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Into : § 4.3 Homework & Supp Notes

later return to expander , via

artilale by Harry , Lini al , Wigsdesrson
Expander Graphs & Their Applications
-

Also use these fools to study

Markov chains of various classes

-

Reversible MC G
"

almost symmetric
- General l ' ←I eigenvalues tell

you a lot
, but

not everythy



Last time! Vi

graph , d - regular : ya# vz

y :

Y
,
- gud f

could be repeats Vd

could include V itself

Thin ! If G is d-regular , - n vertices ,
if

Incas .
. - stake

' 414

ate the eigenvalues of AG
,

then

- de ,lnk ) d. lol 'd

- the multiplicity of d as an

eigenvalue = # of connected components

of G

- Ins - d iff G is bipartite



(The Expander Mixing hemin)
U
,
W C Vg ,

C- ( yw) = the set of

edges from U fine . its tail is in U)

to W
,
then ( ig fan:

t.cl/EC-yw1-dalullwl/tpfulTwI-r
where ideally small f

5=7;; I
ticals mall . . -H

=

Think of d as small compared ten - e -

Tini ::
"
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..
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Intuition !
head

tall l
,

I
IECU

,
w) I = ? roughly

Random d -
reg graph

U hes d. 101 edges

[ expect " 1¥ prob for a single edge)to land in W

total
"

expected
"

( flu , wtf roughly da lol - lull



Recall :

a %:C
.
oil

{ digraph ( directed

em

-2

A
← digraph → .

on a
etc etc

convention t

a o
o - a

digraph



Last time !

Claim ! multiplicity of d as

eigenvalue =
# connected components .

II. DI El ! lied;:e
Say Aisha

① t Ed
,

② f. d ⇒ something
about connectivity

I to
,

Te has some pos or neg

entry , we ear, Sassone T has

a positive entry ( otherwise I -7 - ie )



How Htt ve Tf sit .

Tlv) is largest possible
,

Thi -M

u

, UTM E m
'

.
ur inner

Tetum j .

G i

✓
d

Hed) E m
i - -

want to prove

① I Ed , @ If X =D
,
then

. -
-

( AGI ) Cit ) s a- Cult . . . + Elva)

Aa = C! ! ) , rest O 's



So (Aguilas E Thi)
✓ Vi neighbour

of v

I. m

Im f d . - m

⇒ I 'd

whet happens if I =D :

dm t dm

but secant equals dm
Iff Tcu

,
) s

- -

= flat d) = M



If Agee = d. a-

and a-mom ma baked E

Th
, ) : th

d 'd

UTW) - M f .

implies
-

,

=M

I i

= Smiled
,

Md )
.

-M

m ⇐
M Emm
m

nm"
m#m

m

m

=) any V
"

connected to v
has T(v ' ) = M



= a
Mi

° Mz

G : C.IT all
m
.

m;
-

jm ,

s -nswn÷mm¥:pmil
.
- in

,4 connected my

components ,

maximum principle ⇒ AGE = duo
,

then I is constant on any

connected component .

Inverse '
.
If I is constant or any

connected component , then Agan - dir .



Claim ! Since

{ E / Aoi -- di } =

{ of / T is constant on all

connected components of

G }

⑦ eigenvalue d has multiplicity
= # connected components .
-

5 min break



Bed ! The multiplicity of t as

an eigenvalue ,
A
, ifAis

digonk '
.

"

geom multiplicity
"

= dim E
,
,
Eifel Airtel

(this equals
"

algebraic multiplicity
"

via charctoistic polynomial when A

is diagonalDubh )
"

basic
"

G

Ed has basis : a③ i o e

a@ C l O

ctn a c l



N -
-

V
, fz 13

A

÷:
M

any other J
,

could write

J .

- T
,
c , I ca ' I Cz
+ ( orthogonal to 4 ,

I ,§ )
-

leftover part = I

e- t I.I.I ⇒ E etui so
U G com

conf



So if I is not I
,
then

II + 8
,

'

'

an④ axis
,

{ d- ( v) so
,

so I has t entry
v in

- entry
⇐
no
'

so £ is not constant

on T
,

⇒ I * Ed
-

Explain in more detail
,
and

prove Gp . Mix . .



We dam ! let UT
,
- .

,
Tm be

an orgthogonal set of vectors in IR
"

-

orthogonal i ii. Te , ¥0 ,

i.e
. Tito

and
I
,

- Tej - O .

Then
- -

s a - Ui

proju.la ) = ui⇐ )
i

projq.la 's = Tei 'C



If iii.Tei - I
,
lui !! I

then

proju.ca) - ai ( Eui)
=

Eg .

-

Ui ai oui -

G ← all I 's # vert in

← c

'em I

a④ ← O

unit vector version of

Ei = Tiffin
camp 1

.



If Itai and
hi

Ti :
'

⇐i:&:/c-of
ther

E. ai - E 8h)
sum

v in cap I



Remark : If a- e IRN
,
( Gh '

if !1 .

.

His
I d

,

ii. I - n

E.I

prcju.la) s ti -
ten

projects I = I ai

=

¥ .

. dail !;)



a- skin;D + letter

f←
leftover

prigge)

what is

/ leftovers ?
Answer
⇒ Caputo

"

Mi n
,
Lemmen



C.Kass Ends
-

Take
cm vs (Y;) }notle
lil .

V
,

CA - I)v
,

CA - Itv

theory mdep
-

-

= -

3.11 :

6
.
f) ( n) = fln - i)

(j f)(n) = flint )

← f) Cn ) = fcn - l )



←
+ f) ( m ⇐ f Cnn )

6. f) (n ) = f Cn - i )

( 0,1 .- (rt )
"

-

(Ja 26 Band Sca )


