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SVD - Singular Value Decomposition

Think of SVD !

- If A e-Mn,nhR) is symmetric ,

then A has ON ergenbusis
,

A Ji = Xi Ji
, Y

.
. . ,
Tn ON

then (spectral theorem)

A=Etivivi -- I

( used this far As Ag ,
G graph ,

Especially nice d- regular graphs ) .



If A is not symmetric ?

- General A -has

Jordan canonical form

fi :*, es .

canst cools

most other times --①
-

"

Most A c- Mdm
"

have

distinct eigenvalues



Reasonable things for A net symmetric

① If A is self-adjoint Wrt (
,
)

inner product
,
then A has red

eigenvalues , OH eigenbusis , OH ⇐ ( i )

② Perron - frob for A with non -neg

entries ( A irreducible ) you get a

nice X
,
= means

"

capacity
"

-

info theory

③ If A is general MnHR)⑤
you chare bioethanol decomposition



④ for
any

A e- Mm
,
n

( H2) there

is SVD .

- Reduce information ( dimension reduction)
-

tricnicipd Components '

i

④ & ① have associated
" variational principles

"

t

consider A E mhm
,
n
CR) :

f- CENT :S HA - a- Jill
2

Frob

minimize f .



"
u

Aside

Imagine you
are given !

XT
,
XT

,
-

-

,
Tim c- IR

"

n large, m large . Say you wat i

k Cn ( probably k small , maybe ka )

want

4T ,
-
- . , Tim c- IRK

asuch that Ji
"

represents I.
"

"

as best as possible
"



More precisely !

we want

Li IR
"
→ IR

" ( linear)
sit

.

-

FLI
,
.

-iym ,
L ) =

¥i÷÷÷÷÷:
I = I

approximation

is minimized over all yo , r
. ,Im9Rk

and L ! 112k -3112
"

.

"

Reducing from IRN to IR
k "

I



Such it , - → Fm ,

L exist

( giver Xi , . . . ,
#firm and Kew)

AND ACTUALLY

~

yi =L Xi

FOR A LINEAR TRANSFORMATION

I : in
"

→ Rk ! ! !
=
-

we find £
,
L : IR

"
-' IR
"

via SVD
.

( today ! mostlyI
do Ksl )



Why

Fs :{ I Ii - Lyiii
Sum of squares error ?

( Also typical of - liner regression
- modeling
film via C. tbxtcx

-
..

You wut f ( ) s means of error

① non-negate ② zero G- exact

fit
-

- Maybe this f is geed for Gaussian



Warning ! In some applications : . .

F .- mix ME -EIR
p①

Me
. .

.

maybe psl ,

Reilly - choosing f- as we do

leads to an easy computer - -

wmcy be related to - -
SDV

HA - a villa, -

.



Vcriatrmd argument :

Say that I , t chosen so that

HA - a- Jill is smallest
Frob

( last time It ,J* ) a- c- IRM
,
felt?

Then for any ft IR
"

2

gig - HA - a- ( view ills
,

has a minimum at Eso j

claim :

gk) -

- cotcc ,
+ g
-
c
, } defends

in



and hence ②
,
so ( for all at )

=

Fnb norm : HBK Fbi
Use

= BB5
= first:::÷÷÷:÷
.. . .⇒glas Ikea T )

"

% . say

"



glas cot EC ,
EE

>

Cz then

c.f. 2) Tr( CA -uiiilwui)

C
,
so ⇒ for

any
in !

Tr( CA -civil Gut ) :O

* Trl Awit ) -- Trfivfiwtui)
> I ¥ In

rgbc
" """

as
utAw)

trfuuif.ir/utu)



So

2 renal numbers are

equal

*Ju→TAw-=ft.w)Cu.uTW
So !

① If -0 IT then T - to so
,

@iii. at = (ut AB. in so

so IT A = Ps
T

ATE = p f

find p. !



1.niet - pent
-

→

a-
t A V

(* ) h

EA wtf = certain)
0=8

⇒ if J -J so

B = t.eu
.



[ varied A-

Hence i A - ut' via
f. as

⇒ pins BT①u
② Vary A - I e. IT '

and conclude
-
- -

-

Breck 4 minutes

-



For
any of

'

trclsteniislu.ws✓ row

=

HA - ut'll = KIA -

u

%

Tr ( BBT ) - Tr ( BTB ) = Elbi
L

↳
ftp.vutller.is

Make some conclusive Cfreminiscertgu!!)
A → AT

,

'
-→ I

,
→ I



②Ai
Jet

In particular :

A Atu = ABI

(Anita =p Ai : poi
-

symmetric

Mann

that

CAAifspitri.ms"



% Miser
B = Tiu

( AAT ) i = Boi
w

xu2ex@A8sfoiv.v
Chink = Eft

×



Other approach !

Anita -

- ta
" a. p

( DTA) 8=15
.

-

ca - uscvv)
=

Clam ! X is the largest eigenvalue
of both ATA ad AAT

.

=

"

Reverse Engineering
"

A c- Mm.nl/R)
look at B .

- ATA
.

B is symmetric ,
hes at basis



vi. uh , - - Jn ,
Atavistic

Claim ? hi 30 !

Chi oui =(A' Atiku,
"

tilting ,
=viiATAq.

- springtail
positive

=L

Atagahsi ,
= CATHAY )

30

So di 30



Arrange di 's :

I
, 3h23 - e

.

> 1h30

Deft fi denoted Ji

are the singular - values of A .

① Why SD - decomposition

② Dimension reduction

F. - - Ime IR
"

→ 112181



-

class Ends
-


