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(a) f(B) = D
,

and

f(c) = [A ,
B

,c]
= P

(b) Since BefIA) ,
BET

Since Cef(C)
,
CAT

We know TFf(A)
,
since Bef(A)

but DET
.
We know TFf(C) since

Cef(c) but CeT
.

(2) How we know f(B) = [B , Ch ,
and

have Bef(B) so BET
.

Since CAT and A
,
BET

,
we have

T = GA , B3 .



(2) 9
.
4
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1(a)

if (ii) 112 and itjE2,

li, 3,
i
hij 112l

if Lijhel and itjjk for

some k = 2
,
3

,

4
.... then

(ij) is one of finitely many

values
, namely

(1
,
(1) or 12 , k2) or--

or (1)



Hence
,

for each k = 2
,
3

,

4
,--

there are only finitely many
(i

, j)e1152 such that it jok.

(And ,
of course each (iij) EN (does satisfy itjok for some :2-

Hence we can write a list of all elements

of 12
, namely

1 .
I

,
Mil

,
l,~

i + j = 2

&

Hence 1152 is in bijection with 111.





(Note : There are many equivalent

ways of writing this ; for example,
one can write 110 x1 as a table

(1
,
1) (12) (1

,3) --

(2
, 11 (2

,
2) (2

,3) ---

(3
,
11 (3

,21 (3
,3) -

i i

..

Then the solution above is just

like the proof that Q is countable .]



(b) [Again
,
there are a

number of ways

of solving this problem .]

For each 1:3
,
4

,
5, ... there are only

finitely many triples (isjik) such that

injob = M
. Hence we can list all

triples in order of it l ,
e . g .

itjtk = 3 : (1)

+jek = 4 : (1
, 42) ,

(1 ,
2

, 1) ,
(2 ,

1
, 1)

j + jth = 5
, 6 -

- .: etc
.

/Question for your amusement : how many

triples do you get sit .

It jokid ,
as a

function of I ? (



(C) There are many ways to do this...

Here's one :

to each (MM2 -
--

, Mul CK" , say

the "rank" of (n
,
. . . .,Mul is

n + 12 +... +h · Then

2) each element of 111
* has finite

"rank" and

(2) for each 5 = 0
,

1
,
2, ... there are

only finitely many elements of 111
*

of "rank" equal to r : indeed,



rank (ni
--pl -N implies

& KIV (since each element of

11 : [1 i
2

,
--

. l has value -1) ,
and

③ each ni has I W .

In view of Q,
,

we have

rank (n ....., in) &r imples

(n1 , ...,Mic) lies in

So = Cr]% [r]'r ...
vir]" ,

where

[r] = 51 .
2

, --

,
wh

,
so Se is finite.

Hence we can list the elements of

1
*

by their rank ,
listing them



as the elements of So
12 ... S

&

11 -h -Sz

i

giving a list li
,
la

,l .l , ---

st each element of 11* is found

Somewhere on the list . Hence this

gives a surjection

11 -> 11* (namely in (i).

Hence 115
*

is countable
.



(3) The bonus question
: (this solution is not as

complete as for a non-bonus question]

(a) There is a bijection between

[271 and Power (1) which takes

(a, 92
,
az , ap .... ) Chence : + [1 ,2) for

all i)
+

(new) an = 23

(or and I if you profert .

Hence (27" is uncountable
,

since

Power (111) is (by Cantor's theorem)



(b) Idea :

group
the sequence

Janananians ---) = (21
into

groups
of 2 bits :

9,92 , Azay , agay ,
---

and map 11 H 1 Cor something
12 1- 2

21 1 3
Similar ---)

221 4

to get a bijection ; e
. g.

1) 1 1222211112----

b in no no in

I b ↓ b
11

,
12

,

22
,

21
,

11
,

12
,

---

1 I III I

I 24312 etc.



1 Similarly group the bits/binary

digits) into groups of size 3.

(d) Reverse the bijection (z]* + /47
find apply the bijection [2]" -> [8]

Chence each
group

of 3 elements of (4)
is mapped to a group

of 2 elements of (8)) .

(e) Take f : [8) + (7) with flilsi for

is 7
,
and flo) arbitrary

(Question : how many surjections (8) +[7]

are there
?)

The map taking

(a1
, 92193 .... ) # Iflai , flash ...

)



gives
such a bijection

(f) Similarly

(g) Compose the surjections

(7) + [2]* and [2]
*
- [8]

*

(the second function is also a bijection,

but
any bijection is also a surjection).

Not for credit :?? You can set up a

map [7]1 -> 10 ,
17 taking

La
,-) to 09

, G293 --- ,
viewed

as a base I expansion ,
but you get

collisions
,

e
.g. 16666..... 20 in base 7.

So
you

could take out these countable many



collisions
,
and do the same for [8]'

(Q : What about a bijection [7]*- [0 , 1] ??

These sets have the same cardinality ,
in

any system of axioms where S and

Sx41 .23 have the candinality for S infinite ,

such as EFC .)



(4) (a) The set of i
, je such

that itj:l for I fixed is

G ( , 2- 1)
,
12

,
2.27

,
---

,

Se
, 1]

which has 111 elements. The number

of pairs (i, j) with itjs & is

1 +2 +... + l = (2) .

So if itj = a
,
there are (a) fractions

i'lj' with itj'sa-1 that appear or

the list strictly befor ilj ,

and its occurs

at latest in position (2).



(b) (9) fractions its occur

J

with itj'sa- 1 .
Since we are

ordering the factions on level a as

lay Yaz
,

-- ,

"I

the fractic I/j is the it fraction

on this list
,
and henze occurs as Sk

where

k = (a) + i = (i+ ) + i

-iii
(c) The relative density of reduced



fractions in the
way we have listed them

is well-know to be

(1 -)(1 - j)(l - 5) ---

intuitively , (i
, j) is reduced iff

(1) i
, j are not both divisible by 2,

which occurs with probability :1.
since both are divisible by 2 with

probabilityIn
AND

(2) ---- 3

AID
--g

etc
.,

and these probabilities are "sufficiently close to

being independent "so that the probability of
all these events holding is just the product -



Of course
,
this isa proof .

For hints

as to how to get a rigorous proof,

see Homework I
, page t ,

Fall 2019

version of CPSC 421/501 (you can

get to the Fall 2019 homepage from

this year's homepage) .
This product is

easily seem to be

Y() ,
where TISI:E n

-Sine(l-s)
and it is well known that

(12)=

Hence the relative density is2 , which



is well known to be irrational (even

transcendental) -

If we had

k = 0
,
+ idz + jez + i Cy + ijs + j9

with &1--yCQ ,
then the

fraction 1/m would occur in position

& 2
+

nGz + 24 + neg + n22 ;

however its true occurrence is in position

(ni)(() = n( + 0()
which cannot equal M22

,
+ 0 (n)

On can take many variants of the faction

In above
-


