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Marks

[3] 1. In which direction does the function x2 + 4y + xy have the maximum rate of change
at the point (−1, 6)? What is this rate of change?

Answer: The gradient f(x, y) = x2 +4y+xy is ∇f = 〈fx, fy〉 = 〈2x+y, 4+x〉, which
at (−1, 6) is ∇f = 〈2(−1) + 6, 4 + (−1)〉 = 〈4, 3〉. So the maximum rate of change is
in the direction ∇f/|∇f | = 〈4/5, 3/5〉, and this rate of change is |∇f | = 5.

Continued on page 3
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[6] 2. Find and classify all the critical points of x3 − 3x+ y2.

Answer: Setting f = x3 − 3x + y2 we have ∇f = 〈3x2 − 3, 2y〉. Setting this
vector to zero gives 3x2 − 3 = 0 = 2y so x = ±1 and y = 0. We have fxx = 6x,
fxy = fyx = 0, fyy = 2, and hence

D = fxxfyy − (fxy)2 = 12x.

So at (1, 0) we have fxx = 6 and D = 12, so (1, 0) is a local minimum; at (−1, 0)
we have fxx = −6 and D = −12, so (−1, 0) is a saddle.

Continued on page 4
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[6] 3. Find the minimum and maximum values of 3x2−4y2 +5z2 subject to x2 +y2 +z2 = 1
using Lagrange multipliers.

Answer: If f = 3x2 − 4y2 + 5z2 and g = x2 + y2 + z2 = 1, the equation ∇f = λ∇g
reads

〈6x,−8y, 10z〉 = λ〈2x, 2y, 2z〉,

so
6x = 2λx, −8y = 2λy, 10z = 2λz.

Since we have x2 + y2 + z2 = 1, at least one of x, y, z must be nonzero. So if
x 6= 0 we have λ = 3, and then −8y = 6y so y = 0 and similarly z = 0. Since
x2 + y2 + z2 = 1 we have x = ±1, and f(±1, 0, 0) = 3.

Similarly, if y 6= 0 then we have λ = −4 and x = 0, z = 0, and y = ±1; we have
f(0,±1, 0) = −4.

Similarly, if z 6= 0 then λ = 5, x = y = 0 and z = ±1, and f(0, 0,±1) = 5.

It follows that the minimum value of f subject to g = 1 is −4, and its maximum
value is 5.

Continued on page 5
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[6] 4. Assume the twice differentiable function F (x, y, z) satisfies the equation Fz = Fxx +
Fyy. Let A be some constant and let G(γ, s, t) = F (γ + s, γ − s,At) [the exam paper
had t instead of At; this was corrected in both classrooms]. Find the value of A such
that Gt = Gγγ +Gss (for any F ).

Answer: [See Homework 6 solutions, Problem 3 from Final 2012WT1.] By
the chain rule we have

Gt =
∂G

∂t
=

∂

∂t
F (γ + s, γ − s,At)

= Fx(γ + s)t + Fy(γ − s)t + Fz(At)t = AFz.

Similarly
Gγ = Fx(γ + s)γ + Fy(γ − s)γ + Fz(At)γ = Fx + Fy,

and
Gγγ = (Gγ)γ = (Fx)γ + (Fy)γ = (Fxx + Fxy) + (Fyx + Fyy).

Similarly Gs = Fx − Fy, and

Gss = (Fxx − Fxy)− (Fyx − Fyy).

So
Gγγ +Gss = 2Fxx + 2Fyy = 2Fz,

by the equation for F , so if Gγγ +Gss = 2Fz must equal Gt = AFz, then we must
have A = 2 (since this has to hold for any F ).

Continued on page 6
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The End
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