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Starting graphs & eigenvalues .

Today ! Examples .

=

Just before i some theory !

Review what is often called

"

The Expmdr Mixing Lemmon
"

-

Markov chain

mixing
time



Refer :

Markov chains and Mixing Times ,

by Levin
,
Peres

,

Wilmer

( specifically Chapter 4 am Mixing
Times )
=

Review ! Say G is d- regular

graph :

c-
each

Ag=[ 0 'S JE row

1 's sum

=D

each dol sum - d



Claim that

Ag = adjacency matrix , i.e.

(Aa ) i.jo
# edges from i to j

ther eigenvalues of Aa are

real :

the .
.
.

t told C- 1,16)

:

☐
• (f)=/It. did



Fact 1 !

All eigenvalues t ; have

/ tiled

Pf : A t.tt

look at largest comp
of T

,

say Vi

£¥•
" Yi

• jz .

I

say

↳
'

14-1 jd Vid
largest abs

value



(AT )
,

Vj ,
-1
- - -

+Vjd

where edges from i run to

ji
,
- yjd

So

At = tv

(At ) ; -

- tut

/ tri / = 11114-1

=/ Vj , -1 . - + Vjd /



I lvj.lt . - + lvjdl Ed Ivi /

Hence 111 Ed .

"

Maximum principle
"

Jefe : say that

/ Vi / = M is max abs value .

Then

/ 1,1 m = / Vj , I - +Vjd /

E d maxlvjk / Edm
1<=1,- >

d

so 11,1 =D ,
then



eccl (Vj , / = M

so

Vj
,

' IM
,
- - i ,Vjd= IM

so
/ Vj , -1 - - - +Vjidl
= / Vj / + - - + /Vjdl ,

then

Vj , = Vjzs -
-

+ Vjd ' IM



✗ =D ,

( Afi -- Xvi
=

Vij , E - +Vjd
t 's

In
and

say vi=M > 0

ring
" vjim

:

joe vjd⑤
V 's - M→ £4b



⇒ vs=M for all s connected

to I
.

=

✗ = - d ,

Vj , = - - . =Vjd=
- M

4!→→ Y
→

↳

Vjé④¥
,

all Tm all -M



So then Vg = IM f- all

s connected to I
,

and all paths from fixed s to

i are {
all even

all odd

M
o

o

- M

÷¥¥ :*.



So is G d-regular ,

-DINGY . .
.

t Hat 1,161 =D

Exé,

# of connected camp
of

G = multiplicity of d as

an eigenvalue

Exercise :
# of connected camp

of

G that are bipartite = multiplier,

of -d



Recall ! Ao has an orthonormal

set of eigenvectors VT
,
- - Ñn

( AÑi=tiÑ ) and

if 8=95
,

-
- - -

+ cnÑ
then

Aaj -
- at ,v?+ -

-
-

+ cntnvn

and

Aoki :c , this .

-

+ c. Kivi

so if C
,
# 0

,
and fed and

D= 7¥ Itil



then

Aoki = c. dkv?
+ (maxkilcn -D.pk

-132

= c
,

d
"@ ,

e- error -

term)

terror tank

=

Of PYD ' ) → 0

as
k→ as

.



Furthermore v7
,
- ,
VT

orthonormal
,
then

A = É ti F vit
I = I ✓

ctrhthog
proj onto v7

es .

[ :* :]

[E. I] : t : a. b
, GET

a
-b
, f.¥ )



1-her !

A = (a.b) T.v.TT
+ ( a-b) VI. it

= @ +b) [¥141k "fr)

+ ( a- b) EYE ] [ YE - HE]

= cab) ( { ( i :])
+ G-b) ( Efi ? ] )



Case (E)
,

cab =3

a- b = 1

A =3 ( Eci :D
+ it :c:-D)

=

Ren : z ti = I
in

( any ON basis ¥ , - ,
Tn )

Also vivi + §z¥¥an

Projet



☒*
← Orthey to Vip

⇐ it
Also

⇐ ññ÷:÷&→
→µµHtA* rpm of

fan of
VT
, - >I

¥ ,
- - ,

Vin



If G d-rg

i. = f; am

I = [ torn - - "rn)

= In [! :-. ,! ] ( define
= £ En
]



So did > he - - s.tn

then

Aa =

t.ir?i-Et;viv.?Ipy32td-nE.-.i:i-
E

E
"
error term

"

E lives or (ÑY ,

and HE v11
,

# p Hulk



AE. In ⇐⇒ + e
"

where
FEE

,
i.mi

11 Elite
⇐

÷%j
= p

k



Hotel TÑ uectr space , with

norm 11 11
I /p

e 's . 112h
,
Hull
,

-_ ⑦ 14-14
i. I

so any 1111 called a nerm !

if c-Ñ
,

returns real 11 vill

sit
. (c) a scat ,

11 only -101 HWY

41 HÑll=o ⇐
= 8

(3) 11 vi. +will I
118,11+11will



and L : W → W
,
we define

11111 = max 1kWh
to Tiwi

then

11L" he 11211
"

so
yell ± P

⇒
1121<11 t.pk
-

Brad 10121 - 10:26



"

Discrete Fourier analysis
"

§K on abelian groups

Boden Hypercube :

V E

B
' 8-•

'

{gig
verticesdi"
→

115
"
•
→

" | by
1 1 single

Ceo
0 → to

113
' ;¥ÉI&iP"



0 I

AIB '

= if I }

=L : :] , %:)
l

ii. tuba (f)th
ti a- b : -1 (d) life



Eigenfunctions far 1A
2

1 1 59

""

- a

- l

l I



F- App ?

1=1
,

at •
a

"I
113
>
= Product ( IB

'

,

B
'

,
B

')

eigenvalues / vectors given in terms of

113
'

=

Product ( there are many products)



Also

•-•-•_•✓
2- regular , Gdc Length -4

Torus 2-din :

"

•

re

"._.q440 I:•←÷o



D¥ If G- ( Vg , -4 ,
ha , tails)

Hs (Va ,
-4,1ha ,tn2H )

then Cartesian product

GxH=

vertices ! Vg ✗ VH

edges ! ÉiEntd
" "

vertical
"

Eau = EG×Vµ I VG ✗ C-
µ

where ( gu ) C- EGxNµ horizontal

tax , (
e,v ) :( te, v1

, Laufen ) :( he,v )



Tayler ) = (Zoey)

=

Claim : If AOL.LI ,
for É : Tg IR ,

A,ii=µy ,
I :TH→1R

'

then

④ ④Y ) defined as

⇐eric viii. ✗anyway
if
Io von



Then

%×µ⇐eyY
=/ talent)

= t

All nso
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'
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ther t
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☐
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