
March 18,2021 CPSC 5316

- Problems up to now 4 a few

added today & tomorrow =

Homework 2

- From here { Homework 3

Presentation & Notes

for Presentations - email me{ speak to me
- Homework - cite other references

,

but write out any proofs in

your own words ( in class notation)

rather than just cite a theorem



- Homework !
"

write down;
"

give
'

( also explain or justify unless
-

-

explicitly saying net to D
-

If you want , hand in HW 2

for feed back
, up

to 2

weeks from today .

-

Hand in all homework 2

weeks after last problem

assigned .
-

Most recent problems ! I gave

it 8 problems , aksked far at least 5



Last time !

T"

Variation Principle

we had inner product space V ,

( IR = scalars
,
also Q = as sealers

would also work ) .

No harm in thinking of V s IR ?

but everything goes through for

h
- dimensional vector spaces ,

with inner product : (
, )

or C
, IT



Formally (
,
I is a map

x → IR
,
write ( 8. if

I aim ( 8. in
.

E.g .

( il ( T
,
,Jz) = T

,

- Ta

¢ ) Markov matrices
,
P
, reveille !

h

( W
, ly - E uiviti

is ,

and

( Pci
, TIE - ( K ,

PJ)⇐
we

say P is self-adjoint



writ
. inner product (

,
) # .

,

where I = stationary distribution
run

Realty =CLv
iv. is

-

L : V →Tf ( e.g .
IR
"

,

LCT) = AT for some AAMIR)
Step l : Emesis that RLCJ )

has its maximum at T *



Step ! We take of c- IR
"

Te - J * + eat

( EEIR
,
think of E small)

fk) = Real Te ) :

by assumption Eso is a

maximum of f ( E ) , i.e .

f- 401=0 ( assuming f is

differentiable near Eso)



Real = Coxe , E
-ice
'

t
- - .

=

Co + C
,
E r order ( E' )

f n

Belt 's /
C
,
- messy - - .

but
c. so ! !
-

Rayleigh quotient - diagonalizing
the D = Laplace operator



Then !

① The variational consideration

shows

Ift) = c
,

T 's

in

this had to argthgoncl to any
vector orthogonal to 8

"

Also J
*
→ Ja

C
,
→ I

,

= React , )

How we get Tz - - -



to get intuition ,

think of IoT
,Consider

m

( Tib -

- fi I kind}

a .t.E.ve
,

for a product

ILLES Tz maximizes

Ralt) over
all I c- (Tf
unit vectors

It n fil vie .
- vi. is



this set is also ( sequentially)

compact ( i.e.
,
closed and banded)

,

Similar calculation !

> Lif J s I. ad Je

then consider !

Ry ( fated ) has max tat eso÷÷÷: ""
to any such £ { so

Bahini ily )



→ t.CI
,
hit

L is self-adjoint
= ,yj*Jd=O

Icon . EI
= data and

-

- -

How look at

airing :
-
Condado max Rect) over§
imagine its maximum is

attained at 83 ,
etc

. - -



This gives us

8
, , uh ,

-
-

,
Tn

with LCT ; )
- Xi Ti

and
VT , - -

,
Tn are mutually

§ ÷::
' wa"

Ji
,
- -

,
Tn are a basis of
hmm

we have proven
!



This ! If C
,
) is an inner

product on IR
"

or any n
- dimension

IR - vector space ,

Tt
,

and L : of

sit
.

( Ld , t ) ( ii. IT )

for all UTP
,
i.e

.
L is

self-adjoint ,
then L has

an orthonormal eigen basis

( replace Ji = Ti 111 till(
here Hells ice ) .



Question !

Any continuous function on I
sit

.

Xie Xie . - exist *)

has a maximum
, why oath

£ E f El x.4.exist} and

Y ' :÷÷÷ :}
f-

Closed ! as xzb closed
condition

as X c b not



Singular - -Value Decomposition !

If A s ( aij)
E Mmm ( IR)

let

11 Aller, =§lai
' j

same as viewing A E IR
""

view et IR
mm

take usual faction

norm



HA !! ' E laid'
i
, j

for computations

¥ laijl
'

= Tr CA AT )

= Tr ( AT A )

ca::: f÷÷:S



at
antara.ie/azixauxa5Tr(7--Eaif

i. j
=

"rank sdinmlinnaga)
Consider raki matrix

fee.gs//A-EEill
'

f f
Eob

TERM
,
Jenn

mm



I ←I IRM
"

,

JT -s 112km

W ft e IR
mxn

#

Consider

min flags)
a- c- 112am

To ID n

←
why ?

Imagine that this minimum is

attained at ii. it *
,

J
.

- T *
.

- -

How ? Variational principle ⇒ SID



-

4 minute break
-

variation
we consider
~

g. ( Els f ( a-
*

,
Jtxew )

we have g
'

(d) so )
L

cot E C
,
T E
'

Cz T- -

¥
glass 11 A - a- * ( treas'd!

I



(p - a-
⇐ J *

T
- a- ← ft e ) .true crime .

= Trace ( message E mess , T E ' Maass)
-

• mess
,

= u-twifrf-u.tv
tcp-u-up.tl/u*wigiC

Trace ( mess
, ) must be 0



Trace ( B) = Trace ( BT )

⇒

Trace ( mess
,
)

= 2 Trace¢ A - i * feat ) Iii
-

-
← must be o

Tr ( Actu*T - if * . E) Eat)

( Irc CD) = Trc DC)



↳
Trace ( a'*TAJ -Mowgli

.it/=u*TAw-f-.w)lu--.uTW
for . allI .

Ckssen
-



Lemme 4.11

Mixing times I f

dItcs)sdTs1
dlt ) is max kept.jp'll

5J Stochastic
TV

Slick Pf : via coupling .
-

Pf ! optimal coupling from

Prep 4.7



" t
- V H
, v

s

" optimal caring
"

-

int {Prob ( x ⇐y) / HY
) is

"

E o
: :

§ 4.2 Coupling a TV distance

Sometimes easier

dlti = myx Hr
Pt- aptly,

dltl E d- It ) E 2 dlt)

§ 4.2 , 4.4 ,
4.5



Then prove good upper

bounds or mixing times in

§ 5,3 Randon walk a 1B
"

- r i - cycle, tons

-

Kneader Parodi 3,18

A s ( ai ;) E mm
, ,n ,

"R)

B : ( bae ) c- him
,*
HR)



A @BEMm.mz.n
,
ma! 'M

- n.

( C
. . )

"÷÷§c ' a b.④
toflatted

using B with blocks of

G dans of A

- -

A
-
-

-

.

-

- B



I
'

ya
"

I " y
biz

Kc: : )

÷÷i÷*::*.1st mat
" ""-



OR

c : :S c: :S

I
÷÷÷÷÷:



Ag : a
; ;

s
# edges
Vi → Vj

Ap ' b . =

# edges
kl

wk -1 we

Vas Lu , - -Nn }

UH = { wi , - - ,
Wm}

elt of

Minaa )
= a baes ( Iw ,÷we )



Vi→ up
4 w

,

Gus
Mahi. 3

-

what is a good definition
of G ④

tensor , H sit
.

Mate:s÷a5Aa9÷÷: "
-
how to

de
eked GXH simply to 1B

"

= ( IB
'

)
"



Asc : :3

"¥1 H
H

,
④Hz

I



¥7! O Squee drum

vlog t

=

-

sum I
fund ay Ew

eiyytntmofv.ua#=Iucx.yl-.UfxsH
+

Ucla Vzlylt . -

functors! = fY¥!!'


