
Math 223
, Starting Ian 21

- Section 2 of Articles ties into textbook

( startingJan 21 )



Jon 21

Goal : Let S=T= functions ( 2- ' IR )
,

let Lis ⇒ T be

given as

( L f) Cn ) = fln -12 ) - fcntl ) - fln ) .

Goal ! Show that Ker ( Lr ) is a

2-dimensicnalvectcrspay.MY?

Fibonacci ( n ) E Kerth )

but also

.
.

.
,r

"

,

r
. '

,

I
,

r
,

r? . - .

E Kerth )

far
r = rt or r

.

,
where r

,
=

,
r

, sty .

Want to explain that

Fibonacci  

= ¢rt
"

- ( r
.

In)

And
,

more generally :

Her ( L ) is spanned by HT and ( r
. )

"

.

Need some terminology from textbook by Jeni ch
. .

.



Here's what we 'lluse from the textbook over the next while
.

From Janick :

§ 2.1 ( Section 2. 1) Real Vector Spaces :

-

page 17 '

. Usual definition of Vector Space

( examples ? HI
,

M := Functions ( fi , 1) → IR ) )

( Jcinich writes 412"

,
t

,

- )
,

( M
,

-1
,

. ) ,
etc

. )

§ 2.2 Complex etc
.

- We only use this for the operators

( Lf ) C n ) = flirt 41 - f ( n ) homework and similar operators

§ 2.3 Subspaces

Skip the rest of Ch
.

2 for now

-

Ch . 3 Dimension

§ 3.1
.

Linear independence

pcge_43
! Spears = Linearhull = Linear combinations

Uh
,

-
- - Nr ) =L hut

. .  .

+ Xrvr / diet } a TT

we write as

-

Span ( Vi
,

.
- . ,V* ) a TT

P¥4f
! Vi ,  

. - . ,Vn ET is a basis if
( ' ) Uh indep ( p . 44 )

( z ) Span - T ( p . 43 )



page 45 : Canonical basis for IR
"

i ET
,

.  -
. En

§ 3.2 If a rector space , , over IR has a basis

Vi
,

. → Vn ( Joinich writes Ch
,

.

. .im ) ,
then any

other basis has n elements
. Dimension of V is h

.

( Theorem I
, p ,

46 )

Proof by
"

basis exchange lemma?

-

-

3. 5 : The
"

vector product
"

means
X product in 1123

is standard but disappointing for a - ho course
.



Jan 21 C still
. . . )

Recall : S -

- T = function ( 2- ' IR ) Er Poly
⇒

( IR) or .
- .

To say
:

given L : S → T

LCS
. ) -

. Lisa ) Cut ) ⇐ Lls ,
- so ) = O

,

needed • in S I -

s )
,

-  in T ( -

i ) and

(1) Lls
,

-

s sa ) = Lls ) -

i LC Sz )

(2) L ( Sz ) EL( Sz) ' Or

It will be nice if ST have " scalar multiplication
"

( i.e
.

f) Cn ) =3 fln ) ) ,

and L respects scalar mutt
.

=

Wrote ( f
,

+ fz ) ( n ) = film ) t fln )

OR

f
,

tf
,

= f
,

-

s ( C-1) fz )
i -

scalar mutt  in S

+ in S



A read vector space is a set Tf ( Sit before)

S 't
'

( I ) addition ! v. Nz ETT then there is

Vi Nz Janick ! t : Tf x 'T → Tf

(2) scalar mutt : VIET
,

OEIR
,

there is

• V
' Join ich :

. : IR IV
sit

.

= -i
-  - i 314 v ) = 12 V

a Cpu) = Coop) v to ,B4R , vet

=

A complex vector space

IR m a

Complex vector space example :

Functions ( I -1 f )



Vector space
( over IR

,
over G Join ich over ft )

I
'

field
S

Subspaces :

m

Iker @ )
,

L : Functions ( 24121-1 same

( L f) ( n ) = flute ) - flute ) - fln )

Kerk ) C S
-

subspace



Jane :

Examples of Vector Spaces :

- Any set  with 41 scaler multiplication  over IR ( the reals )

⑦ an  addition + win .

/÷÷÷÷÷
,

rules

EI ! IR
"

= f Cx
, ,

-
-

- ikI I Xi
,

-

- . ,XnelR )

we also  write [
n
) "

column  vector
"

[ Is CK
,

-

,
Xu ) , I .

- Cy , , - → Yn )
,

INT - l Xityi ,  
- - -

, Xnxyn)

I in. " ¥ " "
 "

*.ci
.

÷÷÷
. . )

( tch
, - → xn ) - ( Xxi

,
- →

Hn ) )
Ex : Any set D

,
consider Tf = functions ( D → IR )

fish
¢,
, fed f d ) = fi (d) + fold )

Textbook : D= fl , D i.e
.

M = Functions ¢1,134112)
=

② Differentiable knots : C - I
,

I ) → IR ① Fund / ft ,
1) → IR )

③Infinitely " I '
'

.

'  '
'  '  '  ' ← T

← Subspaces



Poly ↳ HR) = {
"

fora?!
a. ×

. I ao.a.a.asc.ir )

}
{ Cauayan .az ) / ana , ,afyElR}=lR

"

112×112×112×42

Poly ez
l IR ) C Poly ,

CIR ) EPoly LEHR)

a i
subsets

Sub
spaced

=

Formally : If S C
,

S
'

is e subset of Tf
,

S
'

is a sub pspace ( sub - vector -

space ) if

① if I
, Yes then I #Its try ( int ) must be ins①

②

"

if Kes
,

he 112
,

then KIBE S
'

②
S is a sub

pace
of if S

"

Tf and

the 1-
,

scaler motto ) in TT give S
'

the structure

of a vector space



dim 2

Typical exercise !

y

¥.

f- tix .in/y..xcf
is this a svbspiace ?

Subspaces of 1122

#
line through 8 just { I }

+
( dim ' ) ( demo )

Hot subspace }

# Subspaces have to contain a

( or subspace of T has to

contain 0% )
*-

y
' -3

but +.ggx
- y '



like IR
"

b

B -

- Polys
,

( IR ) :

- is {PEP
, / p( 5) so } a subspace ?

€{ pep
,

f pl D= Plz ) -

. pls ) so } a subspace ?

fgai.iiiiii.a.a.xsf.is?.Is..a.s...a.ss.o}
Formally pc 51=0 , qts ) so .

Is

,
( ptg ) CS ) ? o ? ? Yes

¢ p

U #X ×

is a subspace
.

Iss, { p
c- Thg / pls ) = 2019 } as subspace ?

- is Opole
,

in S NO ! - if p , qts ,

is ptq E S

NO !



Jan , 25 :

✓
"

Physicist
"

?

§ 2,6 Dot Product

§ I of  article
} one topic

=

Today ! Ch 3 i Homework # 3 - do Problems in LaTeX

"
# 4,5

,
- -

- do  all problems in LaTeX

( Want to the The TeX book by Knuth )
LaTeX ←

"

Family Sedan
"

Tex ←
"

Sportscar
"

Or : www.overleaf.com
=

Dimension ( Ch 3
,

Jinich )
)

"

→ T
,

and Sit red

vector spaces ,
then L is a

Imeitransformation if

① Llsitsz ) = Lls
, ) t Ilse )

÷
.

I:S:::
'

:c:S
"

I :S - it / 9720 Lbs ,
+ Bsa )

I'sKer I L )
,

i
= o Lls

,
) x PLCs )

TI"
"

ins Image CL )
/ I V sissies

,
a per )

existence



,

"

field
"

textbook Janish
Dimension :

t
t

d Y

If it is alfievector space
,

we say that

Mu
, .

.

,VnµVare linearlyindependent if the only ( or ,
-

-

y
on EIR

for which

91 V
,

t Azur +
.  -

.

+ On Vn

is
( I ,

-
- son ) = 6,9.  .

o )

i. e
. 91=0

42=0

;

On = O

=

¥1,
" " IR

"

Chl ) t l - b - 1) = Cool =Qµ

c. i.
¥ 1,22

"
Cbl ) and t till are

dependent
are.km-

, 132 ) + Or ( 2,1 ) = C go )

( 20
, +2oz

,
20

,
-102 ) .

- ( go )

2-
,

-12-2=0
2 a

,

+ ez so
⇒ 01--02=0



IRS :

①
( Is (! ) ) are dependent

S of + O . Vz -10 vzt .  .

+ An"' till ::
.

⇒ noO , SO

&
,

so

9
,

TO

③ E ' fog I
,

e-if :o)
,

I . If!)
standard " basis vectors

"

for IRS

- if! ) tore .  -

+ ask = (÷÷) g) so
.

⇒ a
,

=
.  - -

= as so



④ fIg )
,

ftp://lhmdep

but

i:L
.

it
1.

b
+ I .

t

← f311= 8

-

-

Poly
⇒

( IR) i I
,

x
,

X
'

,
XB kn ind ?

↳
{ aoxqxxaext-a.IS/ag...,agElR }

Reminder of

Vis I = I + axxo . x' +0×3 I ef=f! )

Vrs X = Otl . X x 0.15+0×3
,

V
,

= X
'

s O t O . X tf. X
' 1-0×3 ;

u
,

=p = O to . x to . X
' taxes ej %)

Can
g , v

,
x & ~VztdzV5 944 TE. . Q

.

&
,

I t ozx t Ty X
'

t 94×3 = O polynomial



Pdyc.IR) ( Xo)
,

(F)
,
(E )

, (5) independent ?

a if 'll x off ) -19/41+0451=0

a
,

I + or X + Oz × + qN× = Open
,

Does this imply Or so
,

Oz so
, 03=0 , 04=0

=

X Oi &
,

. I t Oz - O I -
-

TO

A
,

=0

How
'

'

ozxxo ,

× ¥ toy so

F- I

42=0

a
, NII x ay

"

so

X=2

93 SO

*
y so



Jan 28 :

Last problem in TeX / LaTeX
,

overleaf
.

com  is

relatively easy

=

Also ( thanks to  M.E. ← c initials ) ) detoxify .

etc

is a good resource

=

Chapter 3 :

"

Basis
"

for  a vector space

"

Dimension
" of  u  ' '  I i

"

Linear independence
"

"

Spanning ( linear hull )
"

'  '  '  '  '  '

Say we work with Poly ⇐ 3
( IR ) .

= {
formal expressions

Got a , Xtazx
'

+ a
,

×3 / cc
,  

- - .az EIR }
-

think of it as T Cao ,a , ,az,az ) E 1/24

Say we have
'

. Vo - I
,

v
,

= x
,

y - x
' ,vz=x3 E Poly

⇒
l IR )

Ayny element  of lPPdy ⇐ z
CIR ) can be uniquely as

To Vo t d
, Y + dzvz t Oguz

,
Go

,
- -

, 43=112

A basis for
a

vector space TV
,

is a

① maximal set  of linearlyindependent vectors En Tt



② a set  of linearly independent  vectors whose span is TT

④ tuple f
⑤

a

"" ""  "

{ air tout
.  - town / on .  . goner }

The ! If Tf is spanned by some finite set  of vectors , then

all bases have the same size i this size is called the

dimension of TT
.

€5 ' I
,

×
,

I ,x3 is a basis far ABDY
ez

( IR ) ;

dimension of Poly zz
l IR ) is 4 .

I

sail:÷÷::{ viii.
"

iii. an :S .ie .

A

, X
, NEI ,

XCX . DH -4
T



Upshot : if (E) ( 9 ) ( EI C J ) are In ind in Tt

and dm =4 ,
then any

element  , f-
( MY 34M)

can be written as do (4) to , (4) toe (E) +9,15) .

e.g .

.§
,

Pln ) , where p poly deg E3

PEN = x' ez
,

(F) + x 't 5/81+7
,

-
-

- .

Howdo we prove that (E)
,
KY

,
. . .

( Is )

are In indep ? Say

do (E) + di (F) t a (E) to
, (f) so

do ' I t a ,
. X + ez N a &

,

Xcx - Ilk -2 )
o

Abstractly :

he , +  m . µ Evalxso

Pdyes " Th → I R

) a Ey, , + a Enda.io#dx4xozEvok3k0pi-spCo
) W Y Y YEval

,→o A

Oo
. I + O t O to SO



Jan 30 :

Facts about linear independence
,

bases
,

dimension
,

etc
.

(1) If { Ji, . .  - im} are linearly independent vectors in Ti

- -

and Span ( v
, ,

. .  . Nm ) is not  all of Tf
,

and
T ¢ Span ( I

,
.  . in )

then { I
, ,

. . . ,Tm,J} are linearly independent  in T
.

So what ? Ans ! Every vector space
has a basis !

(2) If { I
,

.  . in } is a basis for Tt
,

and

{ in
,

.  - . iim ) are linearly independent in V , then Ti

has a basis consisting of { hi
, ,

. .

,
Tim } and some

subset of LT
,

.  - in }

So what ? Dimension !

(3) If TT = Span ( Ti
,

. → Tp )
,

then some subset of

{ I
, -

-

,
Tp } is a basis for I

.

So what ? Simple notion of finitedimensional vector space .

Examples ! IR
"

, Poly en
I IR )

,
Functions ( I → IR )

,

Ker CLFib )
, Image ( C x. yl t ( xt2y , 2×+44 ) ) ,

Image ( %× ) ,
Ker ( %× ) , Image ( D )

,
Ker I D )



More in Ch
. 3 :

d.  my.tk ) + di  ml Vi No ) .

- dimwit t din fk )

§ 3.4 ! We do by example

§ 3.5 : Skip for now ( cross prod )

§ 3.6
! Historical ( skip , except

for some snide remarks

about Pythagoras ,
Einstein

,

Maria - Einstein
, Lobachevsky ,

etc
. )



Ch
.

3 ( dimension
,

basis
,Examples of principles of ( independence

, span
)

IR
'

:

#
" " "

basis for 1122 i ( 1,1 ) and ?
,

i.e .
want I sit

,

any element  of IR '

can be written uniquely as

a
, ( 1,1 ) + or VT ? ?

% can be
.

- .

Cos - I ) #BE

( or -21

f-
A

C- I
,

I ) Eyes

anything in 1122L span ( 1,1 )
-

n
If Th,  -

.  -In are In ind in I

and T ¢ span ( ti
,

.

, pm ) ,

set difference

t

:÷ . . . " .÷ .

" " " I
"

÷! !
then  

. - .
.

⇒  . .

Oi = 4th =
. - -

= Am = 2=0



Functions ( 271127 or
,

I
d d

build a basis = { fi , fz I 83
, 84,85

,
- -

f
,

=

t.cm .

. to
' ring :;÷:÷

5. Ln )

I

If
q or

,
+ -252=0

kid,
+ are ) a )

= a ,
8 , lil -1428241 linearlyindependent

= a
,

basis ?

-
I

Functions ( I → IR ) 3 Spa - ( oh
, 82,83 ,

.
- - folio'

; . - )
r

. ,K
1.  nearly indep

When building buses
, addingyears one . by - one

,

but never stop , say Tf is infinite

dimension:!
-

What  about fins = { on #



kerlffib )

L
, b

: Functions ( I → IR )
→

Function C2→R )

Ker ( Lf :b ) =

{ f : HR I fi ¥7:
so )

dint 2 :

EG men
fco ) ,

FCI ) determines fled ) ,
)

,
-

-

ffl )
,

fl - 2 )
,

- -

Favourite bases :

{ f. : ¥9:
,

a : :c: )

÷
.

.
.

.

. . i
"

i
'

:
" '

is . . . .

fi !. ,
-1

,
I

,
O

,
I

,
I

, 33
,

-
-



If we knew

flo ) = 1984 fCi ) = 2019

and
f

,

then

f = 1984 fo +2019 f
,

Favourite basis ?

geo , gin

g
C n ) i 3 ! :

. . .

,
Is ? ,? : --5cm

: si : . .

,
Ess

.
.si



Feb I

§2 of article :

ark fitting .

,

y = azx
'

ta
, Xiao

here : data pantsinNeed :
any 3×3 syktem 919,4 unknown

C
, ,

X
,

+ Cizxztaizxz = b
,

I

Axa !a x a:X
,

= 63

① always

k£55
a

wig
solution for fixed aij coefficients

regardless  
of bi

,
be

,

b
,

or

② never has a unique solution -

-

-

-  -  
-

- -
-  

-  -

=

Today we prove
this :

O - x
, t I .

tax
2 . x

,
= b

:
" ' '

¥4
"

¥ a

":#
. . .

.2019 .
X

, +1986 . Xz t 7 X
,

-

- b
,



0 - X
, t I .

tax
2 . x

,
= b

¥1
' " ' '

¥4
"

a

":#
. . .

.2019 .
X

,
+ 1986 . Xz t 7 X

,

= b
,

=

① What is the dimension of 1123
,

real 3- dim
space ?

3

Def ! I
,

.

- in EV vector space are a basis offer Tt

if I ,
-

- in are In ihdep and

Span Cut
, . - yin ){ Lee

. .
.

. .± , I = -0

E.
g . e-,

= Cho
,

o )
,

I ' C o
,

I ,o )
, eT=( 0,91 ) are a basis

for 1123
.

Remi For a basis
, every vector in can be written

uniquely as a linear combination of basis elements
.



Why ? If

T= f
ONT x

.  - tent
I = p , It - -

.
+ But

#I = ki-BIT .
. . .

Non-priv
Zoos

Upshot i

① Every basis far Tt has the same size ;

"
basis exchange lemme

"

Deu ! This size is called the dimension of TT

② If dim ( V ) =D
, then

- all bases have size d
.

1123 = bases I
, ET

, -5
( I

, I
,

I )
,

Cl , 2,41
,

( 1,3
,

a ) basis

( -5
, 3,2 ) ,

( 2019
,

I

,
17.3 )

,
( - 1984

,
2,5 )

-

any
d linearly independent vectors of T form  a basis

C i.e
.

* hey span all of 1123 )
-

 if d vectors don't
spar all of T

,
i.e

.
So

Sporty ,
- → Vd ) is a proper subspace of T

,
then Vi

,
-

→ Vd In dep



0 - x
, t I .

Xi
2 . x

,
= b

2019 ' X
, + 1984 .Xi 5 x

,
= by

.

zag .
x

,
+

Hsi
.

'

a +7

'

x
,

s b?
. . .

.

look at

%::3 .
,

e

s . "

If is a basis
,

then any

total ,  gz , b
,

( !! ) " '
be written as a combination

a relativeness sbz ⇐ a 'IT Igg ) to
, (g)

0,20194021986+037 .

- by



Hi:3 .
,

e

.
:÷↳"m

a Y:&:L . test:)



Feb 4 :

3 vectors in 1123 : ① They are a basis
You  actual have  to { *  ↳ un

) to  tell  ① us  ②

⑦They are hot a basis

In IN
'

#
" "

:÷ , ← I
'

Max a I :)
C-  2,252 )

"

4¥
" " :;yEmg% , ,

.

has -

many solutions

- basis
-  ate :

.

it o ← ( ! ) x
,

+ (f) x (8 )( 4." "  "  " " )
has a unique solution

=

- -

- Basis exchange example
v , v , y u

, s
V

example i basis : I
,

X
,

x
'

,
x

' fo Poly ! IR ) =P
,

vectors (E) = NI "
.

dim 6,37=4 : basis

TEA,Ti
- x

,Fgs
x

'

,Tysx3-

new vector ( E) = W
,

I
,

=
N '

= I ×
'

- f x IT - IF



TT s basis : Tel, TEX, Jj:X ; -4=43

wi :(E ) s N six '
. Ix sty - tu

WT = ty - two

"

IT = EVI - wi

vivid
::c''m

,
"

I ,v§, it
,

wi work ?

Space , ,
is

,
in ) = Fg = Poly HR)

⇒ of ,vJ,I ,
,wT is a basis

one basis
to  another

7- x' +3×+1 = I 'T
,

+ 3. To -17 Ty
= I 'T -1315-24 ) -17T



Example 2 :

Tsl , I .

- x
,
# .

. x
'

,
T.is/3Tf-rP ,

%wT=C5) In nap

= R'hes "R )

bring in w/ ,
out goes some Ti

,
ist

,
- -

,
4

( in our case NT out )

Basis : VT
,

VT
,
Ty , ,

Next ! WT in
,

out 4,53 ,
VT

,
WT

- -

one of keep
these leaves

WT =

-

It
-

Jst
- I ×

- wi

? ? o . Tx oui t out + a it

forced to mere wi in ? ? ?



Feb 6

- Homework has a lot of short explanations
.

- Office hours this week

Wed 3:30 - 5pm ( me ) ,
MA 1118

Thu 2- 3pm Cme )
,

Math

Building

room 210

- focus :

-

Vi, 'VzC V subspaces :

dim (VINE) t dim ( V
,

+ Vz )

= dim ( Vi ) x dim ( Vz )c'
modularity

"

of dm '
.

,

÷÷÷÷÷÷÷¥'÷÷÷÷"⇐÷g- Examples in IR
'

,
1123

amor :* , so . ,

- Homework : Sometimes dim CV
,

)
, d.vn/V4,dun/YnVz)

easy to determine
,

but dim ( V
,

Nz ) not so obvious
.  -

- Analogue :

s A. n Az SO
IAN Aal A

, Az IA ,
I + I Azl =/ A NAZI

=/ Ail that
- IA .

n Azl



4×6 Chocolate Bcr Example
I 6×20 -  '  '  '  n

-

÷÷÷÷÷÷÷÷¥÷ri /
C Next page ]

IsuGl = 1st -11Gt - I snap

dim t To ) = dim CVs ) + dim ( Va )

- dim ( Tsn 'VE )

IA , 1=3

As 4,2 ,
-

- it } , AIL 1,2 ,
33

, Az :L 3,4
, 5,6 } in " "

I Air  Act = I

= 1A,
uActs 6

IRA 's functions ( 4.2.31 - ' R ) = M
" " "

t.a.a.ua
.  

subspace of Functions ( { 1,213 ,
.  a 7) → IR )

via
"

extension by zero
"

f ,

ful =

2019
flu =

2019
fl 21 = 11984 fl 21 = 1984

f I31=1986extend f (3) = 1986

by f C 47=0

Zero f ( 5) so

f C 67=0

f (7) SO



4×6 Chocolate Bar

4
12×16 h
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