HOMEWORK #6, MATH 441, FALL 2017

JOEL FRIEDMAN

Copyright:  Copyright Joel Friedman 2017. Not to be copied, used, or revised
without explicit written permission from the copyright owner.

1) Let & > 0 be a real parameter, and consider the problem of minimizin
M g
f(wy,ws) subject to g;(wy,ws) <0 fori=1,...,4, where

flw,wa) =100 — 4p(wi — 2wiwy + w3),  g1(wi, we) = wy + wy — 10

92(w1,w2) = —w1 —wa + 10, gg(wi,w2) = —w1, ga(wi,wa2) = —wa.

(Note the similarity to Problem 2 from Homework 4.) Answer the following

questions and justify your answer:

(a) Describe the feasible region of this program as a subset of (wy,ws) €
RZ.

(b) For each feasible (wq,ws), describe which of the g; < 0 are active
constraints. [You may draw a diagram or make a list for each subset
of i = 1,2,3,4, but you should justify your answer in words either
way.]

(¢) Find all KKT points of this program.

(d) Relate your findings to the solution of Problem 2 of Homework 4.

Solution:
(a) The feasible region are points of the form (wy,10 —w;) with 0 <
wi < 10.
(b) g1 and go are active in the entire region. In addition, g3 is active
at (0,10), and g4 is active at (10, 0).
(c) We have
Vf = —4u(2w —2wsq, —2w1+2ws) = —8u(w;—w2)(1,—-1), Vg = (1,1
v.gQ = (_17 _1)7 Vg3 = (_1a0); V94 - (07 _1)
The KKT points are therefore as follows:
(i) For (w1,10 —wq) with 0 < wy < 10, i.e., when ¢1,¢g2 are
active, a point is KKT iff there are u1,us > 0 such that
(0, 0) = Vf—i—ulVgl +U2Vgg = —8/1,(11}1 —U}Q)(]., —1) + (U1 —Ug)(]., 1)
This is equivalent to the two equations

0= —8u(w; —wsz) + (ug —u2), 0=-8u(w; —ws)— (u; —uz).
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Adding the two equations we have 0 = —16u(w; — ws) so
that wy = wy = 10 — wy, and hence we must have w; =
wy = 5. If wy = wy = 5, then the two equations amount
to u; = ug, for which there are (infinitely many) solutions
with u; = ug > 0.
Hence for 0 < wy < 10, there is a single KK'T point, namely
(wl, ’wg) == (5, 5)

(ii) For (10,0), i.e., when g1, g2, g4 are active, the KKT condi-
tion holds if we can find wq, us, us > 0 for which

(0,0) = VIi+u1 Vgi1+uaVga+usVgs = —80p(1, —1)+(u1—u2) (1, 1)4ua(
which is equivalent to the two equations
0= —80u+ (u1 —uz), 0=380pu+ (ur —u2)—uyg;

the first equation says that w; — uy = 80u, and the second
then is equivalent to saying that us = 80u + (u1 — ug) =
160u. So ug = 160u > 0, and we may take any us > 0 and
set u; = 80u + ug to get a solution to the KKT equation
with U, U2, Uy Z 0.
Hence (10,0) is a KKT point.

(iii) For (0,10), i.e., when g1, g2, g3 are active, the KKT condi-
tion holds if we can find wq, us, u3 > 0 for which

(0,0) = V f+u1Vgi+uzsVgatuzVgs = —80u(—1, 1)+(u1 —uz)(1, 1)+us(1
which is equivalent to the two equations
OZ8O}L+(U1*U2)*U3, 0:*80M+(U17U2) ;

the second equation says that u; — us = 80u, and the first
then is equivalent to saying that uz = 80u + (u; — uz) =
160u. So uz = 160u > 0, and we may take any us > 0 and
set u; = 80u + uy to get a solution to the KKT equation
with w1, ug, uz > 0.
Hence (0,10) is a KKT point.

It follows that the KKT points are (0,10), (5,5), (10, 0).

(d) Problem 2 of Homework 4 has the same feasibility region. In this
problem we are minimizing the Markowitz utility, rather than
maximizing it. So in addition to the KKT point (5,5) (which
appears either when you maximize or minimize), the endpoints of
the feasibility region, (0,10) and (10,0) are KKT points.
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