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- Simplicial Homology :

- Graphs & 2-dim abstract

complexes
- Hi(6)

,
i = 0

, 1

- Laplacians Avert , Jedeo



Admin : For now,

Homework 2025 in Appendix A

of Intro to Simplicial Homology
article.

Munkres : Elements of Algebraic

Topology :

many good examples of simplicial

homology

For Laplacians .... ( ? ) , I don't

know a good texbock---



Abstract simplicial complex :

# : vertices
,
set

,
finite unless

we say otherwise

Kabs is a set of subsets of T

sit . ACT
,
AEKabs

,

and A'CD
,
then Ac Kabs

-

A simple graph" G : (VE)
,

so V is a sets finite unless

otherwise specified, E is a

collection of pairs of subsets

of
V of Size 2 .



I Kabs is a simplicial complex ,

dim (Kabs) -

max (11-1) ·

Ac Kabs

D graph ,
G = /V

,
e)

abstract simplicial complex

4030 -E = Kabs(G)



Simplicial homology :

If G : (V E) , then a G form

on
G is formal IR linear

combination :

:
G: IR , view ,

-
notation

for O-ferms

V = (A ,
B
,
c) :

20 . A + m B + (( .z31)C

but : zo . A + 3B = 30A + 3B-IOA



This becomes an IR-vector space

formally we mean !

.. vi)
and

& Hisvil:Vi
un

IRXT

if for all veX

[die i
Vi = v



(wve can also think of functions

* -> IT as the same thingas

a formal IR-linear sum on the

set V . )

A b form on
G = (v

,
e)

is a formal sum

i(Vi ,Vi]
sit . [vivigeE,



but we identify

[Vi , V =] with [vivi]

We use C ;
(G) to denote

the i-forms on G
.

We now define

2. 2 ,
(6) : e

.

(f)+ t
,
(f)

vic

2
.00 : [vivis)

- : ((vic · (vii)



9 E : [LABL,SAc

I-formi
3 (A ,B]+ 2 [B . c)
i

320
fromAis

2()3(A , B) + 2(B .c))
= 3(B - A) + 2(C - B)

= B - 3A + 2C



We define : 8th homology group
of G

Ho(G) = Coker (81)

1st homology group !

H
.
(2) = ker(2

,)

2 : "boundary map"
Where

ker12l = (Tet , (a)(2 , t 0]
cuker (2

. ) = Co(G)/Image (2 .(2)



eige Claim :
B

Hi
5 (A , B) + [B , c] + [C , A]

-
2

, (5)
: G

.
( (

- B - A + C - B + A - C = 0

T, ker (2 , (

ker(2
,
) = z

,
(2) : /



The
- (A ,c) +( ,D] + (D ,

B]

2
,
(Tz) = ( A + D - C + A -D : 0

is:
1

= (A
, B] + (B .c) + (c , D] + (D , A)

= 1[ ,
+1Tz



B

A
D

intuitively : -
(B)

A C

"Cancel
T

(A
,
C

=

= (c , A]
Theorem !

H
,
(G) = Ker(2 ,

[IR[ , + IRT2]



We define the 1-th Betti number

of G to be

Bi(G) = dim (Hi(z))

Example

B . (2) = z

Intuition ! B,
*

# of independent
cycles in2 "

Turns out

B ,
(f) + min edges we need to

remove fromG so that

there are no "cycles in I



Grept theory : a cycle of

length K is a graph of

the form

Vi

no 1.Desmone...
s

Sit .

V = GVsk , --- ,Va]

E = GaviVY , Grnish, ..., Erashah,
SVV3 Y



A eple in a simple graph , G,

is a subgraph CcE Sit.

C is a cycle ?

B

2- aX I
V
A

then

]c,



(1)
Theorem ! Ho (G) =IRBold

Bo(G) = # Of connected

components of G

Ho(G) = to/Image (2)

(2) Bolg)-Bi(G)
- x(6)(V1 - 16)


