
Class Notes Starting Jan 2



CPSC 536J
. Applied Linear Algebra

-

Starting Monday ,
Jan 7

,
class 8:45 - 9:35 Mwf

- Questionnaire on Friday regarding topics & times & grading

-

Meaning of grades :

95% : Dery Strongly to work in the area
, promises

that the instructor writes a strong letter of recommendation

90% : Streng - - -

85% : You  need mere basics to work in this field
{

You learned a  reasonable amount to use in another field

80% : You have fulfilled the expectations of  a grad student

( 804 ,
i '  '

"
not

' '

'  '  ' l
'  '  i

"

' '

Grades : Homework problems ,
collected middle of term

{ end of term

work; 
"

e::sixth:Eu }
(2) applied research

. computations

(3) present to class some topic



First few weeks : what do the first few eigenvalues

tell us and don't tell us about large systems ?

- First topic :

T

- Symmetric matrices : A =D
,

more generally

- Self - adjoint operators A
!

A on  inner product spaces

- Abstract Theompgem ! Such matrices / operators have an

orthonormal eigen
basis

- Examples i

-

Expanding graphs [ As Adj mat : AIA ]
- Reversible Markov chains

- FA ( factor  analysis ) I PCA ( principle component analysis )

Yeon!!} I SVD ↳ ' Yuh -

" ↳ decompositim )

definite ,

- Variance - Covariance

MTM
- Laplacian , of : graphs ,

simplicial complexes
,

etc
.

=



Example !

Fibonacci graph : ④ vz

( directed graph ,
we

allow self . loops ,

multiple edges ) V
,

Vz

I I

Adjacency matrix ( Fib graph) :[ o ) = A

( Adj )
, .

- f
*

Is:{ n

as .fi:3 .my:7/.msEs:3 , . .

F
,

= I
,

Fz= I
, -9=2 , . . . Fn = Fn - i

tf
- z

%i÷÷c÷÷s . is
Diagonalize : 2 eigenvalues

bet

o

f. ill
'

i f) went/
Fri. NEESE .

Foust : F-
 i ,

F-
z ,

. -
-



Jan 4

- Today → 9:30am

- Start next  week
8:50am ← MWF

8:45am

I

Operators ! T : ✓ → ✓ f ←
inner product ,

dot  product
← V , IR

"

TT
IR

" for now

=
= ( 40,0 -

- . )

T : 1121112
"

think of  it : standard basis ?"

co
, so ,  

- - )

Tm matrix Jigym
en

-

:

eigen gates ,
vectors

Abstractly : ( 4,8 ) eigenpur
for A E IR

" "

if

AT .tv
,

T # o
.

If t is eigenvalue ,

E
,

= her ( A - XI )
"

generalized eigen Space  of 1

Them

;
Each vector TEN

"

isan be written uniquely as

Fix ! I = E T
, ,

I
,

c- Ex -

. E , CA)
A c- IR

" "

. I c- Gigs I A )



Examples :

( o ) Last time A = [ I ] adj met of Fibonacci graph ,

Is r
-

(1) Complete digraph on 3 vertices

a

Ascii:3

is : Al :3 . =3

X 's : 0 's

because : C
.

: As ( ! } Ci i I ] rank I

As ( !!! ) = ( if . . D t O

Eos { f { ) I attic -

- o ) -

. Vectsttof! ] ,
i.e

. ( Iff ! ) so

A .

. Hai. out



Last time : iffy symmetric A ( At ' A ) has

orthonormal eigen basis €
, ,

.  - in set
. Ati : t ;

and T
,

. Jj = {
I if  isj

O otherwise

then

A - ⇐ hi It )

-
rank I

=

"

I .ci!;] ,

ii. 3
, If!) Irs . fi!

x miso .

vi. fi!

A > 3 . I
,

It to . vivi -10.8,

=

I ] = A - Is adj - 2 I
,

It x film +ftp.vi



Question :
Is there a  nice way

to  write

fi:! ] . + c- "①
in

Prig onto ortho
, . carp

of [ ! )
-

- E
. ,

c I

-

seok!!:D
in c÷÷

.

"

iii.sina.is ← ÷÷÷÷:



Jan 7 :

If A c- IR
" "

,
i.e

.

A is nxh reel matrix :

eisenpain for A : ( IT ) sit
.

AT = IT

eigenvalue
←

eigenvector

first few weeks : A think  of nxh
, Ihhlarge

A ← ) local structure : if eigenvalues of A ! hi
,

.  - .

, In

have
, say hi

, but , big ,
by

,  
- - in small I er ) ,

can  we

say
useful things about A ?

Examples : 4) Adjacency matrices of graphs / digraphs
-

symmetric
matrices

(2) Markov chains :

m
'

Poti - I = pz→ ,
I 12 112

c- →
•  a  •

p ,  →  z ,
P ,  →  a

= 1/2
c

I 2 p p pco  Cl  02

Markov matrix  is one  with stochastic rows
i B= (Pio P

, ,Piz )PzoPz ,Pzz
Pa .

⇒ Pz - si §= €92toif )O I O

Markov chains i (1) What happens to I
'

,
B ?

.  - .

,
B

"

,

NO

(2) For  what  n  is B
"

close to B
's

is Ling Bb ?

(3) Often matrices A ← IR
" "

with A A C symmetric )

( SVD
, f. A .

,
PCA

, Laplacian ,  - - )



identity matrix
General Theory

:

AE IR
" + n

y

At  
= IT

,
To ⇐ AT = t IT

⇐ CA- II)T=o

x eigenvalue  of A ⇐ A - It f : namespace
- has Zero determinant

:
)

↳ det ( I - A) =

cipher
,

(A) Cx) has root X
.

Thmi det ( XI - A ) =  PA Cx ) has  n roots
,

and if

I is a  root  of multiplicity
k

,
then EMA ) :S Ker ( XI . AT

has dim k
.

=

Eg . A -

- GoI ] .
det ( XI . A) = detoxI ]=x -

t 's of A : go . XI - Al
, , o

=  - A ' ( 8 ]
{ v1 At -

. o I -

- snuff'd)

{ ftp.I.oyosr-v-o ) : A
'

Ig;]
"

defect of 1=0
"

← Ker ( If - A) = Eigenvectors
, ,

is I - dimensional



£ s .

A :( g;]
,

B=Ax3I= Cd's ]
AT - IT ⇐ Be . 4×318

meti ' ( ' i.j
's

) "

Jorden block
"

=

Any matrix  is

ginning
to  a

block
diagonal matrix whose

blacks are Jordan

blocks
-

IL

T IT

A
,

B nxn are similar if B = M
'

'

AM

( A - B ) for M invertible

① A ~ B ⑤ A
,

B differ by a  change  of basis

-

B -

- hi
'

Am ⇒ B'
o 's ni

'

Am

C we understand A )
-

mAm -

-

N' AM

= m
' '

A'
"

m



B=M" Am

cnn.in/p=pdyonniclpcxl = 2×4×4

PCB ) = 2B 't B
"

2 I m
-  '

Amy 't ( m
'

Am )
"

= pi '(2AttA4/M

p ( B ) = m
"

p (A) M ← for
any reusable p

=

If
As (did. ,

A =[di
.

.!
mm . iii.

Def : B is diagonals iff B -

- M "(dOd! ) M

"
-

mm . m
.

"

÷
.

m ← f÷÷÷÷÷÷a÷mi
. .

work  nicely j otherwise

M
,

m
"

"

not nice
"



A

us
Examples !

Fibonacci graph adjm9 [ j ) Sym

As ni!# m
d

, .dz =

'¥5

A
"

, n large = m
"

( do'

m

An
, ne :* - m

" "

a:]
eisen . "

f . I ::*
. .

=

Recall : If A A
,

then AT = XT
,ftp.T.u-OAu-nu



Asf !!! )
1=3

, go

←
Eto (projontoergmspace)

A teaser )

of t

°
a =3

, T.fi!÷ )

:*
.

!:÷÷i÷:
Tia ,

- - in

A =¥ ivi § ti ( Vi )



Next time :

- Markov  matrices 1=3,40
←

- Matrices like [ !!! )
y

expansion  bands

←
connected ?

and matrices of d- regular 5- Phs
← connectivity ?



Jan 9 : Today : Edge expansion ,
Markov chains

Questions ( courtesy of Carl ( et  al
.
?) ) :

( Short answer ?

4) Snl At = A - AF
,

+ Afg
.

-

. - .

whatmore? doesn't matter
)

⑦ If Also is nilpotent
,

is it not diagonalizeble ? ( shote'T:/
= ←

If A c-

IRAN
, typical norms :

① 11 Aller
.
; FEAT -

- ECA
is j

y
entries of

A

[ Tr ( M )
,

M square ,
Trlml ' ? Mii  = &

,

Xi ,
-

- -(
Tr C ATB ) = Tr ( Btp ) , -

-
-

)
'

Operator harm
: I '

. V → V
,

some  norm an Tf
,

Harm : Hell : V t IR o

' " " ooh - lol hull
f'Re?? "

:P )

(2) It . It is a  metric : Cl ) Hull 30 and
eq ifs u :O

f. i. "

c Yul is Hv - all
(2) " Vtwll E UHH -1kWh

11 Lull
is Max -

② It L Hurt
some v # o Hull

Hill on

-

V



Remark : If is a
finite din IR - vector space ( E - vector  space )

Then for  any norms It It
, ,

It It
z ,

there are C
'

,

C sit .

for all ve

Hull

first
cc C

'

f - E E

nuke
.no

qc:c 9,9: aI
So Yin is ,

.  -

EV :

I
'm It vill = o ⇐ t.IE/lvillz=O

i → esfirst
Second

Proof : Take a basis for a IR
"

vi. . . . .vn

as
⇒ each elt of V is

uniquely rep as ~

Quit .
- .

t an Vn
→ [

"

n
)

"
of

t '  *
is same cons maximin  on

)
Second #

→ Eun I fainted
Continuous in V

-

Compact ,
non - Zero

ihfinv

'm
( gregglower) is attained at some

den.ee#,,,u,,,vect-rsIvector a 'T
o , ⇐

e all "ih



Remark : for all u

HUH first
Hull

first It Video -
d

- =
- Tim" V " third Hull second

So

first

f sup ( ) sup ( )
HV " third

SC , ,

I '

sup ( ) E

=

If A -40 but A nilpotent ⇒ I 's of ASO

( exercise )

but

A =/M
"

Zeros M

-

Zeros

=

dress ? gone .µm
,

a .

' "

ICol sums

row  sums

=D



Edge expansion : form: ÷i÷ .

" "

I

-

Them ! Let G be a d- regular graph on n vertices
.

( so d- . it
,

3,123 . .

? 1ns,

- d)
.

If A
,

B c Tt
,

then

If#

edges from A to B ) - In IAI IBI /

n.÷.H
'

e
h

HEprint where
s

-

-

mi:p Hit
small

but

IDK. Hslnot too small



Jan Il i

Graph G - ( V
,

E ) :

A
,

B c
, ① ECA

, B) = f
se tedgesjoins

A & B

② e CA
, B) = I Ela

, B) I

⑧
③ rim :-. hvevl !!?:c::c .

)
Bipartite graph

pg

B
Ih classical notion  of expander

( for switching networks )

-

given A
,

whatIMAX large

- given A , B want e CA
, B) large

=

fix d
,

think  of n -70
,

want  - d-  regular graph
- d - regular bibprfvte graph

with good { edge  expansion

evertex expansion

=

Bad expander : d- . 4

.
. ÷:÷÷÷.

" "

Good for
sodas



Say d -
- 4 best

locally expander

Opposite i I

+

It
locally treeq§ *.is#aEi.F-n T

no hotspot /
at

V 'Ll , .

→
h )in going

inside
not )

to  outside labels , see

repeat

Building a graph that  is a local tree is
easy .

Girth ( graph ) : - length of shortest cycle

if girth 37 a ← V

In
A NM

← ra ,

r.cn →
All9449791← has .

- ragtag )

OpenProblem ! Gwen fixed d
,

large  n
a

←
I

AM ← d

Girth ( s In!!¥¥
. .

) E (2+041) toga
.

.ch) ¥" "
dat )

d 2

N
.] BE so i

precise -

Moore .bound 1950 's value repeat
, n

-

Random graph
with corrections

of  a
few Bad edges

! Smh = ( Itoh ) ) toga
.
! n )

L PS - Margulis 4g toga
,

( n ) D= it prime
expander ,

( bipartite )



Open : fix
any integer d > 3

.

Is

girth (
A !!IT; ) E &- e ) kga.in )

for some E SO
,

n off large .

=

Vertex

Expander ! ( a ,p,v ,
expander : G

,
d- regular on n vert

V Ac V : if I Ale on

trial > plat
if '

MEINE
nd

the
-

ferry
> EH-Vertex Expansion : d -

reg
( bipartite )

,
, graph c-  n - vertices

, sit
.

'

s
'

,

is ①rag Hall > HAI
j I

' l far all A C V such that
h n

IAI E ng

You have d fixed
, n -70

, choose d random permutations

on [ n ] = { I
,

-

→

ht-C-dgeexpmsl.cn#

- Eigenvalue expansion ←



Jan 14 :

Last time ! 2 open problems !

µ ,

Moone bound : girth ( IIf¥÷!? ) f 2 logo,
n + oh )

Does 27 2 -

E hold ?

③ Construct bipartite graph d- regular with smallest d
,

into

771
a

ma ,

s it
'

for all Ac lefties
,

late }
known

INAH ? 21M
.

Both fundamentally connected to eigenvalues of Adjacency (G)
.

=

Today : ① Examples of Graphs & Eigenvalues

② More on

"

Expansion
"

=

Classical Examples of Good / Bed Connectivity in Graphs :

-

des "

[ !
' ' ' '

) yg : n multi '
connect

a .
.

. i In
- O mutt n

-

I
• n

degrade
X

,
h B d2kh d=h

O



②Graph : V = 242 = { o
, - → p . i }

•

•
← i

For it V
, edge

←

•s % i → ixj where j
•

c

•
is a

quadratic residue
,

Def : we say that J is
j → i + of mod p ,

a quadratic residue mod p

if j # o C mod p ) as I
,

- -
-

, p
- I

and
j are ( mad p ) for some a

. a
'

= C-a)
2

,

=

c.
S . ps It

,
I

'

I lmao Il )
,

2254 Cnet Il )
,

3259 lined Il )
,

4255 C med 11 )
,

52 3 C mod It )

62 I C-5)
2

done
,

7
'

I C- 412 done
,  -  -

⑤ budntic residues mod It : I
, 3,4 , 5,9 mod "

" non
- residues '  '  '  ' : 2,6 , 7,8 ,

10 med It

fact !
res - res I res 2521,22 , - .

.

,
2

"

get
all

non
- Zero

( non - res ) '

res I non - res med Ll

C non - res ) l non . red E res

/ 11348,5 ,
-

- .

,



① i # O

, × 's I C med
p ) has either1tk : If p is prime ,

2 solutions or no solutions

② There are Pz values of i sit . X
'

Ii ( mod
p ) has

2 solutions ( such i we called Quadratic Residues )
③

res . res I res

( non - res ) '

res I non - res

( nah - res ) ( hon - res ) I res

=

p
- It

⑨①o④ z
← V = 7/p2 = { 0,1 ,

- - op
. I)

.

. .

③
2 t "

q
,

2x iz

{ il
,

iz
,

.  . gig ) are

-

-

.

quad residues
,

i.e .

Zt is

11,314,59 ]

Claim : This graph is
d- regular ,

with D= PI (here 5)

D= I
,

3 1,23 - .
-

I Xp SEIP
.  . rim

-
small D= PI ⇐E



"

generates
"

Fact ! Say : fl , by
Graph = Cayley ( 742

,
{ Sh -

→ gd } )
Vertices : 21h 2 on ,

.  -

, yd E 21h 2

⑧
① → is④ ①
, ?i'

.

.
.

.

-

②
iega①

Example :

Cayley ( The
,

{ I
,

-1 ) )

f ⑨Ty o bad
① •

o expander

ota

← ⇐
I

a ' "

'

.

.

③ ②
cycle

•

length k
h

If 3
"

=L
,

i.e
. 3 is an

n - root of unity ,

i.e
. Js

Then f : V - s G
,

f ( j ) I JJ is an eigenfunction



5=1 i zjtg ,

30=331gj
② ← ⑤

T
"

①
3

'

←
b

i

.

. ② 3k
3

"
"

"
 -

j③
gjxgd

( Adj op on f) ( j )

= Efcj
'

I
-

- - - -
-

-

-

III
-

-

-
-

-
-

-

if

, ,f ?:)
= 35/391+354 .  .

+5'd )
-

3
"

So Adjf ! I :(If ! )



Jan 46 :

Multiply ! plt ) = Got a ex ← arm .
.  -

x any
"

qlxl = box
.  - -  x bnxh

Naive way to  compute pcxiqlx ) is OCR ) { I!?!
'

Imagine you can  compute pcxi , qlx ) at 2M - th

roots of  unity 2^3 2h ( or  any
# parts 3 2n )

AGwqpf.Y.ly?4YyIjiuiddTL
\ "

Est discrete

Farrer
car compute transform "

( pally ,
) , - - . ,C9BqKYrn)

' h
Z " "

t "

/ for certain

Say given deg 2h poly r = rcxl
,

and given
Y ' '

- > Yzn

r(Yi7,__,rcyzn)youcanfndrCxlquic

roots of  unity ,

Image : 38=1 3=-35 {5--1}
r

3
,

333
" e2aiK

Some mm



For us
:

242 G .

- Cayley ( The
,

{ g , ,  
- ,

gna
} ) :

⑥ s

"
"

c-
j

① p&
. I need -

gd'

-

. ②¥④"

Claim : For
any

5 sit . 7=1
, eigenpwr

Asia "
"

 "
 " " " (÷

.

)
=

÷÷÷÷÷
.

. iii. ÷:: "

iii.ill it
. El solid

•

¥
&



W

1=3,40 •

Similarly f
w = emits #

&

w 2

( !!! ) " o

caieycaaa ,
mine

" so ca't . . .my
)

=

" lil ' ⇒ Ii )
worst Connected Gash Reek Cayley ( 74ha

, { I
,

- if )
in term expansion : A T G

⑥ "

dodecagon

/

Formula says
: take

any
3

.
,

.

②
h

with 5=1
, 4=1

,

= 3+5
'

'

.

X
,

= largest eigenvalue = 2
, Iz=  next largest =

.

'

with
e

etui In
, e-

Keith I
,

a

"

e

- IT if

= 2 cost n)=2( t - ( ¥! ) = z . crafty



p prime Cayley f 74Pa ,
{ all quadratic  residues } )

OR

I ,
i  -

'  '  '  .

non - residues

pss
1%1,2%4,3%4,441 mods

④ ① quad residues I
,

- I

fb EEE
⑥

non - residues 2
,

-2

④ *③ ②

p
' 7 1%1,22=4,3%2 , 2,4 ,

I

⑥ ②
y

⑤ µ ↳ ①
- I is not a quad residue

④
③

②

p
odd prune

Fact !  - I is quad residue mod p ,

iff p I I C mod 4)

Degree : Pz

Question : If 5%1
,

what is E Jr for pIlCmw4)
rt quad

res med p



Homework : p prime
( maybe p It C mod 4 ) )

what  is
, { 3£

,

for 3=11 ?
I

= I
I

3 a # o

( med
p )

I
,

= PIG .
3=11 but 3%1

"  "

* say :#
"

ET
= E ya

'
- b

'

= E

ycatbbka
- b )

>
Gb # o

⇐
,

,
- e



Join :

f
d .

neg smh ,

h vertices :

d = n
big

r
row sums y ; n :D 3 Iz ?

 - . .
3 In 3  

- d
=  cot sums

=

here tri - - in so

Variant

co:÷÷÷'÷÷⇒÷÷÷÷÷
.

" . .

. " .

=

aide
. d-  -2

,
t 's :&" 2¥ . m )

no
,  . →

n - i

Xi . d -
- 23 12=2 cost's = 2 - order ( ta)

-

2. ( 2×12
= = ,

÷ to

Given d- regular graph on n vertices
,

let

X
,

3 Xz ?
 - -

3 In

his .li ( G ) are theeigenvatyeshmoffiAETI.tedifemd.mg?ixAonfyGraph on  n - vertices has
=

Xz 3 2dm ( I -

C
,

T



Fix d 33
.

For a graph G d- regular on n vertices
,

we

have

y.co ) 3 2dm fI - 0 (

÷.int
)

ice
.

Csi:

Zorn ( I toll ) )

Thm : fix d 33
.

Then for any Eso ,ffor"

most
"

d-  regular graphs on n Vertrees
,

as n -10

-

withhigbii.lyfor  a random graph -
-

-

- -

WH p

X
,

E 2dm + E f heed )tellCd Hn )

( d=2
,

25-1=2 )

C d ?,

are , . was )

)
Pk ) " =

7¥ Itil

= max ( he
,

- in ): \
guys 265 " E



Uphshot : G : play is max
/ hi ( Adjacency a ) I

i 32

① few,w ) - da lol Iwl I
e s FEIT

← start
"

expander mixing
lemma

"

② If p I lmao 4)

?
,

①
↳ 4 ( 7%2 , { quad residues] )

n =p ,
D= PI

, pre bgttfn.FI

③ A few  more examples
.

. .

General tools
- - . ¥1



To prove ① !
,

error term

Ads
.

a

= In

'

I:/ + E

"

-
= d ( pro 's

, ) + A dial
,

±
-

⇐HEI
-

harm in L
"

op sense =P
=

A
sym

=

,

I
; UT for  ortho - wel eigenbusis

- it
,  . →

I

-
= hi proju

.

.

= h
,

a
,

at c- € ti proju
,

=

"  " '

As
,

! ) - I = Adj
copy,

d .

- x -

-

n - b - I
,

- t - - it

= da ( ÷! ) + C- 1) prob .



Jan 21 !

D= (
d

'd;. ?:') = Choo.

. ) + [do
,

= etc
.

- -

DI
,

Dl
spaces ,  - - Ten )

-

" III. Es " 

Ceil '

Dei -

- diet .

⇐ Really
D= (

d
'

dome
.

.

} + [dsodso? da!:
i

- #
in this case

→ spmlei.ez.eu ) spmcej.es ,
.

. .tn)

IIIs : Dl
space, ,E,ei ,

image C span C Eire )
-

-

si si

D !

is
'

i

- Sia
in

"

= span ( St
,

Ea )

D : S 'z→ &
= f

'

,
④ 52

Similarly for
D= Cd

'

o
.

, } + [ dzo
.

.

) ' [ dody
.

.

It .
. .



RETURN TO THIS LATER

Difficult
open problems :

-

Question : For fixed d and n large fIn?!!msg )
does there exist a d- rey graph on

h vertices with PE 2dm ? Can  you
"

construct
"

one ?
-

Question : For fixed d and n large ,
for how large a

kskld ) can you
"

construct
"

a graph such that

if I At
,

IBI 3 ng ,

# El A. B) 31 ?
-

Question ? Fix
any d ¥3 .

Is it true that as n
- so

,

for all d- regular graphs ,

G
,

on n veirtices
,

girth ( G ) E ( 2 - E ) log d. ,

h

for some E > O .



Graph ! U C T ← vertices

* = f. fit: "i it
otherwise O IRMA ,

=

where

Rem : E
,

c ← vertices of a graph
h " Nl

XT (Adj of G ) X
w

= Got (Adj ) (! )

= eco
,

W )

=

But : IN -

- C ! ) ④ I ( ! ) )
'

prejean = fxn.li!:)) s

'E' Kiri

=

I If ! ) . I

proj @g( Xu ) = Xu - proj
,

Xu = Xu - 1¥ I

1

-
I = magic is fu:



General Facts ?

If A is symmetric ,

Sl = SP "
'

sche  eigenued in ON eyonbnsig

S
,

= Sf
" "

sis: ⇐ ↳ " ÷ "

orthonormal basis

Fact : Say A Sym , cigs 1,3 - - -3hm

HATH
= max - = max Itil

Then

HAH
La .

operator ⑤ to 118112 it
,

.  . yn

PI Say that

⇐ : a- ( ÷.

. ,

t -

- E ciei

by scaling T : can assume { f
?

, I

" "

At = Afc =L snore: slice

if of = Ij , norm
'  

= Tj


