ ?IfI
, square

of preferences
.

. .

?

Another scheme :
m W f

t b t

anything that  add up to 6 ? Went

weights O
.

-

-

Group I I m w f ? M w f

tis : "
I 003 1002 1001

⇐Next time :  Start Markowitz model



Oct 12 !

Proposal
will be graded and returned via

Canvas or email
.

Most projects have identified an area
. f-

An easy question
-

Usually ,
here  a

parameter to play
Scores tend to be : →

A difficult with

-
t

Ctx ) :

① near 5/5 '

. You have identitified specific questions
"  " f "

- -

parameter

to work on
.

Please near 2.515 '

. You havesomeideasfarspecificquestions
.

book

a-

(
near 015 '

.
You have an area but

nespecificquestions
.

appointment
with me

You can resubmit the proposal for [ more points )
a reasonable direction



Oct to ! Markowitz Model : ( Quadratic Program )

Bottom Line ! You can
hold w

, ,
.

-

,
Wn ( each real

,
70 )

shares of financial instruments Ri
,

-
-

y
Rn .

Utility ( wi
,

. → Wh ;µ )

f
positive parameter
risk tolerance fevers ,

-

on

= Expected Return  
-

µ
Variance

- -
linear function of Quadratic function

Wi
,  

-
- -

,
Wn

- f wi
,

.

→ Wn

( ALWAYS 30 ! ! )
-

not the best measure  of  risk

① We  will review expected value & variance
.

② I will convince you that Umar
, .ae ↳

is not always realistic

③ "  "  "  '  '

n
n is useful in practice .



Eventually will study 85
, page 4 !

→
a-

( from my article )
. Start with

L = lottery ticket

{
pays $10 with prob÷pays O '  '

'  ' %

m .

. :* Iiifr
"

"

"" "  " too

pays O
'  '

i
, 9991000

What is expected value & Variance of

L
,

2L
,

Lt L
'

M
,

etc
.



4=10
←

"

Review
"

L = { pays
"

to prob p ,

- to

pays
"

O u pz
" %

A

Lzso

In general : pi ,
- - . ,Pn 30

,
Pit .  -

. tpn=l

If event  i
, prob pig has value Li

,

( expected value ) ( L ) = avg = pill .  
- . xpnln

= I = IL ) here pal , a pale ' To . lot fo . O =/

Variance ( L ) = Expected Value ( L - E)
2

= E ( L - E)
2

-

= = ( L . E)
2

=p,
CL

,

- I ) 't
. .  .

+ pnlln . I )
'

=

here Is 1=6-14
,

Var ( L ) = lot ( to -15-1%(0-1)
'

= To -81+go.is = =9
What does Ver ( L ) mean ?

① Vcr CL ) 30

② Var ( 4=0 ⇒ L has a constant value

③ Vcr CE# = 4 Vall )



L = f
to prob p ,

O prob pi .

go ,
2L

= {
ZO

I
O

€ 125=2 EEL ]

Var ( 2L ) = To (20-2)
2

+ go C o - z )
2

4 ( Folio . it 't go co - D
']=4 Krk )

Varfu) = El ( 2L - IT -

. E @C L - IT ]=4Ek - IT

Take two lottery tickets
,

L
,

L
'

E- Cut ] -

- EE ] a ' ]

( formally :

p , { Lj? , .  - -

, Pn { KI )
ECL =p , Clint ,

' It
.  - -

t pnl Lathi )

=/pilitpzlzx . .  . xpnln ) + ( p.4-ipzlze-pn.hn )
=

- -
G- EL ] t ECL ' ]

E- ( al ] =
a EEL )

a c- IR



Var C Let ) . Ctfu .

. ⇒
Z

-

- E ( ⇐t.cc .

. E ) )
'

= E ( Kil 't 5+2 KE ) C e . El )

= Var EL ) + Verk ) -1 2 Callie )

Call ,L
' ) = Meers what ? ?

definition E ( CL - E) ( L
'

- E ) )
=

Call
,

L ) = Vall )

Call
,

- L ) =  - Va - ( L )
Call , L

' ) so hepper  
if L

,
L

' "

independent
"

=

I
moreInertly " uncorrelated "

Var ( Ltu )
,

if L' =L
,

Vertu ) = 4 Var ( L )

var ( Lil ' I
,

if Coull ,L' to
,

Vorlltl '

) ' Var CL ) + Vall '

)



pg:÷÷er
Oct IS '

.

Markowitz

model

:/
Utility l R ) = I -

rivalry

{
"

Meaningless
"

but

- useful

Goal !
Var

, Cover

from  article  online

→
a-

Warmup
'

-

L , f
$10 prob p ,

-

. Yo

% prob p
, %

,

M =/
"

' °o° prob .

° prob 9991000

Expect  i $1 for L
,

Mi Expected $ I

Want to  understand :

① R ' EIR ) s FIEF CR )
,

Really a

② Var I R ) = Variance l R )
cosine

③ Carl R
,

s ) = E ( Cr. E) Is -5 ) ) ¢
Couch

,
s )

④ Corr ( R
, S ) =

,

between - I and I



Lottery tickets :

L , y
to prob Pit

ECL] =] = top ,

+ Opr
o prd pas fo

= to .

x O . % =

①Var ( L ) is E ( L - E)
2

-

= E ( L -

④2

( always  non -

negative )

= ( IO -15 . Yo + ( o - l )
'

- Yo

= 81 . To + I - fo = % = 9

m = f
1000 Photo

.

④ ( my = I
0

prob ⑤

Vorlon ) = E ( m - 15=(1000-1)%0
.

+ Co . IT .

= 9992 .

ox
I - fff

.

= 999 ( 999+1 ) ÷ =  -999

Q , {
B Mb Ts

, I
,

Vcr = B - I
0 otherwise

Extreme Bsl Tickets f
I mob 'T

° prob i. g.o
,

Var =/ - 1=0



units ( p . p )
'

Markowitz
'

Utility ! & CA Mew
← ¢CAD)7ye ,

Utility ( Portfolio ) = ⑤( P ] -

µ Var ( P)
t ←

← i
$ CPD

Claim ! For
any µ So

,
there's a lottery ticket

with negative utility -
- -

Eg . µ
= 0.01 =

Lottery ticket {
' 000 Prob ¥00

: m- =/
,

Var ( M ) = 999
m

O prob 7¥
Util

Malek
, a

= I - ¥999

= negative
So Markowitz Utility ⇒ throw away

the ticket

And yet ,
Markowitz is useful in practice .

. .

Units of µ in Mark
. obj .

a bit strange . .
.

Utilm.nu C RT = EM ) -

a Vor IR ) i

claim : itmaximia.mg it produces reasonable

optionsto study



Examples :

four possible futures in the world
From  article  online I f I b

←
?

→
as

⇐ ? ?

Bond B ? B =9
,

Val B ) .

- E- ( B - B- 5=0

Coke C ! Esto Verk ) = ( C - to )
'

= El 41=4

F, A-
,

IT s 10 .

At N = 20 in  all events
.

ANT = 20

Vcr CATN ) so Unrealistic

Corr ( A
,

N ) =  - I ( perfect hedge)
-


