
CPSC 536-5 Feb 3,2022
"

class on Feb 8 begins in - person ,

ICCS Room 246
-

Today :

① Threshold ,<
( X

.
,
-
- ,Xn ) inn

Montone OC n log n)
monotone

② ( Valiant) Majcx , , - ,xn ) in~

poly In ) ( well do n
6.29

.

- -

+ E

s

Valiant does roughly ns.3-n )



Start :

Valiant 's paper on counting
perfect matchings ( 011 permanent)

is # P complete :

"The Complexity of Computing
the Permanent

,

"

1.G. Valiant
,

Theoretical Computer Science ,

1979
-

Boolean functions Spirals
Leanna

Monotone Boolean functions } holds

Algebraic functions



Boolean function f(×
, ,
- > Xn)

depends on
all the ✗ is :

min formula size ? n

nndep.tl?logn-I
-

Best depth bound to date

on a function in HP is
> C/o④

For formula depth = circuit depth

Typical formula requires ? 2h / logn
size , ever a balanced full tree

has depth ? logzl 271cg n) =n-lg?⃝



Result on mandate circuits is

there are superpolynomial lower
bounds an circuit size

"

Razbcrov
,

Alon - Bopper
-

Monotone female
gates N

,

• ←
In V

11 I \
^

C-
leaves

✗
\
,
- i Hn



Manatee function !

ft {at}r→{on}

sit
.

if f( E) =L
,
I £1T

( i.ee . ✗is yi
for all i)

⇒elyÉen
I > 72 { f- I
✗
, -1×2-1 . - + ✗ n :}É
- - - EE { -1=0



So
☒ mature forties

✗
,
- - Xn

?
z
( in)

^^ 21%4

close to
cry
2



Probabilistic method !

Thick , .hn)
= {

1 if ✗it. - ixnsk

0 if - - 2k

Thzlxi . - ,Xn) has h login

formula !

- Kyle divide and conquer

-

Thz ' OR Xi AND Xj
icj

site (1) -2



( X
,
on Xzon ✗g) AND ( Xyorxs)
-
-

= ✗ inly or ✗Hg or}

Xzrxyv Xzn✗g '

Xznxyv ✗3^4

→ { i
,- in}

Th
,

! want itj ,
then

( or on 1 AND ( or on )
or

(
✗ ;

1 AND (
Xj ) ;

C
y

l
, :



Thai Xo ←, ooo ← o

, 001 ← 1
I 01C

←z
O l l✗

z
⇒

;

l l l

Thz ( Xo
, - > Xp)

=

( Ii at . ) AND ( ✗ js.tn )

I 1st bit o , ystbiijtl

:

I

=

Thz (X, , - ,Xn ) recursion Olntogn )
Thy -

-
-

;
Olnlagh)



Thzlx , ,
- ,

Xn) :

divide { 1 , - >h) into 3 groups

ÑÉjmcIÉ)m↳ft
In
, ii. In

1
= OR X ; AND ✗

g-
AND ✗

K

ii. I

jej

jµeK

Idea : Take on

/ II. Ji ,k , )
Iz

,
Jz

,
kz) ):

( Ir
,
Jr ,Kr)



The OR of

clause ( I ,
,
J
,
K
,
)

on

clause ( Iz
,
Jykz)

÷
on

closure (Ir
,
Jr

,
Krr)

gives

OR ✗
go
AND Xj AND Xk

sit . for some
e
,
ie Ie

, je Je ,Keke



Probabilistic method we'll

prove the existence of such

( Ii ,J , , Kit , - - ( Ir ,J,Kr) :

a.by distinct in { 1, - yh}

Ie ,
Je
,
Ke →

Ice prob
'
13

µ
→ Je pret 113
\

Ke prob ' 12

independently {
→

3
→

h

"

we could bpul 1
,
- > n

into Ie with p#h.Ñ



Claim !
.

a.be separated -

by te , Je , ke

with prob 21g

say

a

→I
⇒ { Je

ke
b ^→→ prob

213
,

c
prob 113 b is in

goes into festputtin
different prtit,



(
Prob that a ,bk ) = 7gnot separated

£
(I ,# i. K , ) - - (Ir

,
KI

,
kr)

its
r times same experiment ,

independently
or fraction of all (3^5 possible partitions

P⑤ that a.br

/ not separated ) = (F)
^

by r partitions



Unia bond !

If

Éqb, =
event they

a.
b
, c

is

hot separated

Prof Ea .br/EEProb(Ea.n.dacb4
← (3) fair

@

Courting
"

bad partitions
"

! 3
"

possible
Il
,
Ji
,
Ki

,
3
"

pass Iz , Jz , Kz , - -



By comparison !

Thz : a ,b c- { 1 , - yn}
TT

Prob b) event I 0J

ethic :)
"

not :ep
1- ¥ &I.

← (7) ( ti

÷÷F¥F÷



⇒
Th
,

! fwmln doesn't

work with prob

← I :) i
then I
" "

if r

<
n
3 (F)
t chosen

sit .

I
← 1

Then prob failure < I



☒

> n3

r > 3 ¥÷añ
=

Thk similarly
=

Thz take rsst
. ¥5 ? ¥,

r 3 4 login
1%517

but prob failure E %
,

= £
=

How to find one explicitly is hard - - .



Similarly
almost all Boden functions

f ! Leni → he , is

require size formula .

12h1mn) 111
add J

Finding an explicit formula J

(a requires this site



Valiant ! Monotone funk

for MAJCX
, ,
-
-

, Xr) of

poly site .

Idea : say

h odd
,
MAJ :L if

#
×
, ,
- - Xn

=\ is ? n¥
0 if I nz

Imagine ! You pick 3 ✗
i , . >

Xn

at random
, y , ,yz,yz , MAJ -41142,4g)



Then you get a
better prob

than (n-11×2

I
= tz -1¥

of getting a 1 if majority
✗
i
,
- > Xn are =\

=

Then
2-
,
= MAJI Yi , -12,43)

2-
a = MAJ ( 44 , Ys , Ys )

-23 = MAJ ly , , 48,4 e)

MAJ (2-1,473)

continue



Say Kya have iterated majority :

MAJ

MAJ MAJ

/

??
-
-

.

7
, Zi 7-

ng

MAJ

/ I \

MAJ MAJ MAJ

t111
MAJ -

-

steps

leaves
d- render

Then : If
*

Xi
,
- > Xn :O if 3£-1¥

then r step it MAMAJ is 0 with prd
-



Bsi - ¥

#

poss Xi
,
- yxn

= 2h

Went to show !

MAJ

/ it on each fails to

-

'

- compute true MAJ
< ¥

-

10:24 → 10:29

B-reek

Next week ! ICCS
,

Ramon 246



MAJ

/ I \

MAJ MAJ MJAJ

i.
MAJ

①a
pick from X

, ,
-
-
✗
n

( pick each leaf independently

1.
MAJ J

MAJ MAJ

/ I \ 111✗ 2×9×3
✗

, ×,
× , X

,
✗8×88



Heed :

if ×
,
,
- - ,

Xn we set

to 0/1 in
any of 2h

possille ways

ky-yxjc-hc.ir
or even

#
for each

MAJ {
--← Ax. - ✗Xi ^¥n

MAJn=o§-⇐- A-* = ;÷

Scythes a MAJ tree? / is bad oofn

✗
\ ,- ,Xn if T does not compute MAIN



e.g.
mpg

this particular tree
,

I 11

MAJ Maj Ming
T
,

Is to

" ' " ' '" MABgµgµµyµ
n
--5 4=1 , ✗ Is I

Xz :X] -0×5-0 } )
l

[ MAJKA, - Asl
= 0

but
-

As long as prob for any fixed ✗
i
,
-

,

✗
s



prob of the random tree computing
the wrong flake L %

Prob ( random tree computes
the wrong value of } < |

.

any ✗
1 ,-

✗
S

Size today tree = hG2Bf . - -

Each ✗i appears a ns.N times



Calahan : say that

MAJ

111
2-

,
2-2 73

2- 1,2-2,2-3 independent , hard

€172,73 c- { UBC , SFU}

Prob 8 ;
= UBC =p

- - . Sfb = 1- p

What is the prob of

MAJC 2-
i.
2-zits)

: UBC



p UBC
p
UBC

p UBC

( 1- p)
SFU ( i - p ) SFU ( tp ) Sfo

2-
,

71 -23

Prob that 2 or 3 of

71,2-2,7}
= UBC

3 UBC ! p3

ZUBC
,
I sfv ! 3pZ( 1- p )

Total

ftp.p?-3p4l-p )



y
-14421> I

*

C '
, 1)

¥ (1/2,112)1¥
p :O ftp.o

p :L

ftp.lp-ltrflp) : 1h

ftp.psmhyp3-3p2-3p3-3pz
- 2ps



ftp. Gp - Gp2

f' 1114 = 6pct - p) F-
'
k

= 6-4=3-2 > I

up
ftp.sg
,

¥÷*¥f
Fk fl 's ;-)
÷÷

aft 's) - Ent})



Claim :

fixated
r t-s

( { - £ )

fo -
. fof ( )

Tees

will be <
I
zn

after r I C. login 1- c
'

Y
we'll wut to

knew



fcp,
she
"Ñ off

f
'

C'b) = }t÷÷÷÷
"

↳His "2
t wftp.?z.-8O(lgr)

pick { so
to ¥ I

Olkgn)
fr Ep E

'
12 to

the 1- e

JCCS Ran 246

E.ci




