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(1) 6
.

1
.

1
on the handout Non-Regular Languages ...

(a) The DSD must look like

·-sa cycle length p
90 Ens

All states in the cycle gnos -... 9not(p-1)
must be rejecting , so qm must appear

before

Eno
⑧ j-c&

<

9 o
... 9 no "·

so m = rot
, P31 ,

and

#
states

=

nrtP > (M+1) + 1 = m+2

(b) Similarly all states along the cycle are

accepting ,
and 9m is rejecting , so

meno psI so notp Moh

[Alternatively : to every
DFA

,
M

, recognizing L ,



by switching the accept and reject states ,

we get a DFD
recognizing
[*L

.

So for Las in part (b) , S
**L satisfies

the conditions of part (a) ; so if a DS

in part (a) requires at least m+2 States
,

then the same is true for part (b)]

(2) 6 .

1
.2

(a) Say that

V n = no
,

arch arm's

and

Fr no are t anme L

then

↓n = max (n!,no

anmeL arch antre



Sc

antm-) anm'sh

E
a
n + m + (m - m)

- L

Setting k
=

ntm
, we have

ac a (m-m)
-L

for all k sit . n
= kmk max(no

,
n)

,

i . e ., for KC
,
where C=memexIn!, n) ·

Hence L is eventually (m -m) - periodic .

(b) Say that Lis p'periodic .

We
may

write p'= p . r + (p'modp) where r = /pj)
i . e . p'spor + i where Ofisp-I.

Since Lis p'periodic and p periodic , we have

Lis (1 p'p periodic (if p'-p > 1) ,

hence

S (2) p -2p J . p-2p31) , hence



(3) p1-3p (1 - p-3p31) , hence

"

and /by induction or r(
i

<prp) periodic ( * p rp>1) .

So if
p'modp= i is one of 1

,
2
,..., p

them Lis i periodic , which is impossible

Since 12i < and p is the periodicity

of L
.

(C) If M is a DFA that recognizes L ,

and the cycle length o M is p' , them

L must be p'-periodic .

Hence (b) implies

that p' is divisible by p .

(d) If M looks like



=a5 cycle hengit p
90 Eno

them ii

n = no ,

for all r>0

aur

als LE an ch

al c) anPerpe

Since Lis poperiodic , then for ~ sufficiently

large attrp'sLEs anxptrp'sL .

Therefore (for all n? Nol

arc > ameL
.

Hence if p'sp , we can replace the

cycle of length p'in M



92
,

onlaro
L4 cycle of

↑ I length p
⑧ ,

9n
,+pis

by
·

Gratt a cycle of

9 C
⑳

- Y- Enup
length p

The new ASA has not states
,
which is

fewer than the original D (with notp') .

6
.
1
.
2(e) If n

,
is the smallest integer with

n =no arch > are L

then the same is not true for all n? Mot
,

hence one of aro and a"ott is

in L
,
and the other not

. By (d) , the smallest

Di
recognizing

L has cycle length P ,



and the path in L must be of length

at least no .

Hence the number of states

is ratp in any such Bfr , and there

is a DfD with notp states (whose shape

is ---ot > patylersty .
↑

path length
Mo

Hence the DSA recognizing
with the

fewest number of states has hotp .

(3) 6 . 1 . 4 L has period 3
,
since for

large n , ac) (n mor3) = 0 .

L does not have smaller period ,
since for

all ~ divisible by 3 ,

arch but an an AL .



Since ailh and ach
,

it is not He that

n = 0 implies aVsL arch .

By contrast ,

nr- I does imply arch ash

Since for n3I
,
arch if Inmod3) = 2

and awdL if (nmad3) = 1
,
2

.

Hence no in 6
.
1
.
2 is I

.
Hence

, by
G . 1 . 2 . (e)

,
the minimum number of states is nop

= 4
.

aI
The DEA

-
+y* IiS 9it

-
⑮



(4) 6 . 1 . 5

The period of L can be :

1, for example L = 2
*O

②.

far example ↳ = Gar ) n is event

⑭ for
any kill with k=2

for example

L: (a2)(amod2k) = 0 , 1 ,2 , 4 , 6, . . ., 21 -2)
since this Lis peventually) Ik periodic ,

but is not 2 periodic /since arth if

n mod(cK) = 3) and not k periodic

(since areL if nmodRk)
= 0

,
1

but aeL if



n mod(2k)
= 12 if K is oddE

n modpk) = k11 if K is even

(If I has period d and d <2k
,

then d divides 2k
,
and therefore

Id divides k) or (d divides 2) , which

are impossible since is not periodic

or 2 periodic . (

L cannot↳d p'if pis
-

odd and p'>1 ,
for if so then for

large n , arch aleL
,

and far all n odd we have nip' is even

and so antpcL
.

Hence

arch for a sufficiently large and odd or even



hence L is eventually / periodic .

!burre e
far example

L = (an/ never orn for some ke]

(i . e . M = I
,
101

,

1001
,
10001

....
)

since this L

haveperiods (since nodd and large
,

such as n
=

10 + 3 does not have ans()

(2) d have an ever period p , since

10+ +

p is add and <10k* + 1

for
any with >10k4 , gk = 9 . 10

so k with kL log ,
(p/9) .


