
CPSC421/50) Fall 2023 Homework 3 Solutions
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7
.
2

. 5 (d) False : ACCEPTAIC) is undecidable

but is recognizable .

(g) True : If precognises L ,
and

q recognizes (2,

on input i we can run p and a in parallel
,

"

i
.
e

.

Phasel - simulate pan imputi far 1 step

Phase 2 -

9 2 -

.... " - I

Phase 3 - simulate
p

1 2 .... 2 stepsS Phase4 --

E
I w - L

1 -2 steps I- etc
.,

(I) any phase ends early ,
then we proceed to

the next phase .I

Whenever por g accepts i ,
then we accept in

# p ar a accepts i
,
then the above algorithm

eventually accepts is if neither p now a accepts

i
,
then this algorithm never ends

,
so this

algorithm does not accept i
.

Hence this algorithm



recognizes ( ,
VL2

.

(i) False : ACCEPTANCE is recognizable ,

and

S
*

ACCEPTANCE

= 101 - ACCEPTH)) OL

where

↳= (strings not
of the form proiE where p is a valid Python program 3

- Estrings without a rob

~ proi) p has no to but is not a
valid

Python program ]

which is decidable (see class an Sept 22)
So ACCEPTANC UL is recognizable
( see part (g) above) ,

but

Hart-ACCEPTICS = [
*

~ (ACCepTIfuL)
is unrecognizable -



7
.
2

.

26 (a
,
b

,
d

,
f) (Graph

(a) Decidable (and therefore recognizable) : a

"debugging" or "universal" Python program can

simulate por imput ; for
any

Quite number of steps.

(b) Recognizable but undecidable : recognizable
since we :an simulate par input i

,
and if

the simulation stops then we accept puri
iff the simulation ends with

p rejecting i

li .
e

.
we negate the result of

por input i) -

(We also reject any input not of the form prot.)

This algorithm accepts a string if it is

of the form poi where p/is a valid

Python program that rejects i) .

Undecidable : if it were decidable ,
we could

decide the language



ACCEPT = 4 doi p accepts is

by taking an input proi with p valid

Python program , forming g that works like

p but negates the result of ,
and then

seeing if Groi lies in the language

1950i) g rejects it .
This would decide

ACCEPTANCE
,
which is impossible

.

(d) kegnizable : Let L
,
denote this

language ,
and L2= G strings not of the form

proi with a
valid Python

program y ·

If L
, were recognizable ,

then since

↳ is recognizable ,
then L

, Uhn would be

recognizable. But since



Enses(ite) : Acceptor

is recognizable ,
both

↳
,V2z and ACCEPTE

wold be decidable [since in class we proved

that 4 and S
*

2) recognizable - they are

both decidable] :
This would imply that

ACCEPTANCE is undecidable
,
which is

impossible .

(f) Recognizable ,
since we can list the

elements of Ess as jyingly . ---

We can nun the algorithm
Phase 1 : Simulate pon i ,

for one step

Phase 2 : . .
.. ... 2 steps ,

and is for one

i Step

( See class notes and the next homework problems)



and stop at Phasek and accept proi if

two inputs i
....,i are accepted (in the

number of steps allowed ! This algorithm

accepts pri iff paccepts at least 2 of

T
,
Az

,
---

,
i ie . at least I inputs .

Undecidable
: If this language ,

L
, were

decidable
,
then the following algorithm

would decide ACCEPTBICS (with yields a

contradiction) :

given an impute

①check if it is of the form proi with

p a valid Python grogram ,
if So :

② create a Python program 9 that works

like
p except that its imput variable -

once set by p - is immediately



Loverwritten and sit equal to in

This program q (which depends on p

and i)

- accepts all inputs if p accepts :
AID

- does not accep any imput
it does

not accept i .

↓ence

qcL paccepts i .

Hence is L is decidable
,
them there is

a decider that recognises ACCEPTANC
,

which is impossible .



(2 , Group Homework)
(a) If L Epsis is recognizable ,

then in

class we showed

Ensith is recognizable > L is decidableI

Hence
,
the equivalent contrapositive statement is

Lis undecidable > Ensi"L is unrecognizable .

(b) 7 .
2

. 26(g)
If L = [p/paccepts all impris] , then

EstL= ↳
, uhz ,

where

Li = Gp is a valid Python program /p accepts at least

one input
3

~ ACCEPTS
-

Some
-

IIPUT from class

La = Ep is
not a valid Python program ,

which

we explained is decidable in class



If h were recognizable ,

then since

↳
,
and La are recognizable ,

↳ and Esth : Li ha would both be

recognizable,

hence bath would be decidable
.

Hense

↳VLz would be decidable ;
since La

world be decidable
,

so
would be L

..

But the same argument as in 7 .

2
.
26(f)

above shows that L
,
is undecidable

.

Hence we
would

get a contradiction
.

Hence L is unrecognizable .



13
, Group Homework) (a)

The input in would be accepted after m steps

in Phase lim
,
but not before

.

For all kell)

Phasek takes 12+

..

+ k steps
= ( * ) steps .

Hence we run Phases 1
,
2

, ...,
exm-1 without

an acceptance ,
and Sometime during Phase I'm

we stop .

Hence the algorithm takes !

- at least (2) +... + (e) steps
DID

- at most (2) +
-- .

+ (eim)+(eimt1) steps -

Since

(2) +

. ..

- jem) = /emy- millan

-sim)
= (eim- O()(eim)

,6

and since jeim)- zim : Oilem)"
,



the total number of steps is bounded

above by (lim)" + 0(i) (lim)"

and below by
I sexm o(iileim)

= I(lm) + 0(1)(lim) -

(b) Similarly ,
this algorithm runs at least

to all Phases)
,

-

..,
k

,
where K : max(e

,m)

and some part of Phasek Gor none of Phasek)

Here the number of steps is

1 + 2 +

.. .

+ (11) + O(1k2

-(1) + osik" = k + Oli)k

- j(max) ,n)) + 0(1)(max(e ,m))



() Similarly this algorithm runs for

1 + 5 + (5-2) +

-. .

+ (5(k-1)) + O(k2)

- 25( ! k + 0)(i)) + 0(k2)

=

(
+ 0(k)

where ki mm) + 0() .

Hence this algorithm runs for

as(emll" - o() (maxle,

- -(max(e ,m)) + 0(1)(maxse ,mi)

(d) Similarly ,

far
any Bell , if Phasek runs

I
, ---" Bl far Bl steps

,



the total number of steps is

' (max (e ,m))" + 0(1) (max/e ,m))

[You might notice that O(1) above depends an Bi

and
,

in fact
, grows with B as B+ 00

... 7

Hence
,
far

any
>O we may choose B

with < to get an algorithm running

in

<c (maxle ,
mi) 0 (1) (max/e ,

m))" steps .



14a) Let Phasck run p on each of

iii..., z for 2" steps .

Then this

algorithm runs at most log(max(em)) + 1

phases .
Since Phase takes (2")" steps ,

the total steps in Phases I
, ...,

k is

1 + 2 + 42-

...

+ (2)2
: 1 + 4 + 42 x

.

+ 4k =
= 0(44)

.

for k = logu(maxle ,
m)) +1 we have

2 = I maxle
,
m) and

so 4"= 0(1)(max(em1)"
Hence the total number of steps needed

is 0(1) (maxle ,
ml)"



(4b) Let Be /
,
and consider inputs in

,
in

,..,
i .

The algorithm must at some part run

p on each of is
,
in

... s for at least B

steps ;
let ja

,
with IatB ,

be the

last element of hi.
..., "By which the

algorithm runs for at least B steps .

Then if p accepts ja after B steps ,

then the algorithm must have run for

at least B steps .
Since

B = max/a
, B) ,

this algorithm has run for at least

(max(a
,B))

"

steps

Hence for
any

value B
,
there is a



is a value of l,m such that

B : Max (l,
m) (namely la

,

m = B

above)
,
such that the algorithm runs

for at least (max (e
,m))2 steps ·

SSo you can take c=1 by this argument .]

[ Can you find a value >I such

the algorithm must wun far at least

c(max(e ,
m))" steps ,

at least far infinity

many values of B : max(e
,
m) ??

The algorithm in part (a) shows that

c
= 4. = is the best possible

lower bound ... 37


