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The point of these notes is to state some results regarding the eigenvalues of
graphs and Markov chains, as they apply to expansion and mixing times. We many
not have time to prove them all.

These notes rely on definitions given in class.

1. EXAMPLES OF EIGENVALUES OF REGULAR GRAPHS

If Ag is a d-regular graph, then Ag/d is a Markov matrix. This is important in
thinking of examples.
We will discuss the eigenvalues of the following graph:

(1) the cycle of length n;
(2) the cartesian product of k cycles (possibly of different lengths), which is
a 2k-regular “k-dimensional grid graph,” and only a weak expander for k
fixed and number of vertices large;
(3) the Boolean hypercube;
(4) more generally, the cartesian product G; x Gy of any two graphs in terms
of the eigenvalues/vectors of G and Go;
(5) other products;
(6) Cayley graphs of abelian groups and (some remarks) about non-abelian
groups.
For fixed d, it is known that if Ag is any d-regular graph on n vertices, then
Ao >2vd—1(1 —1/(logy_y n)?);
the bound of Alon-Boppana bound gives the same with log,; ;n instead of
(log,;_; n)?; the tighter bound was proven independently by Nabil Kahale and me.
The Broder-Shamir bound says that most d-regular graphs on n vertices (con-
structed from d/2 permutations on n vertices) has p = max;s1 |A\;] bounded by
2d3/* + € for any € > 0, and one can ultimately improve this to 2v/d — 1 + € (this
was proven by me, and is a rather long story). The 2v/d — 1 is also the L? norm of
the adjacency operator on the d-regular (infinite) tree, and this is not a coincidence.
The Boolean cube is a good model for various “configuration models,” where
the second eigenvalue is very close to the first, but far enough separated to have
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algorithmic consequences. For example, if G is a bipartite graph on 2N with each
vertex connected to only one other vertex, then the set of all matchings (not perfect
matching, of which there is only one...), where the adjacency matrix is to delete or
add an edge, is simply a walk on the Boolean hypercube of dimension N. Hence
n = 2V is the number of configurations (vertices), this is a d = N regular graph,
and the second eigenvalue is of size d —2 =N — 2.

2. EXPANSION AND MIXING VIA EIGENVALUES REGULAR GRAPHS

Many theorems in algebraic graph theory are simpler for regular graphs; hence
we often make this assumption when needed.

Theorem 2.1. Let G be a d-regular graph, and Ag its adjacency matriz, and let
d=M(G) > > \(G).

Let p = max;~1 |N(G)|. Then for any subsets A, B C Vg of vertices, the number
of edges from A to B, denoted e(A, B), satisfies

le(A, B) — d|A[|B|/n| < p\/|A|(”n— |A|)\/|B|<nn— B])

The proof follows easily from the more conceptual formula where we show that

AG:éE—Fg,
n

where F is the all 1’s matrix, and

&= Z )\i’l)ﬂ);-r,

i>1
where v1,...,v, are an orthonormal eigenbasis corresponding to the eigenvalues
A1, .-, An. Hence £ takes the orthogonal complement of the constant vector 1 to

itself, and has operator norm p on this subspace. The projection of the characteristic
vector of A onto this subspace has norm
[Al(n — |Al)

)
n

and similarly for B.

Notice that Ag is the matrix counting the number of walks on a graph to itself
of length k, and the above theorem implies (since A’é has the same eigenvectors,
with eigenvalues \¥)

dk
—E +&F,
n

Al =

where the L2-norm of £ is at most p*.
We remark that
Al(n—|A
A —TA) _
n
and the simpler right-hand-side gives up a factor of v/2 or less when |A| < n/2.
This weaker bound is often called the “Expander Mixing Lemma,” i.e.,

|e(A, B) — d|A]|B|/n| < pv/|A[|B].
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2.1. Why a “Mixing Lemma”? To see why this is called a “mixing lemma,”
we use the above theorem to get a (generally weak) bound on the mixing time
of Ag as a Markov chain. The associated Markov matrix to a d-regular graph is
P = Ag/d, i.e., the Markov chain that traverses each edge out of a vertex with
probability 1/d. The mizing time of an n x n Markov matrix, P, is usually defined
as the smallest value of t = t,,;x such that if eq,..., e, denotes the standard basis
of R™ (interpreted as a stochasitc vector), then

|[Ple; — 1/nlpr < 1/2.
This implies that! that for any k € N we have
TotalVar(P*e;,1/n) = (1/2)||P*e; — 1/n||p < 17281

The reason why eigenvalue bounds tend to be weak is that eigenvalue bounds are
better suited to estimate the L2-norm.

If P= Ag/d and p is as above, we easily see that e; — 1/n has zero projection
to ¥, and 1/n is fixed by P. Hence for any t € N,

[P (e: = 1/n)l[L2 = | P'e; — 1/n) |12 < (p/d)'lles — 1/nllL, < (p/d)'y/(n —1)/n
(since e; is the characteristic vector of a set, A, of vertices of size 1); this is likely
a pretty good bound. The problem is that we have ||v| ., < v/n|v| L, (which is
optimal when all components of v are of the same absolute value), and so to bound
the mixing time we have to use the the bound

1P*(ei = 1/n)l|r < V/n(p/d)'/(n = 1)/n = (p/d)'Vn -1,
which is at most 1/2 when ¢ > (1/2)log(4(n — 1))/log(p/d), which tends to be an
overestimate of the true mixing time.
Similarly, for any real ¢ > 0 one defines the e-mixing time to be the smallest
t = tmix(€) such that for all 7 € [n]

Total Variation(P'e;, 1/n) = (1/2)||P'e; — 1/n| 11 < e,

and we can get a similar estimate of t,,ix(€) for any € > 0.

3. ALON-BorrPANA BOUND AND IMPROVEMENTS

We will prove that if G is a d-regular graph of diameter k& (largest distance
between two vertices)

No(Ag) > 2Vd—1 (1 f(k)),

where f(k) — 0 as k — oo; specifically one can prove that f(k) < C/k* where C is
an absolute constant (independently discovered by Nabil Kahale and me), although

I Here are some details: for a general Markov matrix, P, of an irreducible Markov chain with
stationary distribution =, then set d(t) = sup; ||e; P — || v, where TV is “total variation, which
equals exactly 1/2 the L' distance, and set d(t) = sup; ; llei P* — e; P*[|rv. Then a coupling
argument shows that d(s +t) < d(s)d(t); see Markov Chains and Mixing Times, by Levin, Peres,
and Wilmer, Section 4.4. (Our definition of d and d considers only the distributions e;, e; rather
than arbitrary distributions, but this does not alter the definitions given in the above textbook.)
One also sees that d(t) < d(t) < 2d(t). Formally one defines the e-mixing time, for any real
e > 0, denoted tmix(€), as the smallest ¢ such that d(t) < e; one typically defines ¢pyix to be
tmix(1/4). In applications one is typically interested in tmix(€) for some €; however, the above
inequalities imply that d(s +t) < 2d(s)d(t) < 2d(s)d(t), and hence d(kt) < 2¥—1d(t), and hence
lles Pt — 1/n| 1 < 1/2FF1,
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it is easier to prove f(k) < C/k. Since the diameter of G is at least log;_; n — ¢,
this result implies the usual Alon-Boppana bound

Ao > 2¢/d — 1(1 —C/log,_4 n)
We develop a number of important ideas regarding the spectral analysis of

graphs.

3.1. Max-Min Theorem. We will use the following standard theorem in linear
algebra. Recall that if A is a real n X n matrix, then we define the Rayleigh quotient
of a vector v € R™ at A to be

Av) - v
RA(’U) = 7( ) .
Vv
Assuming that A is symmetric, there is an orthonormal eigenbasis vy, . .., v, for A,

i.e., Av; = A\, for real \;, and we easily check that if v = c;v1 + -+ - 4 ¢, v, then
EXN A+ N,

Ra(v) =
a(v) A4+
2 2
c c
=\ 714'_...4_)\ 7"’
] "Rt
which is a “convex linear combination” of A1,...,A,. Hence, for example, if A\ is
the largest eigenvalue of A, then
ci c
Rilv) < \{——mMmMm . ) P CEE— s
Av) < 1c%+-~-+c%+ + 1c%+--~+c,21 1

and similarly R 4(v) > A, if A, is the smallest eigenvalue of A.

Theorem 3.1. Let A be a real n X n symmetric matriz, whose eigenvalues are be
ordered
AL > A2 > 2 Ay
Let W C R™ be a subspace of dimension r. Then there exists a nonzero w € W
such that
RA(U]) S )\T~

Proof. Let vq,...,v, be an orthonormal eigenbasis for A, i.e., with Av; = Av;. We
claim that there is a nonzero w € W that is orthogonal to v1,...,v,_1: indeed, if
w1, ..., w, is a basis for W then w = aywi + - - - + a,w, is orthogonal to some v; iff

ar(wy - vg) + -+ ap(w, - v;) = 0.

Hence if we impose this condition for ¢ = 1,...,r — 1, we get 7 — 1 (homogeneous)
linear equations for the r variables «;, which therefore has a nontrivial solution,
and for any such nontrivial solution w = ajw; + - - - + a,-w, is a nonzero vector in
W orthogonal to vy,...,v;_1. It follows that such a w can be written as

W = C1V1 + -+ + CpUp,

where ¢; = ... = ¢, = 0. Since ¢; = ... = ¢,_1 = 0 in the equation for w above,
we have
& N
Ralw)=N\p—"——=+-+\y5—"——
A( ) Tc%_'_..._i_c’%l nc%_i_..._’_c%
2 2
c c
= Ar73 - 2 "+)‘T2 5 2 T
C ++Cn C ++Cn
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The above theorem is called the max-min theorem because it can be written

min  Ra(w) <\,

weW\{0}
for any W of dimension r, and we have equality when W = Span(vy,...,v,), since
if w=cv1 +---+ ¢ v, then
2 2
c c
R S N TSI W A
A(w) IC%++C%+ + Tc%.’-....’-c%
2 2
c c
>N — 3t RIS Y r _
- Tc%_‘_..._i_cg Tc2+...+cg r
Hence we have
max min  Ra(w) = A,

dim(W)=r weW\{0}

Similarly, there is a min-max principle by applying the max-min principle to
—A, ie.,

min max  Ra(w) = Ay
dim(W)=r weW\{0}

One often uses the following corollary of Theorem 3.1.

Corollary 3.2. Let A be a real n X n symmetric matriz, whose eigenvalues are be
ordered

AL > A > 2 A

Let uq,...,u, be non-zero vectors such that for all i # j we have u; - u; = 0 and
(Au;) -u; = 0. Then

Ar > min(RA(ul), . ,RA(uT)).

Proof. We may scale each u; so that u; - u; = 1. Let W be the span of uq, ..., u,.
Then for any w € W with w # 0 we have w = ciuy + - - - + ¢,u, with real ¢y, ..., ¢,
that are not all zero; hence

(Aw) -w = Zcicj(Aui) Sy = Zcf(Aul) cuy = ZRA(ui)

(2]

(since u; - u; = 1), and
_ 2 _ 2
w-w—g ciui-ui—g ;.
i i

Hence

2

lon
— —_— . > i e r .
RA(U)) % c% c% JQ'A(U'L) Z IHHI(RA(Ul), ) RA(M ))
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3.2. Covering and Etale Maps of Digraphs.

Definition 3.3. Let G = (Vi, &Y, ha, tg) and H = (Vi ESF hy, ty) be directed
graphs. By a morphism (often called a graph homomorphism in the literature) from
H to G we mean a pair m = (my, mg) with my : Vg — Vg, and ng: BT — EJT that
respect the heads and tails maps in the sense that tghy = hgmg and gty = ta7mg;
in this case we write m: H — G. We say that 7 is a covering map (respectively, an
étale map) if for each v € Vg, both (1) the map 7 restricted to

ty (v) =t (myv)

(so t5' (v) = {e € E{" | tye = v}) is a bijection (respectively, an injection), and
similarly (2) so is the restriction of 75 as a map hj' (v) — hg'(myv).

In the literature, an étale map is sometimes alternatively called a closed immer-
ston.

Example 3.4. If G’ is a subgraph of GG, then the inclusion G’ — G is étale.

Example 3.5. If m,n € N, then ther is a covering map from the cycle of length n
to that of length m iff n is divisible by m.

The following proposition is easy to prove and gives some intuition for covering
maps. (See examples given in class.)

Theorem 3.6. Let G be strongly connected directed graph, and w: H — G a cov-
ering map. Then if for some v € Vg we have that 7r‘_,1(11) is of size k € N, then for
any v € Vg, w‘jl(v) is of size k, and for any e € BT, wgl(e) is of size k. In this
case we say that w is a k-to-1 (covering) map.

Homework: the composition of two covering maps is a covering map; the com-
position of two étale maps is an étale map.

Homework: if 7: H — G is an étale map, then there is a graph H’ such that H
is a subgraph of H’, there is a covering map 7’: H' — @G, such that the inclusion
of H to H' followed by the covering map H — G equals the map w: H — G.

3.3. The Comparison Lemma for Digraphs. Recall that a walk of length k in
a digraph, G, is an alternating sequences of vertices and directed edges

('U07elaU1;-~-aUI~c—17€kzvk>

such that for all e =1,...,k, tge; = v;—1 and hge; = v;; such a walk is from vy to
vy, or begins in vy and ends in vy. For any v,v" € Vg we let walks<y(v,v’) denote
the number of walks from v to v’ of length at most k.

We recall that the Perron-Frobenius theorem implies that if G is a strongly
connected digraph (i.e., for any v,v" € Vi, there is a walk from v to v’), then its
adjacency matrix, Ag has a positive, real, eigenvalue \; that is as large in absolute
value as any other eigenvalue; we also call \; the Perron-Frobenius eigenvalue of G
and denote it by App; furthermore, for any v,v’ € Vg,

lim (walksSk(v,v/))l/k = \pr(G).
k— o0

To prove this theorem it is helpful to know the path (or walk) lifting lemma.

Consider any graph morphism 7: — H — G and a walk in H

W= (V)€€ V).
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Then we define 7(w) to be the sequence
m(w) = (Ty vy, TEEY, ..., TEE), Ty V),
which we easily verify is a walk in G.
Theorem 3.7. Let m: H — G be a covering map (respectively, an étale map). Let
w = (Vg, €1,V1, ..., Vk—1, €k, VL)

be a walk in G, and let vj € Vg with w(v})) = vo. Then there exists a unique
(respectively at most one) walk

!/ / / / / / !/
w' = (), €1,V], -+, V1, €k Uk)
such that m(w') = w.
Homework: Prove this theorem, using induction on k.

Theorem 3.8. Let H,G be graphs such that there is an étale morphism H — G.
Then Apr(H) < App(G). Furthermore equality holds when H is a covering graph.

Proof. Fix any two vertices v,v’ € V. For every walk of length k from v to v’
w = (Uanlyvlv e ,’l}k_l,ek,’l}k),
we easily check that there is a corresponding walk

m(w) = (wv(vo),wE(el), .. ,WE(ek_l),ﬂv(’Uk)).

By the path lifting lemma, the map 7 from walks of length at most k& from v to v’
is an injection of walks from m(v) to w(v’). Hence

walksY, (v,v) < walksZ,, (7 (v), 7(v")).
Now we take the 1/k-th power of both sides and take limits. (]

3.4. Covering and Etale Maps of Gaphs. Most all of the above notions for
digraphs such as covering maps, étale maps, the path lifting lemma, etc., also
hold for graphs in the following sense: namely, if G = (Vg,Egir, ha,ta,ta) and
H = (Vy, Eg}r, hr,tm, o) are graphs, then a morphism of graphs (or graph homo-
morphism w: H — G is any morphism 7 = (7y,7g) from the underlying directed
graph of H, (Vir, ES hy,ty), to that of G, (Vg, E&T, hg,te) which, in addition,
respects the edge pairings ¢y and ¢y in the sense that mey = tgm. We then say
that 7 is a covering map or étale map if the underlying map of directed graphs is.
A walk in a graph, G, is just a walk in the underlying directed graph.

Hence any theorem above such as the path lifting lemma or the Perron-Frobenius
eigenvalue comparison theorem, therefore holds for graphs just as it holds for di-
graphs.

3.5. The Universal Cover of a Graph. If we fix a graph, G, there is a “largest”
connected graph H such that m: H — G is a covering map, in the sense that
for any covering map 7’': H' — G and any vertices v € Vg and v’ € Vg with
m(v) = 7' (v'), there is a unique covering map 7: H — H' such that n(v) = v’. In
this sense, m: H — G is a universal cover.

In fact, H is a tree (therefore, generally infinite). If G is d-regular, then this tree
is the (unique, infinite) d-regular tree, T}.
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Example 3.9. The universal cover of a cycle of length n is the “infinite path,”
whose vertex set is the integers, Z, and where x,y € Z are adjacent (with one edge
fromz toy) iff y=o £ 1.

Here is one way to build the universal cover m: T — G of a graph, G. By a
non-backtracking walk in G, we mean a walk

w = ('U07617U15-~-7vk717ekavk)

such that for all i = 1,...,k — 1, te;11 # e;. We let the vertices of T' be the set
of non-backtracking walks; we declare the walk of length k above to be adjacent to
the walk of length k — 1

(’007 €1,V1y...,V_—2,€k_1, vk — 1),
provided that £ > 1, and—for any k—to any non-backtracking walk that extends
w by one vertex:

(V0 €1, V1, - -+ s Vk—1, €k, Vg, €, V)
with e’ # ep. We define the map Vi — Vi to be the map taking the non-
backtracking walk

w = (Vg, €1,V1, ..., Vk—1, €, Vk)

to the vertex vy. We extend this to a covering map in the natural way; for example

we define the map E$* — Egir by mapping the edge from

(v, €1,V1, -+, Vk—1, €k, Vk)
to the walk
(V0, €1, V15, Vk—1, €k, Uk Cht1, Vk+1)
to be the edge et1.

3.6. The Alon-Boppana Theorem and Stronger Results.

Lemma 3.10. Let T, ¢ be the d-regular infinite tree, where we pick a vertez, v, in
this tree and take the induced subgraph on all vertices of distance £ to v; we call v
the root of Ty ¢. Then for fized d there exist Cy,Cy > 0 such that for all £,

2vVd —1(1 = C1 /%) < Mpp(Tuye) < 2Vd—1(1 = C1 /).

To prove this lemma we make a detailed calculation of the Perron-Frobenius
eigenvalue by building the appropriate eigenfunction. Namely, we look for a func-
tion u: Ty — R that is everywhere positive, and such that u(w) depends only on
the distance from w to the root of Ty ,. If we content ourselves with the weaker
bound, namely

2Vd —1(1 = C1/0) < App(Tuy)
as in the original Alon-Boppana theorem, we take u(w) to be (d — 1)
is the distance from w to the root. In this case we easily see that

R(u) =2Vd—1(1—0(1)/¢).

—k/2 where k

It follows that
R(u) < Apr(Typ).
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