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HOMEWORK PROBLEMS

3.2 (a) We say that a polynomial p(x) = ag + a1z + azx?® + azz® is odd if
p(—xz) = —p(x). For which ag, a1, as,as is p odd?

Solution: If p(—z) = —p(z) then
ao + a1 (—z) + az(—z)? + az(—z)® = —(ap + ey + azz® + aza®) ;
expanding we see that the above equality is equivalent to
2a0 + 2a22% =0
(as polynomials). Since the LHS (left-hand-side) equals the zero

polynomial, we have that ag = 0 and as = 0. Hence p is odd

for arbitrary aq,...,as for which ag = 0 and as = 0, i.e., p(z) =

a1x + agx?’.

ow that if p(x) = ag + a1x + azx” + azx” 1s odd, then p =0.
b) Sh hat if 2 3 is odd, th 0)=0

Solution: By the last part p(z) = a;x + azz®, so p(0) = a1 -0+
as - 0=0.

(c) If p(x) = ag + a1z + azx?® + azx®, and q(z) = p(x — 1/2) is odd, what
can you say about [OLD: ¢(—1/2)?] the value of ¢(0) = p(—1/2)? How
does this relate to the discussion in this subsection?

Solution: [The problem as written had a error; the correction
is given in red.] Since ¢ is odd, ¢(0) = 0, and hence p(—1/2) =
¢(0) = 0. This relates to the above, since ps(n) is a polynomial
of degree 3 and has pa(—1 — n) = —p(n) for infinitely many n; it
follows that p(x) defined as ps(x — 1/2) has p(—z) = —p(x) for
infinitely value of z, and hence p(—x) = —p(x) as polynomials.
[This last point was explained in class: the point is that p(—z) +
p(z) is a polynomial, and since it has infinitely many roots it must
be the zero polynomial; hence p(—z) = —p(z) as polynomials.]
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d) We say that a polynomial p(z) = ag + a1z + asz® + aga® is even if
y poly p

p(—x) = p(x). For which ag, a1, az, a3 is p even?

Solution: Similarly to the above, p is even iff a; = a3 =0, i.e.,
iff p(z) = ag + aza®.

(e) Show that if p(z) = ap + a1x + azx® + azx® is even, then p’(0) = 0
where p’ shorthand for the derivative dp/dz.

Solution: From the previous part we have p/(z) = 2asx; hence
p,(O) = 2a2 -0=0.

33Iff:Z—Ror f: R— R, we say that
(a) fis oddif f(—x) = —f(z) for all z (in the domain of f).
(b) fis evenif f(—x) = f(x) for all z (in the domain of f).
(a) Show that if f: Z — Ror f: R — R, then
flx)+ f(—= flx)— f(—=
f@) = ()2( ) ()2( )
expresses f as the sum of an even plus an odd function; in other words,
show that the first expression on the RHS (right-hand-side) is an even
function, and second expression on the RHS is an odd function, and
that the above equation is correct.

Solution: Setting

ola) = L0 12)

Similarly setting g(z) = (f(z) — f(—x))/2 we see that g(—z) =
—g(z). We easily verify the last part.

(b) If f: Z—7Z,is
f(@) + f(==)
2
always a function Z — Z? Either (1) show that it is, or (2) give a
counterexample or show that it isn’t always.

(¢) Show that if f is odd, then f(0) = 0.
Solution: The equation f(—z) = —f(z) with x = 0 yields
f(0) = —f(0) and hence 2f(0) = 0.

(d) Show that if f: R — R is odd and differentiable, then [’ = df /dz is
even; show the same with “odd” and “even” exchanged.

Solution: The chain rule shows that if g(z) = f(—x) then
g (x) = —f'(—x). Hence if f is odd, ie., f(—z) = —f(x),
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then applying d/dx to both sides yields —f/'(—z) = — f'(x), i.e.,
f'(=z) = f'(z), i.e., f'is even. Similarly f is even implies that
f is odd.

(e) Show that if f is odd and infinitely differentiable (i.e., has derivatives
to all orders), then f(0), f”(0), f(0),. .. are zero. Similarly show that
if f: R — R is even and infinitely differentiable, then f’(0), f"/(0),...

are zero.
Solution: If f is infintely differentiable, then so are
ff", f",.... The above shows that if f is odd, then f’ is

even, f” is odd, etc. Hence f, f”, f"”,... are odd, and by the
above their values at © = 0 are all 0. Similarly if f is even, then
", fO) ... are odd, and so their values at = = 0 are all 0.

(f) Show any function Z — R or R — R can be expressed uniquely as a
sum of an even plus an odd function.

Solution: If f can be expressed as g1 + hy and as go + ho where
g1, g2 are even and hq, ho are even, then g = g1 — g is even and
h = hs — hy is odd and g = h. Since g is even, we have g(z) =
g(—z), and since ¢ = h we have h(z) = h(—z); but since h is
odd we have h(z) = —h(—z). It follows h(—z) = h(z) = —h(—z)
so h = —h so 2h = 0 (i.e. the zero function) so h = 0 (the zero
function). Since 0 = h = hg — hq, we have hy = ho. Since g = h
we have g = h = 0 and hence g1 = go.

3.5 The binomial theorem (?7?) for n = 4 says that
(z+y)* =@ +y)(@+y)(z+y)(r+y) =2 + 42y + 62°y* + day® + y*.
Notice that there are four strings with three x’s and one y:
TXXY, TTYL, TYTL, YTTT
and six strings with two z’s and two y’s:
XYY, TYTY, TYYT, YTy, YTyr, Yyre.

Notice that in both cases above we have listed the strings in lezicographical
order, meaning the order they would appear in a dictionary (if they were
words).

(a) List all strings of one x and three y’s in lexicographical order.

Solution:
TYYyyY, Yyryy, yyry, yyyxr

(b) List all strings of one x and four y’s in lexicographical order.

Solution:

LYYy, Yryyy, yyryy, yyyry, yyyyr

(c) List all strings of two 2’s and three g’s in lexicographical order.
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Solution:

LXYYY, TYXYY, TYYTY, TYYYx, Yyrryy, yryry, yryyxr, yyrry, yyryg, yyyre

(d) Using your answer to the last part, describe—IN 15 WORDS OR
FEWER—an algorithm to list all strings of three x’s and two y’s
in lexicographical order; i.e., do not produce this list, but instead
describe how you would take the list you wrote in the last part as
input and then output a list of all strings of three z’s and two y’s.

Solution: List the strings in reverse order and exchange the z’s
and y’s.

(e) Explain how the number of elements in some of your lists above relate
to the binomial theorem

(x +y)° = 2° + baty + 102%y* 4+ 102%y® + 5y* +¢/°.

Solution: When you write (z + y)° as
(z+y)(z+y) (r+y)(z+y)(z+y)

and expand naively (i.e., without collecting terms), you get 32
strings of 2’s and y’s; when you collect terms you see the binomial
coefficients.

3.7 Prove (?7) (i.e., (;) +...+ (;’) = (Hi)) directly, by noting that its right-
hand-size represents the number of strings of n — k x’s and k 4+ 1 y’s, and
using the fact that each such string begins with some number of z’s before

it encounters its first y.

Solution: Each string, s, with n — k 2’s and k 4+ 1 y’s must have at
least one y (we assume k > 0 so k+ 1 > 1); the string s must begin
with some number of z’s, say m of them (m =0,1,...), followed by a
y, then there are n+1— (m—+ 1) = n — m letters left, k of which must
be y’s. Hence
n+1 n—m n n—1 k
()=, 2 ()= () =+ ()

we can add (kgl), (kzz), cee (}C) to the RHS (right-hand-side) since
they are zero.

3.9 Compute the function (Df)(n) for all n € N:
(2) f(n) =(n—1)%

Solution:
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Solution:

~nn+1)2n+1)  (n—1)n(2n—1)
Fln 1) — iy = MO DAL (= D
:n(n+l)(2n+1)—(n71)(2n71) :nG—n:nZ

6 6

() f(n) = (}) = n(n—1)(n—2)(n —3)/24;

Solution:

fnt1)—fny = 2Dl = Do =2) nln =D —2)(n - 3)

24 24
(n+1)—(n—3) 4 n
=n(n—1)(n —2) o =n(n—1)(n - 2); = (3)
(d) f(n)=—(1/3)""1/2 and simplify your answer.
Solution:
Fn1) - flm) = “L W gl gy

(e) Show how (??) (i.e., (SDf)(n) = f(n+ 1) — f(1)) and the above
computations yield the following formulas:
14+34+5+-+(2n—1) =n?
1422432+ +n?=n(n+1)(2n+1)/6,

) () ()=

(13" + /37 -+ (13 = T=UB

Solution: They all arise from the formula
(8Df)(n) = fn+1) = f(1);
for example, in the first case f(n) = (n — 1)? we have
fn+1) = f(1) =n?

while

(SDf)(n) = D (Df)(n) = > (2m—1) = 14+3+5+--+(2n-1),

and similarly for the other formulas.
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