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The point of this article is to summarize what was covered in class in Math
340 after Chapters 1-5 of Vanderbei’s text [Vanl4] (the simplex method).
Although most of these topics are discussed somewhere in [Vanl4], the text-
book often gives too many details or too vast a general setting to make
it easy to understand the concepts; here we make the discussion brief—as
was done in class—to make the important ideas as easy to understand as
possible.

At this point this set of notes covers:

(1) etamatrices (in [Vanl4], Section 8.3) and the revised simplex method
(in [Vanl4], Chapter 8);
(2) applications, including
(a) the Assignment Problem (i.e., Weighted Bipartite Matching)
(in Section 15.2 of [Vanl4], which relies on the more general
discussion of Chapter 14);
(b) matrix games, including our poker game where Alice has
possible strategies;
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2 JOEL FRIEDMAN

(c) other applications covered in the exercises;

(d) remarks in the exercises about linear programs with unrestricted
variables (i.e., that can take on negative and positive values):
although in standard form we express each unrestricted variable
as the difference of two non-negative variables, this does not
mean that we are doing twice the work;

(e) similar remarks when we have constraints that are equalities
instead of inequalities.

1. ETA MATRICES, TABLEAUX, AND THE REVISED SIMPLEX METHOD

Matrix notation is covered in Section 6.1 of Vanderbei, and eta matrices
in Section 8.3. We wish to make some remarks about this, and discuss
“tableaux,” which are not discussed in Vanderbei’s text.

1.1. Tableaux and Eta Matrices. Consider the LP that we use over and
over in this class,

maximize ( = 4x1 + bxa, subject to

T+ 22
1 + 229
2x1 + xo

N
ot

<
<
and x1,x2 > 0.
with initial dictionary:
¢ =4x1 + bxo
w1 = 5— Tr1 — T2

w2:8—x1—2x2

w3:872x17932

In matrix notation we write

I I
x2 Z2
T = Ir3| = |W1
T4 w2
Z5 w3

(we write x3, x4, x5 for wi, wy, ws) and write the dictionary as

11100 oI5
(1) 1201 0/Z=b=|8
2 100 1 8

Notice the identity matrix that appears as a submatrix of the big matrix to
the left of #; in class and in this article we sometimes refer to this big, 3 x 5
matrix as “big A.”
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How can we view the simplex method pivot “xy enters and x4 (i.e., w2)
leaves”? (Note that for now we ignore the objective ¢.) With dictionaries,
the equation

w9 = 8 — xr1 — 2.7}2
is convered to
Tro — 4 — (1/2)x1 - (1/2)’[1)2
In the style of (1) we are converting the equation
1+ 22+ w2 =8

to

(1/2)1’1 + 29 + (1/2)11)2 = 4,
which is nothing but multiplying the second row of the matrix in (1) by 1/2.
In augmented matrix notation we write the equations for

1110015
12010 8
21001 |8

in the equivalent system of equations

1 0 0]t 11005 1 11 0 015
0 1/2 0[ |1 2010 ] 8 =1{1/2101/20 | 4
0 0 1|2 100 1 | 8 2 10 0 1|38

Notice that the row operation “leave rows 1 and 3 alone, and multiply row 2
by 1/2” corresponds to the leftmost matrix above, a 3 x3 matrix representing
these operations; this multiplication yields an equivalent set of equations.
The remaining basic variables, x3 = wi and x5 = w3 are then, in the
dictionary point of view, expressed in terms of x1 and x4 = wo; in terms
of the augmented matrix this corresponds to clear out the top and bottom
entries of the second column (corresponding to x2). In other words the new
dictionary is given by the set of row operations indicated by the 3 x 3 matrix

1 -1/2 0]t 1100 |5 1/2 0 1 —-1/2 0 | 1
0 1/2 0|1 2010 ] 8/ =][1/210 1/2 0| 4
0 —1/2 1|2 10 0 1 | 8 3/2 0 0 -1/2 1 | 4

Notice that the new dictionary is expressed as the rightmost matrix above,
and that columns 3, 2, and 5 (in that order) form an identity matrix. We
could convert the above to a dictionary where x3, xo, x5 are basic, and x1, x4
are non-basic. We abbreviate the above matrix multiplication as

E1Dy = Do,

where D1 is the augmented matrix for the first dictionary, D5 for the second,
and Fj is the “eta matrix”

1 —1/2 0
Ey=10 1/2 0
0 —1/2 1
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Definition 1.1. By an eta matriz we mean a square matrix which has the
same columns as the identity matrix on all but one of its columns, say its
i-th column, and whose ¢, 4 entry is non-zero.

The following theorem is easy to see.

Theorem 1.2. Any eta matriz, E, is invertible, and its inverse, E~1, is an
eta matriz with the same non-identity column as in E.

In general, we see that if we pivot again, then the next dictionary, D3, is
given as
EsDy = D3
where E5 is another eta matrix. For example, if we examine the objective
¢ =41 +5x0 =4x1 + 54 — (1/2)x1 — (1/2)x4) = 20 + (3/2)x1 — (5/2) 24,

we want x; to enter, and hence x3 = wy to leave, we have “x; enters and x3
leaves” corresponds to the row operations given by the eta matrix

2 0 0
Ey=|-11 0
3 01

which transforms the first column of Ds into [1 0 0]T; hence we obtain the
third dictionary matrix, Ds, as

2 0 0|[1/2 01 —-1/2 0 | 1
Ds=F;Dy=|—-1 1 0| (1/2 1 0 1/2 0 | 4
3 0 1]13/2 0 0 —-1/2 1 | 4
0 2 -1 0 | 2

1 0 | 3

1] 1
This is just our familiar final dictionary rows where we express x1, T9, x5 =
ws in terms of x3 = wy and x4 = ws.

Notice that we can also write

D3 = E3Dy = ExEq Dy,

and so two pivots can be represented as a product of two appropriate eta
matrices.

In order to encorporate the objective ( into this augmented matrix nota-
tion, we may write the ( line as 4x1 + 522 in the bottom of any dictionary;
to do this in the third dictionary we write

10 2 —-10 ]2
01 -1 1 0] 3
00 =3 1 1|1
45 0 0 0 | 0]

Of course, this doesn’t look right because we want to write ¢ in terms of
the non-basic variables; this corresponds to clearing out the 4 and 5 and 0
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in the basic variables by row operations: we subtract 4 times row 1 and 5
times row 2 from the ( line to get

10 2 —-10| 2
01 -1 1 0] 3
00 -3 1 1] 1
0 0 =3 -1 0 | —23]

This array of numbers should look very (comfortingly) familiar; the 23 has
a negative sign because this bottom line really says

—3x3 — x4 = —234+(;

can also write the bottom row with negative signs, but you must remember
which is which. You can also view ( as a variable. In class, I will use the
above convention.

We may write all the dictionaries in these tables of numbers, which are
generally called tableaux (the plural of the French tableau).

1.2. Tableaux Example. Let us summarize the simplex method on usual
LP, adding the objective ¢ = 4x1 + 5xg to each step. The initial dictionary
¢ = 4x1 + bxo
w) =H—T] — X9
wo =8 — 11 — 229
w3 = 8 — 2:L’1 — X2

has corresponding tableau

DO =

0
1
0

ol—= o O

Y = DN =
oo O =

0

[4 0]
with the bottom row the ¢ row. Then x5 enters and x4 = woy leaves means

that we use row operations to convert column to [0 1 0 | 0]*, which is what
the x4 = wo looks like before the pivot. We get the second tableau

/2 01 -1/2 0 | 1
/2 10 1/2 0 | 4
32 0 0 -1/2 1 | 4
[3/2 0 0 =5/2 0 | —20]

The second and final pivot, x1 enters and zg = w; leaves gives the final
tableau

10 2 —-10] 2
01 -1 1 0] 3
00 -3 1 1] 1
0 0 =3 -1 0 | —23]
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1.3. Matrix Notation and Eta Matrices. Now let us see how this figures
into our matrix notation. We write our dictionary constraints as:

ApZip + ANZN = l;

where Ap are the columns corresponding to the basic variables in the big
matrix in (1), and Ay those corresponding to the non-basic variables. All
our dictionaries can be derived from the above equation. So the first dictio-
nary, derived from

11100 5
1201 0|Z=b= |8
210 0 1 8
is expressed as
1 0 0] [z3 L1 5
010934—}—12L1]—8
00 1| |z 2 1| L7 8

It is more instructive to consider the second dictionary, where x3, x9, x5 are
basic and x1, x4 are non-basic. This is, therefore:

1 1 0] a3 L o], 5
020 x2+11[1]—8
01 1| |5 2 0| L™ 8
We therefore get:
T3 11 017 /5 1 0]
| =10 2 0 8—11[331}
zs| (011 8| |2 o] "™
Curiously (or not so curiously) we note that
11 07" [1 —1/2 0]
020 =10 1/2 0
01 1 0 —1/2 1

which is just the matrix we called E;. Similarly, the third dictionary, with
1, T2, Ts in the basis can be determined by:

1 1 0| |z 1 0 5
120 x2+01[x3]:8;
2 1 1| |as 0 o] ™ 8
not surprisingly, we have
11 0]°"
1 2 0
2 1 1

is the matrix given by EsF7 above. In other words we have

-1 -1
ARl = B4
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and
-1 -1
Ag, = E2Ag,
where By, B, By are the basic variables at step 1,2,3 (respectively) of the
simplex method, and the F; were the eta matrices describing the row oper-
ations above.

It is clear that this discussion generalizes to any form of the simplex
method. Let us record these observations.

Theorem 1.3. Let B; be the set of basic variables on the i-th iteration of
this simplex method, and let Ap, be the part of the matriz “big A” that
corresponds to the basic variables in the i-th stage of the simplex method.
Then for any positive integer i, we have

Agj = EiAg,jfl

where E; is an eta matrix representing the row operations used to convert
the i-th tableau to the (i + 1)-st tableau.

Corollary 1.4. If Ap, is as in the above theorem, then Ap, is invertible for
all i. In particular,

(1) there is no way to linearly combine the rows of Ap, non-trivially and
get a row of all zeros; and
(2) the same, with “rows” replaced with “columns.”

The latter statements in this corollary follow from the fact that if the rows
or columns of a square matrix are linearly dependent, then the determinant
of the matrix must be zero, and hence this matrix cannot have an inverse.

The above corollary is crucial to our discussion of weighted bipartite
matching.

1.4. The Revised Simplex Method. Another application of the eta ma-
trices is to the revised simplex method. The idea is as follows: the dictio-
naries will look like:

ApZp + AnZN =D,
5 o 5o I (g T =
(=c-Z=Cp-Zp+CN TN =CgTp+ CNTN

(the transpose convention for dot products will be useful here). We can
solve for Tg to get

-

- -1 -
rp = AB (b — ANI'N),
¢ =CLip + enTn
= CLAG (b — ANZN) + NN
= CpALG'b + (Cy — ChALZ AN)EN

Let us pause to summarize the above calculations.
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Theorem 1.5. If B is any set of basis variables in the simplex method, then
Ap 1is invertible, and the dictionary associated to B is given by
iz = A - AR Ay ZN,
¢ = GLAR'Y + (6% —ELAG AN) in.
In practice we don’t want to write down every entry of this dictionary,

rather we only write down those we need for each pivot. As these formulas
suggest, the most laborious task is to compute Af__al times various quantities.

Remark 1.6. Generally we only need to compute the ¢ row to determine
which variable enters, and then compute the dictionary entries of this en-
tering variable (and the dictionary constants) to see which variable leaves.
By the above formulas we will want to compute the { row coefficients:

CLAG An.
We note that we compute this as
(EEAZ AN, not Ep(AZ'An).
The latter way is much more expensive.

For the first pivots we might just use:
Al =1, Apl=E\, Aj =EFE, etc
So that we compute
5 A,
as
CLEFy.
After a number of iterations, two problems arise:

(1) it is no longer a savings to use
Apl =Ei 1B .. B

for very large ¢, and
(2) the formula

Al =FEi \Ei ... E
tends to introduce a lot of roundoff error.

It turns out that both of these issues can be important, depending on the
problem.

There are a number of subtleties here. For one, we never actually write
down the whole matrix, A]_Bil, rather we factor Ap, as LU, with L lower
triangular and U upper triangular, and use this “LU-decomposition” to
compute Agil when applied to vectors. So every so often we compute Ag,il
from scratch, and then use

-1 -1 -1 -1
AB¢+1 - EiABi’ ABi+2 = B BiA i)
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and so on, until the repeated use of eta matrices is problematic; then we
refactor the Ap, (for some i’ > i), and the use

-1 _ .21 -1 . 41
ABi/_,'_l _ EZ,ABZ-/’ ABi/+2 - 1/+1E7/ABil’

again for a while.

Assuming that we refactor the Ap, every s steps, and that refactorizing
an Ap, takes m? time, and that applying Ap, takes time m?, the average
cost over s steps is of order m3s~! (refactorizing every s steps), and ms (the
last s/2 steps involve multiplying out at least s/2 matrices), we see that
m3s~! 4+ ms is optimal for s = m (where m3s~! 4+ ms becomes order m?).
Furthermore, in Vanderbei’s text it is claimed that in certain sparse problems
the refactorizations require closer to m? steps, in which case s is optimal
when of order \/m, so that m?s~" +ms is over order m3/2. Vanderbei’s text
does not perform any analysis to indicate when roundoff errors become a
problem.

If we have a linear program in standard form with constraints AZ < b
where A is an m X n matrix, then we have n decision variables and m slack
variables, and hence all the Ap, matrices are m x m. If m is large, then
computing A]_S,Z_1 is expensive, but each eta matrix, F;, has only one column
(of m numbers) that we need to remember, and hence multiplying by E;
requires only order m FLOPS (Floating Point OPerationS).

There are a number of details to get this method to work quickly, and
a number of computational issues involved (see the rest of Chapter 8 of
Vanderbei).

2. APPLICATIONS

2.1. Weighted Bipartite Matching. The Assignment Problem, or
Weighted Bipartite Matching problem, discussed in class and in Section 15.2
of Vanderbei is the problem:

n
maximize Z CijTij
ij=1

subject to

Vi, mint Tt Tin =1,
and

Vi, @iyt xgite =1,
and all Tij > 0.

To simplify the linear program, we argue that we can add the same con-

stant to all of the ¢;; without altering the optimal choice of x;;. Hence we

may assume that ¢;; > 0 for all 4 and j. In class we argued that we could
weaken the constraints to

Vi, i txipt 2, <1,
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and
Vj, {E1j+$2j+"'+$n7j§1,
and all Tij > 0.
We therefore get a dictionary with

(= ey,
4,J
and slack variables

wrow; =1 —x; —Tjo — x4 fori=1,....,n

and

weolj =1 —x1j —Toj — -y forj=1,...,n.
Since this problem is feasible and bounded (by n times the maximum of the
cij), there is a final dictionary giving an optimal solution.

In class, we argued that each slack variable must be zero in an optimal
solution (or else we could increase at least one of the z;; and get a higher
objective value).

The fact that

n n
E wWrow; = E wceolj
i=1 j=1

shows that we can combine the rows of the initial dictionary (or tableau) to
get a tableau row that looks like

00 -~ 011 -1 —-1—=1---—1]

where the 1’s correspond to the wrow; variables, and the —1’s correspond to
the wcol; variables. It follows that any simplex method basis variables Zp
must contain at least one the the wrow; or wcol; variables, for otherwise the
Ap columns can be combined non-trivially to get a row of all 0’s in Ap, and
hence Ag would not be invertible. This means that there are at most 2n —1
of the z;;’s in any basis of the simplex method, and hence any basis has at
most one x;; in one of its rows, and similarly in one of its columns. In the
final dictionary it follows that in such a row and column there corresponds
an x;; that is the only non-zero variable in that row and column, and hence
x5 = 1.

From here one can argue that the simplex method (perhaps applied re-
peatedly to smaller problems) will generate a solution for which each z;; is
either one or zero.

However, there is a further remarkable property of the final dictionary
of the simplex method running on a such a problem. It is mentioned in
Chapter 14 of Vanderbei (in the general context of the “Network Simplex
Method”), but not proven there.

Theorem 2.1. Consider any dictionary of the linear program above for the
n x n Weighted Bipartite Matching (i.e., the Assignment Problem) with the
above notation. Consider the bipartite graph, G, with n vertices on the left
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and n on the right, and whose edges are the x;; appearing in the basis. Then
this graph has no cycles, i.e., this graph is a forest, i.e., this graph is a union
of trees.

Like our observation that any dictionary must have at least one wrow; or
wcol; being a basic variable, we emphasize that this theorem is valid for any
dictionary. Using this theorem it is easy to see that any final dictionary for
the above simplex method has all the x;;’s being one or zero. This reason,
and the graph theory involved (cycles, trees, forests, etc.) will be discussed
in class.

Proof. Each x;; column appears in exactly two places: the wrow; and wcol;
slack variable location, with a —1 coefficient in both places. A cycle in the
above bipartite graph, say of length 2k, is equivalent to having

Liy g1y Lig,j1s Lig,jos LTig,jos «  + Lig,jir Lig,j1

as basic variables. But then the alternating sum of the columns of “big A”
corresponding to the above variables

A, —Ap A Ay — Ay Az, — A

Tiy,51 Tig,j1 Tig,ja Tig,j2 Tig,i1
is a column of zeros. But this would show that Apg is not invertible. Hence
the bipartite graph in the theorem contains no cycles.

It is a standard fact from graph theory that if G is a graph no cycles,
then between any two vertices there is at most one path, and hence each

connected component of G is a tree, i.e., G is a forest. O

Given the above theorem, consider a final dictionary and the above graph,
G, for such a dictionary. Let v be any leaf (see the paragraph below) of the
above graph, and say that v corresponds left vertex (which in class we called
a “person”) number i. Then it follows that there is a unique j such that
xi; is in the basis; hence if j' # j, x;j is non-basic, and hence z;;; = 0 in
the corresponding BFS (Basic Feasible Solution). Hence x;; = 1 (since the
wrow; variable must be zero in the BFS for the optimal dictionary). It then
follows that x;; = 0 for any i’ # 4 (such an x;; may be basic or non-basic;
so by removing left vertex (person) i and right vertex (which we called a
“task” in class) j, we discard the edge ;; of the graph, giving us a forest G’
with one edge fewer, and we are still left with a forest. Now we can repeat
this argument on G’, finding an x;;; = 1, and discarding this edge to get
G". Eventually we discard all edges for G, giving us that z;; = 1 for any
edge of G. Hence in the final dictionary, all ;; that are basic equal 1.

As far as the graph theory that we need, we made a few claims above
that should seem reasonable. We really only need the following result: if
G = (V,E) is a graph, and the degree of a vertex, v (i.e., the number of
edges incident upon v), is denoted d(v), then we have

B = V=) _(2—d(v))/2

veV
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For a tree (which is a connected graph without cycles) we have |E| — |V| =
—1, and so at least one vertex of G must have d(v) < 1; if G is not an
isolated vertex, then d(v) is never zero, and hence there exist at least two
vertices with d(v) = 1. A vertex with degree one is called a leaf.

2.2. General Remarks About Game Theory. We made a number of
observations regarding game theory, some before the coverage of eta matri-
ces.

First, the linear program giving the optimal strategy for Alice in “Alice
announces a mixed strategy” is the one with Alice replaced by Betty.

Second, complementary slackness in linear programming makes the follow-
ing simple observation about game theory: assume that p'is Alice’s optimal
mixed strategy in a matrix game with matrix A, and that

FA=1[345634];

hence the value of the mixed game is 3 (assuming that 7 is optimal). Then
Betty, who has 6 strategies, will only play column 1 and 5 in an optimal
strategy for her, for otherwise Betty will be unable to achieve the value 3.
By writing down the linear programs for Alice’s and Betty’s optimal mixed
strategies, we can chase through the complementary slackness picture to
verify that this remark is just “half” of complementary slackness.

Third, imagine that we have a 100 x 4 matrix game with all positive
entries, so that game “Alice announces a mixed strategy” amounts to the
linear program maximize v subject to

[p1 ... proo]A = [vvvo), pit---+poo <1

with the p; and v being non-negative. Then the dictionaries for the simplex
method on this linear program have 5 basic variables; in the final dictionary
v must be basic, since v is positive in the optimal solution (v is as least as
large as the smallest entry of A); this leaves at most 4 of the p; that can be
basic. It follows that there is an optimal strategy for Alice using at most 4
of the rows. A similar remark can be made for any shape of matrix.

2.3. The Big Poker Question. Consider the “big poker question” of Sec-
tion 8 of the handout on game theory: (1) Alice and Betty each ante one
penny; (2) Alice is dealt one of 52 cards; she looks at the card, but Betty
cannot see the card; she either bets one penny or folds; (3) Betty either calls
with one penny or folds. If Alice bets and Betty calls, then Betty draws a
card and compares it to Alices card; the higher ranked card wins (in some
order, say poker order).

Since Betty cannot see the card, Betty has only two pure strategies: call
or fold. However, in a pure strategy Alice can elect to bet or fold; since she
has to make a choice of these two options for 52 different cards, Alice has
252 pure strategies.

In class we tried to reduce the number of possible strategies; we also
wanted to see if our reductions would teach us some general principles.
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The first observation is that if Alice bets on some set of cards, B C
{1,...,52}, then if we fix the size of B to b = |B|, then for b fixed Alice
does best to bet the top b cards. This shows us (something that we already
suspected in September), that she only has 53 possible strategies, namely

for b=0,1,...,52, Alice bets {52,51,...,52 — b+ 1}.

We also calculated that if Alice chooses to bet b cards, then her correspond-
ing row in the matrix game looks like

—

76) = (H1(0), £200))

where fo(b) was a linear function of b (if Betty always folds when Alice bets,
then Alice wins b times out of 52, and Betty wins 52 — b times out of 52),
and where A
1) = 55751

where c¢1, co were constants; in other words fi(b) is a quadratic function with
a negative b? coefficient.

Then we made the following observations: in a matrix game, let Alice’s
b-th row be given as f (b) (the vector f has an many entries as there are
columns in the matrix for the matrix game). Then

b+ b+ co

(1) if f(b) is a strictly convex function of b (i.e., f” is always non-negative
in all its components, assuming that f is twice differentiable), and
if there are m rows in the matrix, then there is an optimal strategy
for Alice involving only rows 1 and m; and

(2) if f(b) is a strictly concave function of b (i.e., f” is always non-
positive, assuming that f is twice differentiable), then there is a row
r such that there is an optimal strategy for Alice involving only rows
rand r + 1.

—

In general, f(b) is not necessarily convex or concave, and our observations
are only valid assuming such properties.

3. LEARNING GOALS AND SAMPLE EXAM PROBLEMS

It seems best to make general learning goals concrete by connecting them
with sample exam problems.

Learning Goals:

(1) You should be able to do the simplex method via tableaux, and write
out the associated eta matrices. See Exercise 3.1, 3.2.

(2) You should know why eta matrices are important, and some of their
properties. See Exercise 77, 77.

Sample Exam Problems
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Exercise 3.1. Find the tableaux and eta matrices for our standard problem,
given in (1), but where the first pivot has x1 entering (instead of z3). There
will only be one choice of entering variable and leaving variable, and we
should finish after three pivots. Do this in the style of Subsection 1.2, where
the ¢ line appears in the last row of the tableaux.

Exercise 3.2. Same as Exercise 3.1 (solve the linear program using
tableaux, and write out the eta matrices) for the linear program:

maximize ( = 1 + 7x2, subject to

T1+2x9 < 3,

x1 < 2

x2 < 2,
and x1,x0 > 0.

Exercise 3.3. Consider the matrix game
1 2
=17
Write down Alice’s optimal mixed strategy for this game as a linear program,
and use tableaux to find Alice’s best strategy. [Hint: by looking at A, we
see that Alice will play only row 2, since row 2 dominates row 1; so your

first pivot should be v enters (there will be a tie for leaving variables in this
degenerate pivot), and your second pivot shoul be py enters, to save time.]

Exercise 3.4. Say that you are solving a linear program with 100 variables
and 100 constraints. Explain why

(1) it may be advantageous to use eta matrices in the first 5 pivots:

Apl =1, Ayl =FE,, - Apl = E4E3EE,
and
(2) it may not be advantageous to use eta matrices for many pivots,
such as

Apl = FEugFEags... E2E).

Explain why it may be advantegeous to recompute Agil every so often, and
use eta matrices in between recomputations. [These recomputations are
typically done by the LU-decomposition, not by writing down AE}, but this
is not important to us.]

Exercise 3.5. Consider the problem of 3-dimensional matching: intuitively,
you have n people, n tasks, and n labs; to each assignment of one person
to one task and one room, you are given a utility. You wish to maximize
the total utility in an assignment, meaning that to each person you assign
one task and one lab, so that all tasks are performed (each by one person)
and all labs are used (each by one person). More concretely, you have a
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3-dimensional array of real numbers c;;, and you want to choose z;;;, to be

0 or 1 such that
Z CijkLijk
i’j?k

is maximized subject to
for all 4, Zmzjk =1
ik
for all 7, ZJTZ‘jk =1
i,k
for all k, Zibijk =1
2%

Now consider the relazation of the above problem, where each x;;, can be a
real number between 0 and 1.

(1) Argue that to find the optimal x;jk you can assume that each c;j, is
positive.

(2) Argue that if all the ¢;;;, are positive, then you can replace the equal-
ities above by inequalities.

(3) Argue that the resulting linear program is feasible and bounded.

(4) Argue that if we run the simplex method, then we can find an optimal
solution such that at most 3n of the x;j, are nonzero.

Remark: solving the original problem in which the x;;; must all be 0 or 1
is an example of a problem that is “NP-complete.” Hence if you can find
a quick algorithm to determine the optimal solution subject to all x;;; are
either 0 or 1, you will be instantly famous and awarded a $1,000,000 (USD)
prize.

Exercise 3.6. Consider the linear program to maximize 4z + 5xy subject
to
r1+ 22 <10
2rx1 4+ 2x9 < 21
3x1+3x2 <29
z1,22 >0

Argue that the simplex method will never yield a dictionary in which both
x1 and xo are basic; do this in two ways:

(1) by considering the columns of Apg, the basic part of “big A” corre-
sponding to any dictionary; and

(2) by describing all possible ways that the simplex method can be run
(e.g., the first pivot is either x; enters or zo enters).

Is the same true if the constants 10, 21,29 in the above linear program are
replaced with any other constants?
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Exercise 3.7. Consider the line y = a + bz which is the best “max ap-
proximation” regression line to the data (0,4), (1,6), (2,7), (3,10). In other
words, consider the optimization problem:

mind subject to

’4—(I‘§d,
6 —a—0b| <d,
|7 —a—2b| <d,

110 — a — 30| < d.

(1) Assume you can argue that d, a,b must all be strictly positive. Then
write the above optimization problem as a linear program in stan-
dard form. [Hint: the inequality |10 — a — 3b| < d is the same as
saying

10—a—3b<d and 10—a—3b> —d]

(2) Argue that the above linear program is feasible and bounded.

(3) Show that in any optimal solution (again assuming d,a,b are
strictly), there must be three of the inequalities of your linear pro-
gram that must be satisfied with equality. The three inequalities
where the equalities are satisfied are known as “support points” (each
such inequality/equality corresponds to one of the data points).

(4) Assume you are now looking for the best max-approximation of y =
a+ bz to 10 data points (instead of the four data points above) that
don’t all exactly lie on a line y = a+bx), and say that you can argue
that the best fit occurs with an ¢ and b that are both positive. Can
you still assert the existence of three “support points”?

Exercise 3.8. Consider the best “L! approximation” regression line y =
a + bz to the five data points (0,4), (1,6), (2,8), (3,11), (4,13). In other
words, consider the optimization problem:

min |4 —al + |6 —a—b|+ |8 —a — 2b| + |11 —a — 3b| + |13 — a — 4b|

over all real a,b.

(1) Assume you can argue that for the optimal a, b, both their values are
positive. Write the above optimization problem as a linear program
in standard form. [ Hint: see Vanderbei, Section 12.4. |

(2) Ask something else?

Exercise 3.9. Consider any linear program in standard form such that the
sum of the first two slack variables is equal to the sum of the third and fourth
slack variables. Argue that the slack variables cannot all be non-basic in any
dictionary of the simplex method. [Hint: Consider the first four rows of Ap,
the basic part of “big A” corresponding to a basis B.]
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Exercise 3.10. Consider the LP for the matrix game:
2 =5
=155

maxv subject to

namely

2p1 —4p2 > v,

—op1 + 3p2 > v,

p1+p2=1
p1,p2 20

Previously we added constants to each enty of A to make simplifying as-
sumptions on the linear program. Here we ask if it is so bad just to leaves
things as they are.

(1) Write the above linear program in standard form, where v is replaced
by vy — vy where v1,v2 > 0 (since we don’t know if v is positive or
negative), and where p; + po = 1 is replaced by the two inequalities:

p1+p2<1 and —p;—p2<-—1

(2) Argue that this linear program is feasible and bounded, and therefore
the simplex method will find the optimal value.

(3) Write down the “big A” matrix expressing the linear equations sat-
isfied by the decision variables and the slack variables.

(4) What is the “big A” column corresponding to vi, and the column
corresponding to vy? Argue that v; and vs can never both be basic
variables in any dictionary given by the simplex method.

(5) Say that v; is a basic variable in some dictionary, and hence vy is
non-basic. What will the v; row look like in the dictionary?

(6) Consider the two slack variables corresponding to the inequalities

p1+p2<1 and —p;—p2<-—1

What is the sum of these two slack variables? Argue that at least

one of these two slack must be basic in any dictionary that can arise

in the simplex method.

(7) Generalize this discussion to any linear program where:

(a) some variables are not known to be positive (or negative), and
are written as the difference of two variables; and

(b) some constraints are linear equalities, and hence are written as
two inequalities.

Exercise 3.11. Consider a weighted bipartite matching problem between
two people and two tasks, where the utility matrix ¢;; has all positive entries.

(1) Write down a linear program for this problem and argue directly
that at optimality each slack variable must equal zero.
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(2) Argue directly that all four slack variables cannot be nonbasic in any
dictionary of the simplex method. [Hint: Consider Exercise 3.9.]

(3) Argue that, on the basis of the previous part, that all four decision
variables cannot be basic in any dictionary.

(4) Argue that, on the basis of the previous parts, the final dictionary
will have two of the z;; equal to one, and the other two equal to
Zero.

Exercise 3.12. Consider a weighted bipartite matching problem between
two people and two tasks, where the utility matrix ¢;; is given by c¢11 = 8§,
coa =9, c12 = b5, and co; = 3. Since matchings between two people and two
tasks can only be done one of two ways, it is clear that 11 = 92 = 1 and
T12 = x21 = 0 is optimal; 19 = 91 = 1 and x1; = z22 = 0 is not optimal.
(1) Write down the complementary slackness conditions for the proposed
optimal solution z12 = x9; = 1 and 17 = x93 = 0 (which we know is
not optimal). Show that the four dual decision variables need only
satisfy two equations, and hence there is no unique dual solution.
(2) Show that any solution for the four dual decision variables leads to an
infeasible dual solution (i.e., at least one of the dual slack variables
must be negative).

Exercise 3.13. Consider a weighted bipartite matching problem between
two people and two tasks, where the utility matrix ¢;; is given by c¢11 = 8§,
co2 = 9, c12 = 5, and c91 = 3. Since matchings between two people and two
tasks can only be done one of two ways, it is clear that x1; = x99 = 1 and
T19 = T91 = 0 is optimal; 215 = 291 = 1 and z11 = x99 = 0 is not optimal.
(1) Write down the complementary slackness conditions for the proposed
optimal solution z17 = z22 = 1 and z12 = x91 = 0 (which we know
is optimal). Show that the four dual decision variables need only
satisfy two equations, and hence there is no unique dual solution.
(2) Find a dual solution (even though it is not unique) which satisfies
complementary slackness and is dual feasible (i.e., all the y;’s and
z;’s are non-negative, and they satisfy complementary slackness for
the above x;’s and w;’s).

Exercise 3.14. Consider the matrix game:

1 36

4 25

9 16
A=116 9
25 4

36 1

(1) Show that for any i = 2, 3,4, 5 we have that playing 50% of row ¢ — 1
and 50% of row i + 1 is better than playing row i.

(2) Show that if f(b) denotes the b-th row of this game, then f(b) is a
convex (i.e., concave up) function of b.
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(3) What two rows will Alice play in “Alice plays a mixed strategy,”
based on your answers to the previous parts?
(4) Find Betty’s best mixed strategy.

Exercise 3.15. Consider the matrix game:

[ -1 —36 ]
-4 —25
-9 —16
A= —16 -9
—925 —4
| 36 —1 |

— —

(1) Show that if f(b) denotes the b-th row of this game, then f(b) is a
concave down function of b.

(2) What two rows will Alice play in “Alice plays a mixed strategy,”
based on your answer to the previous part?

(3) Find Betty’s best mixed strategy.

Exercise 3.16. Explain each of the following principles of the revised sim-
plex method (they are all discussed in this article):

(1) We do not need to compute the whole dictionary: assume we want
to compute the entire ( row to choose which variable enters, but
then compute constants of the dictionary and only the column of an
entering variable, which computations are involved? [Hint: look at
Theorem 1.5.]

(2) The order of multiplcation matters: Theorem 1.5 has a term
EZTBA;A ~- In which order do we multiply these terms?

(3) How are eta matrices used in the revised simplex method? Specif-
ically, consider the cost in terms of FLOPS (FLOating Point Op-
erations): if to refactorize AJ_Bl requires m®* FLOPS (where m is
the number of basic variables), where « ranges between 1 and 3 de-
pending on the problem, and each multiplication by an eta matrix
requires m FLOPS, argue that to refactorize every s steps would
involve an average of order m®s~! FLOPS (for the refactorization)
and order ms FLOPS for the eta matrix multiplications. Then argue
that the optimal value of s is m(®—1)/2,

Solutions to some problems appearing two pages from now
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Solutions to some problems appear starting on the next page
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Here we give brief solutions to some problems in the article on Eta Matri-
ces and Applications. This term problems 1,2,4-7,9 were assigned; here we
give brief solutions to 10, 14-16; the rest of the problems are similar to oth-
ers found here or in the homework (12 and 13 are complementary slackness
problems).

3.10 The point of this problem is to see that while replacing v by v; — v9
(when v can be positive or negative) with v, va > 0 (needed for standard
form) might look like we now have twice the work since one decision variable,
v, has been replaced by two decision variables, v1,v2. However, v; and v
start out as nonbasic in the first dictionary, and we make the following
claims:

(1) It is impossible for vy, vy to be basic in any dictionary: for then Ap
would have a vy column that is the same as the vy column except
with signs reversed; in the case A would have these two columns
summing to zero, and hence Ap would have a zero determinant,
which is impossible.

(2) It is possible for v; to be basic and v2 to be nonbasic: in this case vo
only appears in the v; row, with a +1 cofficient (we saw this in class
in two different ways), and so we can forget (at least temporarily)
about vs.

(3) It is possible for vy to be basic and v; to be nonbasic: this is similar
to the last case.

(4) It is possible for v, v2 to be nonbasic; in that case the coefficients of
vy in the dictionary are the same as those for vy except the signs are
reversed. So once we know the coefficients for v, we automatically
get those for vs.

In all cases figuring out how v; and wvg are involved in a dictionary really
only requires doing so for one of the variables. Hence this is only slightly
more work than if we had v instead of v; and wvs; this is hardly twice the
work.

A similar remark is true for an equality such as p; + p2 = 1 which must
be replaced by two inequalities in standard form. Although we get two slack
variables,

wy=1—-—p1—p2 and w2 =—-14pi+p2

(instead of one slack variable), again it is not really twice the work. We see,
for analogous reasons as in the previous paragraph, that w; and wo cannot
both be nonbasic; furthermore, since wy; = —ws, when both wy and ws basic,
then the rows for w; and wy are the same except with opposite signs; and
when w; is basic and w9 nonbasic (and similarly for vice versa), the row for
wy must simply read: w; = —wo.
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3.12 The dual linear program to
max 8x11 + bx12 + 3x21 + 992  subject to
11 +x12 < 1,
To1 + wo2 < 1,
x11 + @91 < 1,
T12 + w22 < 1,
Z11, T12, 221, %22 > 0
has dual decisions variables y1 row, Y2,rows Y1,col, Y2,col fOr the constraints, in
order, and has constraints
8 < Yi,row + Y1,col;
5 < Y1,row t+ Y2,c0l
3 < Y200 + Y1,col
9 < Y2,row + Y2,c0l
which respectively correspond to 11, 12,21, X22. Since the primal slack
variables are all zero in optimality, we cannot draw any direct conclusions
about the dual decision (y) variables. Since x12 = x2; = 1 in this proposed
solution, we can conclude that
5= Ylrow + Y2,co0 aNd 3= Y200 + Y1,col-
There are many solutions to these equation. However any such solution
cannot be (dual) feasible, since these equations require
8 =15+3=Ylrow T Y2,col + Y2,r0w + Y1,cols

but in feasibility we must also have

8 < Y1, row + Y1,col >
9 < Y2,row + Y2,col »
and hence
17 < Y1, row + Y1,col + Y2 row + Y2,col
which contradicts the fact that the right-hand-side must equal 8.
Hence, although complementary slackness gives us infinitely many possi-

ble values for the dual decision and dual slack variables, none of them can
be feasible.

3.14 Consider the matrix game:

1 36 ]
4 25
9 16
A= 16 9
25 4
36 1|
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(1) Show that for any i = 2,3, 4,5 we have that playing 50% of row i — 1
and 50% of row 7 + 1 is better than playing row 4.
Answer: For i = 2 this amounts to

(.5)[1 36] + (.5)[9 16] = [5 26] > [4 25].

For other ¢ we do a similar calculation. .
(2) Show that if f(b) denotes the b-th row of this game, then f(b) is a
convex (i.e., concave up) function of b.

Answer: We see that
F(b) = [ (7T —b)% = [b> 49 — 14b + b?].

Since both entries are b? plus linear functions of b, we have

d z Y
S0 = '0) =22
which is positive, of f(b) is convex (concave up).
(3) What two rows will Alice play in “Alice plays a mixed strategy,”
based on your answers to the previous parts?
Answer Since f (b) is convex, the Alice will play some combina-
tion of the top and bottom rows.
(4) Find Betty’s best mixed strategy.
Answer From the previous part, Alice and Betty are essentially

playing the matrix game

1 36
36 1
Since this matrix has a duality gap (of 35), we solve
1 36| |q1| |v _
|:36 1:| |:q2:| - |:,U:| ) (II + Q2 - 17

which yields ¢ = ¢2 = 1/2.

3.15 Consider the matrix game:

[ -1 —36 ]
—4 —-95
-9 —16
A= ~16 -9
—25 —4
| -36 -1 |

— —

(1) Show that if f(b) denotes the b-th row of this game, then f(b) is a
concave down function of b.
Answer: We see that

f(b) =[-b? —(T—b)%] = [-b> —49 + 14b— V2.



24 JOEL FRIEDMAN

Since both entries are —b? plus linear functions of b, we have

d - .
—f)=f"b)=1]-2 —2
ey = o) =2 ~2
which is negative, and hence f| (b) is concave down.
(2) What two rows will Alice play in “Alice plays a mixed strategy,”
based on your answer to the previous part?

—

Answer: Since f(b) is concave down, we know that Alice will
play some mix of two adjacent row, and if the values of f(b) lic on
both sides of the line x = y, then we choose the two b values that
give f(b) closest to this line.

By inspection we can see that [-9 — 16] and [-16 — 9] are the
two closest. .

Alternatively, we can see that f(b) traces out a curve when b

takes real values between 1 and 6, and f(b) intersects the line z =y
precisely when
—b? = —(7—b)?
which happens precisely when b = 3.5. Hence the nearest integer b
values, representing rows 3 and 4, are indicate the rows that Alice
will play.
(3) Find Betty’s best mixed strategy.

Answer From the previous part, Alice and Betty are essentially

playing the matrix game

-9 -16
-16 -9 |’
and we similarly solve this 2 x 2 matrix game to see that Betty plays

[1/21/2).

3.16 Explain each of the following principles of the revised simplex
method (they are all discussed in this article):

(1) We do not need to compute the whole dictionary: assume we want
to compute the entire { row to choose which variable enters, but
then compute constants of the dictionary and only the column of an
entering variable, which computations are involved? [Hint: look at
Theorem 1.5.]

Answer: According to Theorem 1.5, we can compute the ¢ row,
and only the column of coefficients in —A;A NZn corresponding to
a single entering variable x;; hence we need only compute AglAi,
where A; is the column of “big A” corresponding to z;. (We also
need to compute Ag,lg or find it somehow.) So the real savings
is in computing only the part of —A;AN:E ~ corresponding to the
entering variable x;.



MATH 340: ETA MATRICES, THE ASSIGNMENT PROBLEM, AND OTHER APPLICATIOINS

(2) The order of multiplcation matters: Theorem 1.5 has a term
c_;_gAglA ~- In which order do we multiply these terms?

Answer: Since ¢p is a row vector (of dimension 1 x m), we mul-
tiply this by Agl, which again yields a row vector; this vector we
multiply by An. The first multiplication of a 1 x m row vector times
an m x m matrix (when A5' is a general matrix) takes time order
m?; the second multiplication (a 1 x m times an m x n matrix) takes
time order mn.

If we first multiplied Agl times Ap, in general this would take
time m?n, which would be much more expensive.

(3) How are eta matrices used in the revised simplex method? Specif-
ically, consider the cost in terms of FLOPS (FLOating Point Op-
erations): if to refactorize Ap' requires m® FLOPS (where m is
the number of basic variables), where « ranges between 1 and 3 de-
pending on the problem, and each multiplication by an eta matrix
requires m FLOPS, argue that to refactorize every s steps would
involve an average of order m®s~! FLOPS (for the refactorization)
and order ms FLOPS for the eta matrix multiplications. Then argue
that the optimal value of s is m(®=1)/2,

Answer: To refactorize ever s steps means that the cost, m®, is
averaged over s steps, for m®/s per step. Each step from s/2 to s
involves at least s/2 Eta matrices, for a cost of at least (s/4)m per
step, since the Eta matrix multiplication takes order m FLOPS per
step. The optimal value of order sm + m®/s is achieved when these
two terms balance, meaning that sm = m®/s, up to some constant
multiple, so that s? is of order m!*?.
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