
Homework 3

(a) Joel Friedman

(1) r is of the form

& .. where de

are arbitrary elements of 41 , 23.

There is no proof thatr is rational.

&In fact , this shows that some element of

the form d is irration,t

moreover
,
the set of sequences (d.,d ....

)

is uncountable
,
since this is in bijection with

maps 116 + E1 ,2] , which can easily put into

bijection with Power (11) . ]
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(a) Yes - let's prove
the contrapositive :

if f not injective ,
then for some

a
,
an D

, a ta and flail = flaz)

Hence g(f(ai) = g(flaz)) · Hence

(gf)(am) = g(f(am) = g(f)(az)
= (gf)(92)

So gf is not injective.
Hence

,
ifgf is injective,



then f is injective.

(b) No : If D + [x] ,

B : EX ,43 ,

and C:Sl]
,

and f and g are given by

X + X

Y AND
X
+
Y1-

B = B B C

thengf takes X to I ,

and hencegf is injective.

But g(x) = g(y) = 1
, sog

is not injective.



(c) Yes : by (a) ,
f is injective.

Hence for each be Imeg(f) there

is a unique at A sit
. flay- b.

Hence (Image(f)) = /B) = IB

Emage(f) < B and Image(f)/ > /B1 ,
we have Image(f) = B.

#
g were not injective ,

then

for some b, by with b
,by

we would have glb .) = glbal -

Since Image/f): B
,
we have



fla
,
1 - b

,
and flaz) -b

for some 9
, 127A ,

and

a,Far since flail #flaw).

But then

(g f)(a) = g(b ,) = y(bz)= (gf((az)

but afan
,
so gf is not surjective.



(3) 10
.

Indeed
,
let

#- I be given by fix =X
and

&
Y if ye (ie . Y= 1) ,

g(y)-
v if ye (ie . y>)·

Then
111E takes X to Y

so gf is a bijection , but g is

not injective [Since g(1)-g(o) : 17.

However
,

111 and I are countably

infinite
,
and hence can be put in



bijection. So

A = BC

with fig as above (and A=C ,
B =2)

give a counterexample .

[Note : There are many possible variants
on the above . We do know that

g must be injective on the image

of f
,

andf must be injective ; hence

we know that A and f(A) are in

bijection via f . So it suffices to

choose any injection f : A+ B such that

Jf(A)#B and D and B are in bijection.


